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The main question is …

… how to compute the steady-state solution of an electrical
system that is made up of some parts modeled as a three-
phase electr(on)ic circuit and some others according to the
power system model? Are we able to study the stability of
such a solution?

Some typical examples are found in solving

• Integrated Transmission and Distribution (T&D) systems;
• Transmission systems including transmission lines that need

to be modelled as linear dynamical systems instead of as
constant impedances;

• AC-DC networks with high voltage direct current (HVDC)
links where voltage source converters (VSCs) are used to
manage the bidirectional power flow from the AC power
grid to the DC link and vice versa.
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… those systems that in the literature are referred to as hybrid
power systems (HPSs), since they mix what till a few years ago
we may had defined as “conventional” and “unconventional”
power systems.

On the whole we are interested in

Three-sequence power 
system simulator

Single-phase power 
system simulator

Three-phase circuit 
simulator

Three-phase circuit 
simulator
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Let’s break the ice
An easy-peasy 3-phase circuit

(positive or abc sequence)

Balance Y load
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Let’s break the ice
An easy-peasy power-system example: a synchronous 

(swing) machine is coupled to a resistive load.

Steady state solution
(Power Flow solution)

(arbitrary)
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Let’s break the ice

Balance Y load
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Let’s break the ice

Balance Y load
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Let’s break the ice

a-phase to d-axis alignment Park transform
(preserving the amplitude)

Balance Y load
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A little more in general …

A generator, a line, two buses, and a 
constant impedance load modeled with 

the single-phase representation in the DQ 
frame (positive sequence representation).

9

Classical power system

(A friendly) Hybrid power system

The line is modelled as a 
constant impedance in the 

power system framework. The 
load is fully dynamical.
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… and more …

The rectifier is a non linear 
three-phase circuit … how to 

model the red box?

10

A Hybrid power system
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… and more!
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A complex Hybrid power systemIEEE 9-bus (modified)

three-phase distribution sub-system

three-phase LCL VSC

DC-DC converter with MPPT connected to a PV plant
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Let’s go back to the easy-peasy example
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Does it still work?
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Let’s go back to the easy-peasy example
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Let’s go back to the easy-peasy example
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Let us imagine the structure of the solution …

Bessel functions of the
first kind of order n
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Let’s go back to the easy-peasy example

15

Let us imagine the structure of the solution …

We postulated a single tone in the solution … but we 
derived an infinite spectrum for the electrical power.
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Let’s go back to the easy-peasy example
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Let us imagine the structure of the solution …

An infinite spectrum of the electrical power reflects 
on ω(t) and consequently on δ(t) ...

In this unbalanced situation the steady-state solution of the PS 
model is not a constant but a periodic waveform (with a 
frequency  spectrum spanning the whole frequency axis.
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A numerical result
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We performed a PF solution of the 
system and we verified its stability.

Load5 = 125MW + j50MVA
Load6 =  90MW + j30MVA
Load8 = 100MW + j35MVA

Total load power
315MW + j115MVA

Total apparent power (approx.)
335MVA
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A numerical result
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We added a 10MW unbalanced extra-load 
at bus5 and performed an EMT simulation 

of the whole system

Note that the connection of 
the unbalanced

load alters the total load 
active power by only 3.1%

Total load power of the balanced system
315MW + j115MVA
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A numerical result
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The resonance of the G2 shaft 
is marked by the increase of 

the magnitude of power 
spectra in the [1,6]Hz interval

Harmonics are clearly marked by peaks in 
the spectra at several multiples of 60Hz

(X-axis log scale – Y-axis dB)
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Let’s go back to the easy-peasy example

20

If one wants to properly interface the three-
phase side and the power system model one 

the Park transform is not enough …

It is necessary to setup an automatic interface 
that necessarily introduces an error and the 

latter should be quantified in runtime. 
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The Virtual Connector
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To adequately link the single- and 
three-phase models we introduce 
a coupling element that we refer 

to as virtual connector.

It plays the same role of the well-
known pseudo-analog-to-digital 

and pseudo-digital-to-analog 
converters inserted during mixed 

analog/digital simulations to 
couple the analog and digital 

model paradigms of the circuit.

The words pseudo and virtual refer 
to the fact that such components 
do not exist in the real design but 

are introduced as simulation 
expedients.
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The Virtual Connector

22

Notice that in the 
power system model 

the “zero”-component 
of the dq0 framework 

is assumed to be 
always null.

a-phase to d-axis alignment inverse Park transform
(preserving the amplitude)
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The Virtual Connector
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Notice the KCL
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The Virtual Connector

24

In principle the virtual connector 
must neither generate nor absorb 

electric power.

In practice the filter is as much 
dissipative as the three-phase side 

of the circuit is 
unbalanced/nonlinear

The filtering operation is mandatory 
since the filer input may be not the 
constant envelope of a three-phase 

sinusoidal positive sequence



UCD Engineering and Materials Science Centre – Dublin – February 2020

The Virtual Connector
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Accuracy index

complex spectrum obtained using 
the complex Fourier transform

It is a bilateral spectrum truncated 
at the K-th harmonic.
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A few words on the complex Fourier transform
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Typical odd/even symmetry of the spectrum are lost.
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A few words on the complex Fourier transform
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A few words on the complex Fourier transform
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A few words on the complex Fourier transform
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Some mathematical formalism
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State variables introduced for 
example by generators, regulator, 

controllers.

