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Abstract—This paper proposes a decentralized control based
on SVC devices to improve the frequency control of high voltage
transmission systems. For a realistic structure preserving power
system with voltage dependent loads, we propose a sufficient
condition based on a strict Lyapunov energy function which
is utilized to design a nonlinear adaptive SVC controller. This
controller only requires local bus measures and parameters. Fur-
thermore, we also present an SVC with a conventional frequency
droop controller. The performance of the two considered SVC
control systems are evaluated on the well-known IEEE New
England 39-bus 10-machine power system and compared with
conventional SVC controllers.

Index Terms—Multi-machine power systems, voltage frequency
control, structure preserving model, FACTS, decentralized con-
trol, Lyapunov function.

NOMENCLATURE
VDL Voltage Dependent Load
VEC Voltage Frequency Control
SvC Static Var Compensator
POD Power Oscillation Damping
SLEF Strict Lyapunov Energy Function
SPM Structure Preserving Model
CSvC Conventional Static Var Compensator
ASVC Adaptive Static Var Compensator
DAE Differential Algebraic Equation
COI Center of Inertia
Zo Nominal value of any variable Z
AZ Difference AZ = Z — Z
A Time derivative of any variable Z
Vz First-order partial derivative V; = %
% Second-order partial derivative V% = %
Hess(") Hessian matrix of a function
m Number of machines
b Number of buses
Lk, (j) Index of (machine) bus
Q Index set of buses which connect to bus [
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b, () Index set of (machine) buses, m < b
Vi, Voltage magnitude at bus [, in pu

\4 Voltage magnitude column vector

0, Voltage angle at bus [, in rad

0 Voltage angle column vector

0 Power angle of jth machine, in rad
1 Power angle column vector

W Relative speed of jth machine, in pu
w Relative speed column vector

weor Frequency in COI frame, in pu

z Vector [6T wT V7T GT]T
fi Frequency at bus [/, in Hz

E, E d- and g-axis stator transient voltages of jth
dj>q; . .
machine, in pu
Pe;, Qe Active and reactive powers generated by jth

machine, in pu
P, Active power column vector

e
Py, Qi Active and reactive powers transmitted through
the line between buses [ and k, in pu
Pr,,Qr, Active and reactive powers consumed by the

load at bus [, in pu

I. INTRODUCTION
A. Motivation

Due to environmental concerns, in recent years, the quota
of renewable energy resources with respect to conventional
synchronous power plants based on fossil fuels has steadily
grown and reached significant penetration levels. This often
results in low-inertia power systems, whose stability and
control poses several challenges which are currently not fully
resolved [1]-[3]. In this context, the frequency control through
flexible loads, typically thermostatically controlled, is the most
common strategy that has been considered on the demand side
[4]-[6]. Frequency control through VDLs, on the other hand,
has not been fully investigated so far. With this aim, we discuss
VEC strategies through SVC devices.

B. Literature Review

As long as the power system will include synchronous
generation, the frequency is an appropriate measure on the
supply/demand balance and always required to be within
operating range for stable and secure system operation. To
control the frequency is thus a synonym of active power
balance control. Balancing the power through voltage control
is a less intuitive idea that nevertheless can contribute to the
overall stability of the system [7].



VEC has been proposed in the literature based on the sensi-
tivity of the reactive and active power of load to the changes in
the voltage. Solutions that have been discussed in the literature
consider load tap changer transformers (LTCTs) [8], [9] and
automatic voltage regulators (AVRs) [10]. However, LTCT can
only be utilized as a secondary and/or tertiary VFC because
of its relatively slow behavior that is more appropriate for
conservation voltage reduction [11]. On the other hand, AVRs
require conventional synchronous generators and, thus, this
approach is not expected to be effective in low-inertia systems.

Another possibility is to utilize FACTS devices. Due to
the fact that FACTS do not provide active power support,
only few attempts to study FACTS-based VFC have been
proposed. Primary VFC is investigated by combining a storage
in [12]. A VEC is proposed in [13] by including an additional
feedback loop to an SVC that is installed at a synchronous
generator bus. This kind of connection of SVCs, however, is
very unlikely to happen in practice. Currently, this additional
feedback loop, known as POD, is utilized for low frequency
(0.1-2 Hz) oscillation damping [14], [15]. Finally, a fast smart
transformer (FST) with VFC capability is discussed in [16].
FSTs, however, are not yet available in power systems. In the
following, we focus exclusively on SVC devices, which are
shunt connected devices and the most common and cheapest
among FACTS devices.

