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Abstract—This paper proposes a decentralized control based
on SVC devices to improve the frequency control of high voltage
transmission systems. For a realistic structure preserving power
system with voltage dependent loads, we propose a sufficient
condition based on a strict Lyapunov energy function which
is utilized to design a nonlinear adaptive SVC controller. This
controller only requires local bus measures and parameters. Fur-
thermore, we also present an SVC with a conventional frequency
droop controller. The performance of the two considered SVC
control systems are evaluated on the well-known IEEE New
England 39-bus 10-machine power system and compared with
conventional SVC controllers.

Index Terms—Multi-machine power systems, voltage frequency
control, structure preserving model, FACTS, decentralized con-
trol, Lyapunov function.

NOMENCLATURE

VDL Voltage Dependent Load

VFC Voltage Frequency Control

SVC Static Var Compensator

POD Power Oscillation Damping

SLEF Strict Lyapunov Energy Function

SPM Structure Preserving Model

CSVC Conventional Static Var Compensator

ASVC Adaptive Static Var Compensator

DAE Differential Algebraic Equation

COI Center of Inertia

Z0 Nominal value of any variable Z

∆Z Difference ∆Z “ Z ´ Z0

9Z Time derivative of any variable Z

∇Z First-order partial derivative ∇Z “ B
BZ

∇
2

Z Second-order partial derivative ∇
2

Z “ B2

BZ2

Hessp¨q Hessian matrix of a function

m Number of machines

b Number of buses

l, k, pjq Index of (machine) bus

Ωl Index set of buses which connect to bus l
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b̄, pm̄q Index set of (machine) buses, m̄ Ď b̄

Vtl Voltage magnitude at bus l, in pu

V Voltage magnitude column vector

θl Voltage angle at bus l, in rad

θ Voltage angle column vector

δj Power angle of jth machine, in rad

δ Power angle column vector

ωj Relative speed of jth machine, in pu

ω Relative speed column vector

ωCOI Frequency in COI frame, in pu

z Vector
“

δT ωT V T θT
‰T

fl Frequency at bus l, in Hz

E1
dj
, E1

qj
d- and q-axis stator transient voltages of jth

machine, in pu

Pej , Qej Active and reactive powers generated by jth

machine, in pu

Pe Active power column vector

Plk, Qlk Active and reactive powers transmitted through

the line between buses l and k, in pu

PLl
, QLl

Active and reactive powers consumed by the

load at bus l, in pu

I. INTRODUCTION

A. Motivation

Due to environmental concerns, in recent years, the quota

of renewable energy resources with respect to conventional

synchronous power plants based on fossil fuels has steadily

grown and reached significant penetration levels. This often

results in low-inertia power systems, whose stability and

control poses several challenges which are currently not fully

resolved [1]–[3]. In this context, the frequency control through

flexible loads, typically thermostatically controlled, is the most

common strategy that has been considered on the demand side

[4]–[6]. Frequency control through VDLs, on the other hand,

has not been fully investigated so far. With this aim, we discuss

VFC strategies through SVC devices.

B. Literature Review

As long as the power system will include synchronous

generation, the frequency is an appropriate measure on the

supply/demand balance and always required to be within

operating range for stable and secure system operation. To

control the frequency is thus a synonym of active power

balance control. Balancing the power through voltage control

is a less intuitive idea that nevertheless can contribute to the

overall stability of the system [7].
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VFC has been proposed in the literature based on the sensi-

tivity of the reactive and active power of load to the changes in

the voltage. Solutions that have been discussed in the literature

consider load tap changer transformers (LTCTs) [8], [9] and

automatic voltage regulators (AVRs) [10]. However, LTCT can

only be utilized as a secondary and/or tertiary VFC because

of its relatively slow behavior that is more appropriate for

conservation voltage reduction [11]. On the other hand, AVRs

require conventional synchronous generators and, thus, this

approach is not expected to be effective in low-inertia systems.

Another possibility is to utilize FACTS devices. Due to

the fact that FACTS do not provide active power support,

only few attempts to study FACTS-based VFC have been

proposed. Primary VFC is investigated by combining a storage

in [12]. A VFC is proposed in [13] by including an additional

feedback loop to an SVC that is installed at a synchronous

generator bus. This kind of connection of SVCs, however, is

very unlikely to happen in practice. Currently, this additional

feedback loop, known as POD, is utilized for low frequency

(0.1–2 Hz) oscillation damping [14], [15]. Finally, a fast smart

transformer (FST) with VFC capability is discussed in [16].