Algebraic variables, such as 
bus voltages and currents.
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Some mathematical formalism

31

Ground-referenced node voltages 
and branch currents.

Ground-referenced node 
voltages and branch currents.

Capacitive charges and 
inductive fluxes.
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Some mathematical formalism
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Some mathematical formalism
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Some mathematical formalism
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• By assuming V linking points, between the PSS and the ESS, the V subset of the B buses 
of the PSS plays a special role in the network since each of those is connected (also) to a 
VC.

• From a modeling point of view, the equivalent effect of the VCs on these buses is to 
make them slack. The VC forces the voltage of the bus at which it is connected and the 
current through it is a free variable.
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Some mathematical formalism
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Some mathematical formalism
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• The ESS is fed by V VCs through V triplets of voltages set by V three-phase controlled 
voltage sources.

• These components do not admit voltage basis and consequently, as in the PSS case, the 
algebraic-variable vector is enlarged with the V triplets of currents flowing through 
them.
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Some mathematical formalism
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Some mathematical formalism
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The properties of Virtual Connectors
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The properties of Virtual Connectors
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The properties of Virtual Connectors

41
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Problem formulation

42

Now we have to find the steady-state solution of the 
overall electrical system, i.e., PSS&ESS
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The implementation scheme
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Choose

If they are identical 
you are a very 

lucky man!
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The implementation scheme
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Choose

• the PF solution of the PSS is a constant vector
• this constant PF solution, in the classical PSM, aims at representing the 

constant envelope of the actual system dynamics
• From the viewpoint of dynamical systems theory, the consideration above 

means that the stationary PSM solution is not an isolated equilibrium but it is 
embedded in a  continuum of equilibria

• This is confirmed by an always null eigenvalue of the Jacobian matrix of the 
PSM linearized at any PF solution.
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The implementation scheme
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Choose

The solution of ESS are periodic functions 
in the time domain (limit cycle).

The steady-state solution of the overall 
electrical power system is a limit cycle 

with some of its components that 
actually oscillates (ESS) and some others 

that remain constant in the working 
period (PSS).
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Qualitative introduction to the time-domain shooting method

  

Smooth Circuit/System

Goal: efficiently find a 
periodic steady state 
solution of the ODE, 
i.e., a limit cycle (say γ)

Efficiently means that we do not want to 
perform a long lasting transient analysis 
to obtain the steady state behavior but 

we aim at directly find it.
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Qualitative introduction to the time-domain shooting method

  

Smooth Circuit/System

If a first shot misses the target, the gunner will 
change the tilt of the cannon, evaluate how 

much closer or farther he gets from his 
objective and finally adjust the tilt in order to 
(hopefully) hit the target with the next shot.

The key of the gunner’s method is the 
perturbation of the initial guess and evaluation

of the sensitivity of the solution (the arrival 
position of the cannonball) to this perturbation.

Goal: efficiently find a 
periodic steady state 
solution of the ODE, 
i.e., a limit cycle (say γ)
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Qualitative introduction to the time-domain shooting method

  

Smooth Circuit/System

Goal: efficiently find a 
periodic steady state 
solution of the ODE, 
i.e., a limit cycle (say γ)

We are not gunners … we play with a 
boomerang since we are looking for a 

periodic trajectory (the initial point must 
coincide we the final one)
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The implementation scheme and the solution approach
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Choose

If they are 
identical you 

are a very 
lucky man!
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The implementation scheme and the solution approach
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Choose
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The implementation scheme and the solution approach
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Choose
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The stability of the solution
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A by product of this solution approach is the 
sensitivity matrix of the overall system with respect 

to its initial conditions: the monodromy matrix
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The stability of the solution
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A by product of this solution approach is the sensitivity matrix of the overall system 
with respect to its initial conditions: the monodromy matrix

The eigenvalues of the monodromy matrix are known as the Floquet multipliers

If they are within 
the unit circle the 
system is stable 



UCD Engineering and Materials Science Centre – Dublin – February 2020

The INstability of the solution
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Neimark-Sacker bifurcation

Flip bifurcation Limit-point bifurcation
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Numerical results
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Numerical results
Focus on black traces
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Numerical results
Focus on gray traces
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Numerical results
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IEEE 9-bus (modified)

three-phase distribution sub-system

three-phase LCL VSC

DC-DC converter with MPPT connected to a PV plant

F. Bizzarri and A. Brambilla, "Generalized Power Flow 
Analysis of Electrical Power Systems Modeled as Mixed 

Single-Phase/Three-Phase Sub-Systems," in IEEE 
Transactions on Power Systems.
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Numerical results
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DC-DC converter with MPPT connected to a PV plant



UCD Engineering and Materials Science Centre – Dublin – February 2020

Numerical results
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DC-DC converter with MPPT connected to a PV plant

three-phase LCL VSC
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Numerical results
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DC-DC converter with MPPT connected to a PV plant

IEEE 9-bus (modified)

three-phase distribution sub-system
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Numerical results
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Numerical results
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IEEE 9-bus (modified)

three-phase distribution sub-system
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