C. VFC through Adaptive Tracking

In comparison with the previous VFC frameworks, we aim
to propose faster/more flexible control method and simultane-
ously consider relative realistic VDLs, i.e., the load at each bus
is modeled as a voltage dependent function with an unknown
parameter. With this aim, FACTS such as SVC can provide
us an opportunity to study VDL based Lyapunov function
development (see Appendix B).

From a control system perspective, we have to ensure that
the employed Lyapunov function is an SLEF. Reference [17]
has identified that, as a fundamental limitation in constructing
SLEF for SPM, active power demands are needed to be
voltage-independent and must satisfy the usual constant power
constraint. This partly limits the application of the Lyapunov
method on SPM since some assumptions are needed to be
made regarding loads and transmission lines etc. For example,
references [17], [18] have constructed Lyapunov energy func-
tions for the structure preserving power systems with constant
active power load model.

In this paper, we recast the SLEF construction problem of
the SPM into the framework of tracking a desired signal. We
achieve this task by studying a nonlinear ASVC control strat-
egy. Tracking control is a quite common problem in practice.
For example, dynamic surface control has been proposed to
guarantee boundedness of tracking error semi-globally, but
it is not applicable if the first derivative of desired output
trajectory is unknown [19]. Reference [20] has addressed the
output feedback tracking problem by employing a dynamic
compensator. However, this result needs prior information
about the upper bound of the reference trajectory plus its
derivative, which is also unavailable exactly. Thus, for the

adaptive VFC, it is necessary to consider a more realistic load
model with unknown parameters and the fact that the time
derivative of the reference signal to be tracked is generally
unavailable, and then to tackle the corresponding challenges.

D. Contribution

This paper proposes a nonlinear adaptive decentralized SVC
control strategy for the SPM with VDLs to improve the
frequency responses without deteriorating the voltage perfor-
mances and an extended CSVC model by adding a lag VFC
loop. Compared with previous work, the main features of the
proposed framework are threefold:

o SVC-based VFC is studied.

o An adaptive control and a lag control for frequency
stability enhancement considering VDLs are proposed,
where only local measurements are needed.

o An adaptive scheme is proposed to maintain robustness
of the SVC even though there exist uncertainties in the
load model and the desired signal to be tracked.

E. Organization

The remainder of this paper is organized as follows: Sec-
tion II describes the SVC model. Section III proposes a
sufficient condition for SLEF, which relates to ASVC tracking
control, and the challenges to be tackled. Then, the main
theoretical results are presented and the proposed nonlinear
adaptive decentralized SVC controller is designed. A case
study based on the IEEE New England 39-bus 10-machine
power system is discussed in Section IV. Conclusions are
drawn in Section V.

II. SVC MODELING

SVC is a combination of variable shunt capacitor and
reactor to maintain a constant voltage at the bus to which
it is connected. The SVC model to be considered for adaptive
frequency control design and the proposed extended CSVC
model with lag frequency control loop are given in this section.

A. SVC Model for Adaptive VFC Design

We use the following first-order differential equation to
represent an SVC at bus [:

Tribry = —byy + uy, (1)

er = brl‘/ﬁ, (2)

where b,; represents the susceptance of the SVC, in pu, T},
is the time constant of the SVC model, in s, @,; is the output

reactive power by the SVC, in pu, and w; denotes the control
variable to be designed later.

B. Extended CSVC Model

As depicted in Fig. 1, the CSVC model is represented as
the following differential equation [21],

Trli)rl = _brl + Krl(vref - Vvtz, + 'Ug),
er = brlvﬁa

3)
“4)



where V™ denotes the reference voltage, K, is the constant
gain, the additional signal v, is designed by using lag control
as follows,

Tytg = —vg + K Af, &)
where T and K, are the time constant and gain of the lag

control respectively.