FSTs, however, are not yet available in power systems. In the

following, we focus exclusively on SVC devices, which are

shunt connected devices and the most common and cheapest

among FACTS devices.

C. VFC through Adaptive Tracking

In comparison with the previous VFC frameworks, we aim

to propose faster/more flexible control method and simultane-

ously consider relative realistic VDLs, i.e., the load at each bus

is modeled as a voltage dependent function with an unknown

parameter. With this aim, FACTS such as SVC can provide

us an opportunity to study VDL based Lyapunov function

development (see Appendix B).

From a control system perspective, we have to ensure that

the employed Lyapunov function is an SLEF. Reference [17]

has identified that, as a fundamental limitation in constructing

SLEF for SPM, active power demands are needed to be

voltage-independent and must satisfy the usual constant power

constraint. This partly limits the application of the Lyapunov

method on SPM since some assumptions are needed to be

made regarding loads and transmission lines etc. For example,

references [17], [18] have constructed Lyapunov energy func-

tions for the structure preserving power systems with constant

active power load model.

In this paper, we recast the SLEF construction problem of

the SPM into the framework of tracking a desired signal. We

achieve this task by studying a nonlinear ASVC control strat-

egy. Tracking control is a quite common problem in practice.

For example, dynamic surface control has been proposed to

guarantee boundedness of tracking error semi-globally, but

it is not applicable if the first derivative of desired output

trajectory is unknown [19]. Reference [20] has addressed the

output feedback tracking problem by employing a dynamic

compensator. However, this result needs prior information

about the upper bound of the reference trajectory plus its

derivative, which is also unavailable exactly. Thus, for the

adaptive VFC, it is necessary to consider a more realistic load

model with unknown parameters and the fact that the time

derivative of the reference signal to be tracked is generally

unavailable, and then to tackle the corresponding challenges.

D. Contribution

This paper proposes a nonlinear adaptive decentralized SVC

control strategy for the SPM with VDLs to improve the

frequency responses without deteriorating the voltage perfor-

mances and an extended CSVC model by adding a lag VFC

loop. Compared with previous work, the main features of the

proposed framework are threefold:

‚ SVC-based VFC is studied.

‚ An adaptive control and a lag control for frequency

stability enhancement considering VDLs are proposed,

where only local measurements are needed.

‚ An adaptive scheme is proposed to maintain robustness

of the SVC even though there exist uncertainties in the

load model and the desired signal to be tracked.

E. Organization

The remainder of this paper is organized as follows: Sec-

tion II describes the SVC model. Section III proposes a

sufficient condition for SLEF, which relates to ASVC tracking

control, and the challenges to be tackled. Then, the main

theoretical results are presented and the proposed nonlinear

adaptive decentralized SVC controller is designed. A case

study based on the IEEE New England 39-bus 10-machine

power system is discussed in Section IV. Conclusions are

drawn in Section V.

II. SVC MODELING

SVC is a combination of variable shunt capacitor and

reactor to maintain a constant voltage at the bus to which

it is connected. The SVC model to be considered for adaptive

frequency control design and the proposed extended CSVC

model with lag frequency control loop are given in this section.

A. SVC Model for Adaptive VFC Design

We use the following first-order differential equation to

represent an SVC at bus l:

Trl
9brl “ ´brl ` ul, (1)

Qrl “ brlV
2

tl
, (2)

where brl represents the susceptance of the SVC, in pu, Trl

is the time constant of the SVC model, in s, Qrl is the output

reactive power by the SVC, in pu, and ul denotes the control

variable to be designed later.

B. Extended CSVC Model

As depicted in Fig. 1, the CSVC model is represented as

the following differential equation [21],

Trl
9brl “ ´brl ` KrlpV

ref ´ Vtl ` vgq, (3)

Qrl “ brlV
2

tl
, (4)
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where V ref denotes the reference voltage, Krl is the constant

gain, the additional signal vg is designed by using lag control

as follows,

Tg 9vg “ ´vg ` Kg∆fl, (5)

where Tg and Kg are the time constant and gain of the lag

control respectively.

Kg

Tgs+ 1

Krl

Trls+ 1

∆fl vg

−Vtl
bmax

r

bmin

r

brl

V ref

Fig. 1: Extended CSVC model: CSVC+VFC.