~Vi, b
Afl Kg U!]
Tys+1

Krl bv’l
Tas+1

Vref min
b
Fig. 1: Extended CSVC model: CSVC+VFC.

Note that, in the literature, v, is generally obtained through
a POD, which is sensitive only to the rate of change of the
frequency. Instead, we model a lag control for which the input
is the local bus frequency error, similar to what discussed in
[13]. However, in [13], a proportional, integral and differential
(PID) control loop is used to obtain v, and the SVC must be
installed on a synchronous generator bus. Our proposed ASVC
and extended CSVC do not have this limitation.

IIT. MAIN RESULTS AND SVC CONTROL DESIGN

In this section, we propose a sufficient condition for SLEF
that has a unique minimum on the operating point of SPM
with VDLs. This condition is the theoretical basis of adaptive
VEC using SVC. The mathematical equations of SPM and
the energy function are described in Appendices A and B re-
spectively. Then, the detail challenges to realize this objective
condition are listed. In order to solve these difficulties, we
propose two main Theorems and design ASVC-based VFC.

A. Main Results-1: Condition for SLEF

Lemma 1. The equilibrium zg is the unique globally asymp-
totically stable point of the structure preserving power systems
and the function E(z) is an SLEF if:

by = bl = =AM, (6)
where M; = (Vv, Pr,)/ V4.
Proof. See the Appendix B. |

Remark 1. Condition (6) imposes the correlation between
reactive power regulation and frequency control by means
of the Lyapunov approach. This condition represents the
reactive power compensation strategy for the VFC based on
the variations of the bus angle difference and the rate of change
of active load with respective to the voltage.

Remark 2. As shown in Appendices A and B, the SPM
model is only utilized to construct the SLEF and its sufficient
condition (6). The considered model does not affect the
resulting control scheme, because in the simulations studied
in Section IV, all the models used are detailed practical ones.

Based on Lemma 1, the objective of SVC control is to
track a desired trajectory b (to establish convergence of

the tracking error Brl = by — b¥ to zero) rendering power
systems globally asymptotically stable. The following remarks
constitute relevant challenges for the SVC control synthesis:
1. It is difficult to obtain the exact value of active load
parameter «, because of lack of knowledge of the load
model and its time variant features.
2. The reference signal b’ to be tracked has uncertainty
caused by load parameter ;. )
3. Due to the implicit form of V},, the dynamics th and b
are unknown.
The above challenges are addressed in the next subsections.

Remark 3. Although active load can be modeled as ex-
ponential form, for example, P, (Vi,, ;) = Py (X/}L/V'tm)al
such that we have oy = In(Pyr,/Po)/In(Vy,/Vi,,), this for-
mulation cannot be used in practice since singular problem
will happen when V;, = Vj, . Thus, it is usually difficult
to get exact value of unknown load parameter which causes
uncertainty in reference signal b,.

Remark 4. In the theoretical derivation, we assume that
every VDL bus can be connected by an SVC. However, this
does not limit the practicability of the proposed SVC, as shown
in the case study, its effectiveness is verified by only installing
it on limited load buses.

B. Mathematical Preliminaries

We first introduce the following standard assumptions and
useful Lemmas to make the control synthesis tractable.

Assumption 1. There exists unknown positive constant ¢,
such that |V;,| < (.

Assumption 2. The unknown load parameter «; is a slowly
time-varying signal, such that &; ~ 0.
Lemma 2. For any € > 0 and 7 € R, the inequality 0 <

In| — ntanh(n/e) < ke holds, where  is a constant that
satisfies k = e~ ("t je. k = 0.2785.

Proof. See reference [22]. |

Lemma 3. Given a symmetric positive-definite matrix P €
R?*9 and a differentiable mapping L : R? — RY. If

PVLL(a) + [VoL(a)]"P >0, Ya e RY, @)
then the following inequality holds

(a—b)"P(L(a) — L(b)) =0, Ya,be R4 8)
Proof. See reference [23]. [ |

C. Main Results-1I: ASVC Strategy
We are now ready to state the main results of ASVC.

Theorem 1. Suppose Assumption 1 holds and the real load
parameter «; is known. For system (1), the global tracking
between b,; and the reference signal b¥ can be achieved by
the following adaptive controller with four local measurable
variables b,;, Af;, V;,, Af; for feedback:

Ty = Nibyy tanh(Nib,y/ey),
u; = _Cli)rl + b;kl — 2 Afi M Ty )
— CAlNl tanh(Nll;Tl/el),



where él is the estimation of the upper bound (;, N; =
AORT,, R = (Vth PLZ)/V;:? — (V%,t’ PLL)/WZ’ TCZ is the
time constant, ¢; > 0 and 0 < g; < 1 are the parameters to be
tuned.

Proof. See the Appendix C. |

Theorem 2. Suppose Assumption 2 holds. If there exist a
C! function ©;(P;,) and a function ®;(V;,) such that

PV, 00 20, (10)
then there exists adaptive updating law as
Toidy = 1(04(Pr,) — ©(Pr, (Vi 40))), (1)
rendering
tlgrolO = ay, (12)
where T, is the time constant to be chosen.
Proof. See the Appendix D. |

Remark 5. Note that our theoretical results are not based
on an explicit representation of the load model, one can
specify any appropriate load model for the control synthesis.
For example, one can choose a monomial with an unknown
exponent (see Section III-D).

D. Adaptive SVC Controller Design

Generally speaking, active power load can be modeled as
monomial function of the bus voltage magnitude as follows
[21] and this model has been widely employed in the literature
(for example, [24])

PLI(‘/;I’CW) = PlO(V;ﬁz/Vtm)ala (13)

where Pj represents the active power load at nominal voltage,
in pu. For this active load model, Py and V;,, can be seemed
as prior known parameters, but «; is mostly unknown really
and this fact will be considered in the following SVC design
process.

For a given load, the active power exponent tends to be
constant, at least during a certain period (hours at least). Thus,
we propose a load-parametric estimator to solve the first two
problems stated in Section III-A. Choose ©;(Pr,) = Pr, and

1, ‘/tl = ‘/tlgv

(14)
71; ‘/tl < ‘/tl07

(bl(v;fz) = {

then we have
®,V,,0, = Pr, yln (th/Vtw)} >0,

thus the condition (10) holds. By applying Theorem 2 directly,
the load-parametric estimator is designed as:

Tal&l = ‘I)l (PLl - PZO(Vtz/V;fzo)&l)'

Then, substituting (13) into M; and R;, one has M; =
o Pr,/V? and R; = oy (2— ) Py, /V;3. For simplicity, define
two functions of «; as follows:

fu(ag) = Ni(oq)by(oy) tanh(Ny (oq)byr (o) /21),

5)
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Fig. 2: Block diagram of ASVC.

far(an) = —cibp(an) + b () — 27 A fy My () T
—ClNl(Oél)tanh(Nl(Ozl)brl(Ozl)/El).
Finally, on the basis of Theorem 1, we design practical

ASVC control law with only local measurable variables b,.,
A0, Vi, Afi, Pr, for feedback as:

TClél = fu(a),
up = for(du),

eqgs. (14) to (16) together constitute the proposed nonlinear
ASVC model, its block diagram is also shown in Fig. 2.

(16)

Remark 6. The parameter c; can be chosen depending on the
desired goals of the control. To improve the transient perfor-
mance of bus frequency, we can choose ¢; = ¢jo + ¢j1 (A fl)2,
in which ¢;9 and ¢;; are positive constants to be tuned. In this
way, the controller gain is not remarkably increased since the
function (Af;)? tends to zero at steady state.

Remark 7. There are five positive parameters T¢q, el(< 1),
co, ¢;1 and T,; to be tuned for the ASVC model. It is
easy to complete this work. First, both smaller values of T¢,,
€; and larger values of c¢;o and ¢;; will result in a faster
convergence speed. Second, the smaller the value of T,
the less time is spent on the convergence between the load-
parametric estimation and the exact value.

IV. CASE STUDY

The case study presented in this section is based on the
well-known IEEE New England 39-bus 10-machine system
[25]. All dynamic data of this system are provided in [26].
The system includes 10 synchronous machines, 19 loads,
34 transmission lines and 12 transformers. All synchronous
generators are equipped with AVRs, power system stabilizers
(PSSs) and turbine governors (TGs). The TGs are coordinatd
through an automatic generation control. A voltage dependent
model is used for representing the loads. With this aim, «; and
0, denote the power exponents of active and reactive power
consumptions, respectively, at bus /.