Note that, in the literature, vg is generally obtained through

a POD, which is sensitive only to the rate of change of the

frequency. Instead, we model a lag control for which the input

is the local bus frequency error, similar to what discussed in

[13]. However, in [13], a proportional, integral and differential

(PID) control loop is used to obtain vg, and the SVC must be

installed on a synchronous generator bus. Our proposed ASVC

and extended CSVC do not have this limitation.

III. MAIN RESULTS AND SVC CONTROL DESIGN

In this section, we propose a sufficient condition for SLEF

that has a unique minimum on the operating point of SPM

with VDLs. This condition is the theoretical basis of adaptive

VFC using SVC. The mathematical equations of SPM and

the energy function are described in Appendices A and B re-

spectively. Then, the detail challenges to realize this objective

condition are listed. In order to solve these difficulties, we

propose two main Theorems and design ASVC-based VFC.

A. Main Results-I: Condition for SLEF

Lemma 1. The equilibrium z0 is the unique globally asymp-

totically stable point of the structure preserving power systems

and the function Epzq is an SLEF if:

brl “ b˚
rl :“ ´∆θlMl, (6)

where Ml “ p∇Vtl
PLl

q{Vtl .

Proof. See the Appendix B. �

Remark 1. Condition (6) imposes the correlation between

reactive power regulation and frequency control by means

of the Lyapunov approach. This condition represents the

reactive power compensation strategy for the VFC based on

the variations of the bus angle difference and the rate of change

of active load with respective to the voltage.

Remark 2. As shown in Appendices A and B, the SPM

model is only utilized to construct the SLEF and its sufficient

condition (6). The considered model does not affect the

resulting control scheme, because in the simulations studied

in Section IV, all the models used are detailed practical ones.

Based on Lemma 1, the objective of SVC control is to

track a desired trajectory b˚
rl (to establish convergence of

the tracking error b̃rl “ brl ´ b˚
rl to zero) rendering power

systems globally asymptotically stable. The following remarks

constitute relevant challenges for the SVC control synthesis:

1. It is difficult to obtain the exact value of active load

parameter αl, because of lack of knowledge of the load

model and its time variant features.

2. The reference signal b˚
rl to be tracked has uncertainty

caused by load parameter αl.

3. Due to the implicit form of Vtl , the dynamics 9Vtl and 9b˚
rl

are unknown.

The above challenges are addressed in the next subsections.

Remark 3. Although active load can be modeled as ex-

ponential form, for example, PLl
pVtl , αlq “ Pl0

`

Vtl{Vtl0

˘αl

such that we have αl “ lnpPLl
{Pl0q{lnpVtl{Vtl0q, this for-

mulation cannot be used in practice since singular problem

will happen when Vtl “ Vtl0 . Thus, it is usually difficult

to get exact value of unknown load parameter which causes

uncertainty in reference signal b˚
rl.

Remark 4. In the theoretical derivation, we assume that

every VDL bus can be connected by an SVC. However, this

does not limit the practicability of the proposed SVC, as shown

in the case study, its effectiveness is verified by only installing

it on limited load buses.

B. Mathematical Preliminaries

We first introduce the following standard assumptions and

useful Lemmas to make the control synthesis tractable.

Assumption 1. There exists unknown positive constant ζl,

such that | 9Vtl | ă ζl.

Assumption 2. The unknown load parameter αl is a slowly

time-varying signal, such that 9αl « 0.

Lemma 2. For any ε ą 0 and η P R, the inequality 0 ď
|η| ´ η tanhpη{εq ď κε holds, where κ is a constant that

satisfies κ “ e´pκ`1q, i.e. κ “ 0.2785.

Proof. See reference [22]. �

Lemma 3. Given a symmetric positive-definite matrix P P
R

qˆq and a differentiable mapping L : Rq ÝÑ R
q . If

P∇αLpαq ` r∇αLpαqsTP ě 0, @α P R
q, (7)

then the following inequality holds

pa ´ bqTP pLpaq ´ Lpbqq ě 0, @a, b P R
q. (8)

Proof. See reference [23]. �

C. Main Results-II: ASVC Strategy

We are now ready to state the main results of ASVC.