The complete model of the IEEE 39-bus system used in this
section is a set of DAEs (see equation (17)) which include
110 state variables (generators and their regulators) and 220
algebraic variables (voltage magnitudes and angles as well
as algebraic variables of the generators and their regulators).
Extra variables and equations are included to account for the
SVC devices and the phase-locked loop (PLL) required to



TABLE I
PARAMETERS OF DIFFERENT SVC MODELS AND PLL

Name Values

ASVC Ty = 0.01, g = 0.1, ¢jo = 0.01, ¢;1 = 25,
Toy = 0.001, Ty = 0.1, b = 1, p0in = ]

Ccsve K, =20, Ty = 0.01, b = 1, poin = 1
Ky =25, Ty = 0.01

PLL K, =0.1, K; = 0.5, T, = 0.01

! The meanings of parameters K,, K;, T, can be found in [27].

estimate the angle difference Af; and the frequency variation
A f; signals [27].

It is important to note that, although a lossless transmission
system model is adopted for the theoretical derivations and
design of the proposed adaptive control, all simulations are
actually solved using the detailed transient stability model
discussed above, which includes nonlinearities, hard limits and
saturations. The simplified model is used because it retains the
dynamics that are relevant for the control itself and because
analytical Lyapunov energy functions for real-world, lossy
transmission networks are not available. Then, the numerical
analysis carried out in this section serve to test whether the
proposed control is stable when included in the actual system.

The Python-based software DOME [28] is used to implement
all the models and solve all simulations presented below.

A. Case Study 1

In this case study, the performances of the proposed ASVC
model and extended CSVC model are tested and compared
with two scenarios: (a) CSVC (v, = 0) and (b) without
SVC. For this purpose, four different tests are considered, the
buses 15 and 20 are chosen to be installed by SVCs, and
three kinds of SVCs are considered: (i) ASVC; (ii) CSVC;
@iii) CSVC+VFC; and (iv) without SVC. Set a5 = 1.15,
agg = 1.1, B15 = P20 = 1.8, and the power exponents of the
other load buses are set as 0. The parameters used for different
kinds of SVCs are listed in Table I. To ensure that all the tests
have same initial operating point, we set b,;(0) = 0, i.e., no
reactive power is exchanged between the system and the SVCs
unless there is a disturbance.

Contingency I: The test system is simulated through dis-
connecting the line between buses 16 and 24 and by ap-
plying a step increase of the load at bus 15 (3.2 pu to
3.6 pu) at 1 s. To illustrate the effectiveness of the load
parametric estimator of ASVC, initial values are provided for
a15 = 0.95 and agp = 1. Figure 3 shows that, after applying
the disturbance, the load exponents are properly estimated by
the proposed adaptive parametric estimator.

The comparative trajectories of the frequency in COI frame
and the voltage at bus 15 are shown in Figs. 4-5. Observe that:
(1) there is a significant improvement in the system frequency
response when using the ASVC; (ii) the CSVC with frequency
control also improves the frequency response compared to the
cases with CSVC and without SVC; (iii) the ASVC ensures
that the post-fault bus voltage is kept within given limits
and imposes the lowest voltage and, hence, the lowest power
demand; and (iv) using CSVC with and without lag VFC loop,

0.9

. . . . .
1.0 1.05 11 115 12 1.25
Time [s]

Fig. 3: Estimations of the active power exponents of the VDL at bus 15 and 20.
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Fig. 4: Response of the frequency in COI frame.
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. . . .
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Time [s]

Fig. 5: Response of the voltage at bus 15.

the voltage reaches a steady state operating point close to the
reference set point. These results confirm the effectiveness
of the proposed nonlinear ASVC that provides overall best
dynamic performance.

B. Case Study 2

The previous subsection proves that the ASVC substantially
improves the frequency and voltage responses after a relatively
low-impact contingency. Next, we compare the impacts of the
proposed two SVCs with CSVC on frequency and voltage
under relatively large disturbance. With this aim, let buses 3,
4, 7, 15, 20 be installed SVCs. Also the simulation results
of the system without SVC are compared. For each load bus
l, we set oy = 1.3, B; = 2. The parameters used for ASVC
and CSVC, and the initialization of SVC are same as in Case
Study 1 (see Table I).

Contingency 2: We consider a relatively large disturbance,
i.e., the loss of a generation (generating Py = 2.5 pu) at bus
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Fig. 6: Response of the frequency in COI frame.
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Fig. 7: Response of the voltage at bus 15.

30 at 1 s. The comparative results of the frequency in COI
frame and the voltage at bus 15 are shown in Figs. 6-7. The
following remarks are relevant: (i) the proposed ASVC leads to
the smoothest responses and the best transient performances of
system frequency; (ii) ASVC obtains the lowest post-fault bus
voltage during the transient and this correspondingly further
reduces the power demand; (iii) compared to CSVC and
without SVC, the rate of change of frequency is slower using
ASVC during the first few seconds of disturbance applied.
Consequently, in comparison with CSVC, the proposed ASVC
and extended CSVC are more effective to mitigate the effect
of large disturbances on bus frequency deviations.

Remark 8. Besides the above mentioned case studies, we
have also tried a CSVC+POD test (namely, v, is chosen as
a POD signal). But the result shows that the POD does not
contribute in VFC, so this POD test is not described.

V. CONCLUSION

The paper proposes a nonlinear ASVC controller and an
extended CSVC model that improve the dynamic frequency
response of multi-machine power systems. The main features
of the proposed controller are: (i) it accounts for SPM with
nonlinear VDLs; (ii) it requires only local measurements and
data without prior knowledge of exact SPM parameters; (iii) it
uses five available variables for feedback (see Section III-D);
and (iv) it includes only five parameters to be tuned easily
(see Remark 7). The results obtained in two cases studies
show that the proposed controller outperforms CSVC control
schemes on the frequency regulation also in case of large
critical disturbances, and it can obtain lower post-fault power
demand. Future work will further focus on the analysis of
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the proposed controller for systems with high penetration of
renewable sources.

APPENDIX A
STRUCTURE PRESERVING MODEL

colorblack

A. DAE model of Power System

The electromechanical dynamics of synchronous machines
are modelled through a transient stability model consisting of
a set of nonlinear DAEs as:

w:f(w,y)

17
0=g(zv), a7

where x is the vector of state variables of dynamic components
(generators, AVRs, PSSs, TGs, SVCs etc); y is the vector
of algebraic variables of network (voltage amplitudes and
phases of network buses, active and reactive powers, etc.) and
dynamic components. These models are described in several
book, e.g., [21] and the interested reader is referred to such
references for further details.

For the definition of adaptive control, we use a simplified
version of (17), which allows the definition of a Lyapunov
function and the analytical derivation of the equations of
the controller itself. The following models are assumed for
the generators, transmission lines, loads and network for the
definition of the Lyapunov function utilized in the adaptive
control. In the remainder of this appendix, we adopt the
following simplified notations:

1. If I ¢ m, then P., = Q¢, = 0;

2. If k¢, then By, = Blslil =0;
where By (Bf,g”) is (shunt) susceptance of the line between
buses [ and k, in pu.

B. Generator Model

The jth synchronous machine is modeled by the following
usual swing equation where E’ - E(’u are viewed as constants.
This common assumption implies on ideal voltage regulation,
and has been often adopted in the literature [17], [18], [29].

(Sj = WsWy, (18)
QHjLUj = 7Djw]‘ + ij — Pej,
By, By, T,
P, = -V, — 4V, — Gy, Y,
J x5 xl, 4 ) xl T4 A5
95 J i 4 19
o o (19)
_ Ty Pajv, 12 1 g2
er— I;,Vd1+$’(l,‘/;1j w;vvdj w&,%j’
Jj J J J

where relative angle Sj = 0; — 0, the d- and g-axis com-
ponents of bus voltage are defined as Vg, —Vi, sin 5j,
V;]j = th cos 5j, synchronous speed ws = 27 fp, in rad/s,
Hj is the inertia constant, in s, D; is the damping coefficient,
in pu, P, is the mechanical power, in pu, xiij (xfb) is the
d-axis (g-axis) transient reactance of jth machine, in pu, and

/ Y
Taq, = Ta; ~ Tq;-



C. Lossless Transmission Model

For a multi-machine power network, it has been shown
that its lossless characteristic is the basic premise of using
the energy function method [30]. This general assumption has
been widely used in power systems analysis/control [18], [31].
Only few attempts have been made to remove this constraint
and to limited small examples (see, for example, [32]).