Theorem 1. Suppose Assumption 1 holds and the real load

parameter αl is known. For system (1), the global tracking

between brl and the reference signal b˚
rl can be achieved by

the following adaptive controller with four local measurable

variables brl, ∆θl, Vtl , ∆fl for feedback:

Tζl
9̂
ζl “ Nlb̃rl tanhpNlb̃rl{εlq,

ul “ ´clb̃rl ` b˚
rl ´ 2π∆flMlTrl

´ ζ̂lNl tanhpNlb̃rl{εlq,

(9)
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where ζ̂l is the estimation of the upper bound ζl, Nl “
∆θlRlTrl, Rl “ p∇Vtl

PLl
q{V 2

tl
´ p∇2

Vtl
PLl

q{Vtl , Tζl is the

time constant, cl ą 0 and 0 ă εl ă 1 are the parameters to be

tuned.

Proof. See the Appendix C. �

Theorem 2. Suppose Assumption 2 holds. If there exist a

C1 function ΘlpPLl
q and a function ΦlpVtlq such that

Φl∇αl
Θl ě 0, (10)

then there exists adaptive updating law as

Tαl
9̂αl “ Φl

`

ΘlpPLl
q ´ Θl

`

PLl
pVtl , α̂lq

˘˘

, (11)

rendering

lim
tÑ8

α̂l “ αl, (12)

where Tαl is the time constant to be chosen.

Proof. See the Appendix D. �

Remark 5. Note that our theoretical results are not based

on an explicit representation of the load model, one can

specify any appropriate load model for the control synthesis.

For example, one can choose a monomial with an unknown

exponent (see Section III-D).

D. Adaptive SVC Controller Design

Generally speaking, active power load can be modeled as

monomial function of the bus voltage magnitude as follows

[21] and this model has been widely employed in the literature

(for example, [24])

PLl
pVtl , αlq “ Pl0pVtl{Vtl0qαl , (13)

where Pl0 represents the active power load at nominal voltage,

in pu. For this active load model, Pl0 and Vtl0 can be seemed

as prior known parameters, but αl is mostly unknown really

and this fact will be considered in the following SVC design

process.

For a given load, the active power exponent tends to be

constant, at least during a certain period (hours at least). Thus,

we propose a load-parametric estimator to solve the first two

problems stated in Section III-A. Choose ΘlpPLl
q “ PLl

and

ΦlpVtlq “

#

1, Vtl ě Vtl0 ,

´1, Vtl ă Vtl0 ,
(14)

then we have

Φl∇αl
Θl “ PLl

ˇ

ˇln
`

Vtl{Vtl0

˘ˇ

ˇ ě 0,

thus the condition (10) holds. By applying Theorem 2 directly,

the load-parametric estimator is designed as:

Tαl
9̂αl “ Φl

`

PLl
´ Pl0pVtl{Vtl0qα̂l

˘

. (15)

Then, substituting (13) into Ml and Rl, one has Ml “
αlPLl

{V 2

tl
and Rl “ αlp2´αlqPLl

{V 3

tl
. For simplicity, define

two functions of αl as follows:

f1lpαlq “ Nlpαlqb̃rlpαlq tanhpNlpαlqb̃rlpαlq{εlq,

Tαl
˙̂αl = Φl

(

PLl
− Pl0(Vtl/Vtl0)

α̂l

)

Nl = α̂l(2− α̂l)Trl∆θlPLl
/V 3

tl

Ml = α̂lPLl
/V 2

tl
b∗rl = −∆θlMl Tζl

˙̂
ζl = Nl b̃rl tanh(Nlb̃rl/εl)

ul = −cl b̃rl + b∗rl − 2π∆flMlTrl

−ζ̂lNl tanh(Nl b̃rl/εl)

1

Trls+ 1

α̂l

Nlα̂l

Ml −b∗rl b̃rl
Nl

b∗rlMl

ζ̂l

bmax

r

bmin

r

brl

ul

brl

Fig. 2: Block diagram of ASVC.

f2lpαlq “ ´clb̃rlpαlq ` b˚
rlpαlq ´ 2π∆flMlpαlqTrl

´ ζ̂lNlpαlq tanhpNlpαlqb̃rlpαlq{εlq.

Finally, on the basis of Theorem 1, we design practical

ASVC control law with only local measurable variables brl,

∆θl, Vtl , ∆fl, PLl
for feedback as:

Tζl
9̂
ζl “ f1lpα̂lq,

ul “ f2lpα̂lq,
(16)

eqs. (14) to (16) together constitute the proposed nonlinear

ASVC model, its block diagram is also shown in Fig. 2.