Hence, we use a lossless version of transmission line lumped
m-circuit as follows [33], [34]:

Py, = B, Vi, Vi, sin Oy, 20)
Que = B, Vo — BiVy, Vi, cos Oy,
where relative angle 6, = 6, — 6y, and B}, = By, — Bfkf‘

D. Load Model

Loads are represented by the following generic C'! functions
of the voltage at the bus [

PLL = PLL(WwO‘l)v
QL[ = QL[(‘/tlaﬂl)v

where oy (5;) is parameter of active (reactive) load model.

2n

E. Network Model

Finally, load power consumption are linked to the grid

through well-known power flow equations:
Pii=—P., + Py, +3,_ Py =0,

(22)
Ql = (_Qez + QLL - er + ZZ:l Qlk)/‘/tl =0.

APPENDIX B
PROOF OF LEMMA 1

Proof. First, we consider the following energy function for the
SPM with VDLs depicted in Appendix A:

m

SH'
B(2) = Y, (= Py + 20
j=1
£ E' 1 1
o /dJVj_ /q]%j+ / Vj.—i— / V<12)
Ty, Ty, 2xq7, J 2xdj J
N | @3)
Bjj, 2 Bu
+ Z Z (—th - —W, V4, cos Hlk)
2 2
1=1k=1
b Vi,
+ 2 (AQZPLL + mdz;)
=1 Vio “l

Under condition (6), partial differentiating E with respect to
0, wj, Vi, and 0; respectively yields:

Vs, B =P, — Po,, Vo, E = w,Hjwj,

(24)
Vv, B =Qi, Ve E = P,
which lead to (V. E) |,—», = 0.
The Hessian matrix of E' is as follows:
Hess(E) ;o (25

where Py = col(P}), Q5 = col(Q;), H = diag{wsH;}.

From the positive definite Jacobian of normal power flow
which corresponds to local regularity, and Lemma 1 in [35],
one can justify the positive definiteness of Hess(E)|,_, .
Thus, the energy function E(z) has a unique minimum at
z = zo. In addition, the time derivative of E(z) along the
system trajectory is = —w, 37" Djw3.

Therefore, F(z) is an SLEF and the structure preserving
power systems are globally asymptotically stable under con-
dition (6). [ |

APPENDIX C
PROOF OF THEOREM 1

Proof. Note Af, = 2w A f; such that
b, = —2rAfiM; + AG RV, (26)

For simplicity, denote G = él — (; as the parameter
estimation error. Then, differentiating the Lyapunov function
Wi =150 (Tb2 + TriC?) with respect to time yields:

W, :Z?:l (— (1+ cl)IN)%l + Brl(ul + ¢iby — b¥,
+ 20 A fiM Ty + { Ny tanh(N;b, /e;))
+ fz(Tczéz — Nibys tanh(N;byy /1))
— Vi, Nibrt — (Nibyy tanh(NlBrl/gl))

27)

By substituting (9) into (27) and using Lemma 2, we get:

W< S (= 0+ et
+ G (| Nibri| — Nibry taﬂh(Nzl;rl/Sl))) (28)
< ( — (1 +a)b? + FGElCl)-

Therefore, it is clear the global tracking problem of system
(1) can be achieved by employing the adaptive controller (9)

with small enough designed parameter ¢;. |
APPENDIX D
PROOF OF THEOREM 2
Proof. Define &; = &; — oy and let W3 = %df, (o) =

®;(V4,)0:(Pr, (V,, o). Differentiating W3 along the trajec-
tory of system (11) yields
W = (&1 — 1) (mi(er) — (@)

Under condition (10), we get VoY (a) = 0. Using Lemma
3, we have W3 < 0 which implies lim;_, o, &; = ;. |

(29)
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