Remark 6. The parameter cl can be chosen depending on the

desired goals of the control. To improve the transient perfor-

mance of bus frequency, we can choose cl “ cl0 ` cl1p∆flq
2,

in which cl0 and cl1 are positive constants to be tuned. In this

way, the controller gain is not remarkably increased since the

function p∆flq
2 tends to zero at steady state.

Remark 7. There are five positive parameters Tζl, εlpă 1q,

cl0, cl1 and Tαl to be tuned for the ASVC model. It is

easy to complete this work. First, both smaller values of Tζl,

εl and larger values of cl0 and cl1 will result in a faster

convergence speed. Second, the smaller the value of Tαl,

the less time is spent on the convergence between the load-

parametric estimation and the exact value.

IV. CASE STUDY

The case study presented in this section is based on the

well-known IEEE New England 39-bus 10-machine system

[25]. All dynamic data of this system are provided in [26].

The system includes 10 synchronous machines, 19 loads,

34 transmission lines and 12 transformers. All synchronous

generators are equipped with AVRs, power system stabilizers

(PSSs) and turbine governors (TGs). The TGs are coordinatd

through an automatic generation control. A voltage dependent

model is used for representing the loads. With this aim, αl and

βl denote the power exponents of active and reactive power

consumptions, respectively, at bus l.

The complete model of the IEEE 39-bus system used in this

section is a set of DAEs (see equation (17)) which include

110 state variables (generators and their regulators) and 220

algebraic variables (voltage magnitudes and angles as well

as algebraic variables of the generators and their regulators).

Extra variables and equations are included to account for the

SVC devices and the phase-locked loop (PLL) required to
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TABLE I
PARAMETERS OF DIFFERENT SVC MODELS AND PLL

Name Values

ASVC Tζl “ 0.01, εl “ 0.1, cl0 “ 0.01, cl1 “ 25,

Tαl “ 0.001, Trl “ 0.1, bmax
r “ 1, bmin

r “ ´1

CSVC Krl “ 20, Trl “ 0.01, bmax
r “ 1, bmin

r “ ´1

Kg “ 25, Tg “ 0.01

PLL Kp “ 0.1, Ki “ 0.5, Tc “ 0.01

1 The meanings of parameters Kp, Ki, Tc can be found in [27].

estimate the angle difference ∆θl and the frequency variation

∆fl signals [27].

It is important to note that, although a lossless transmission

system model is adopted for the theoretical derivations and

design of the proposed adaptive control, all simulations are

actually solved using the detailed transient stability model

discussed above, which includes nonlinearities, hard limits and

saturations. The simplified model is used because it retains the

dynamics that are relevant for the control itself and because

analytical Lyapunov energy functions for real-world, lossy

transmission networks are not available. Then, the numerical

analysis carried out in this section serve to test whether the

proposed control is stable when included in the actual system.

The Python-based software DOME [28] is used to implement

all the models and solve all simulations presented below.

A. Case Study 1

In this case study, the performances of the proposed ASVC

model and extended CSVC model are tested and compared

with two scenarios: (a) CSVC (vg “ 0) and (b) without

SVC. For this purpose, four different tests are considered, the

buses 15 and 20 are chosen to be installed by SVCs, and

three kinds of SVCs are considered: (i) ASVC; (ii) CSVC;

(iii) CSVC+VFC; and (iv) without SVC. Set α15 “ 1.15,

α20 “ 1.1, β15 “ β20 “ 1.8, and the power exponents of the

other load buses are set as 0. The parameters used for different

kinds of SVCs are listed in Table I. To ensure that all the tests

have same initial operating point, we set brlp0q “ 0, i.e., no

reactive power is exchanged between the system and the SVCs

unless there is a disturbance.

Contingency 1: The test system is simulated through dis-

connecting the line between buses 16 and 24 and by ap-

plying a step increase of the load at bus 15 (3.2 pu to

3.6 pu) at 1 s. To illustrate the effectiveness of the load

parametric estimator of ASVC, initial values are provided for

α15 “ 0.95 and α20 “ 1. Figure 3 shows that, after applying

the disturbance, the load exponents are properly estimated by

the proposed adaptive parametric estimator.

The comparative trajectories of the frequency in COI frame

and the voltage at bus 15 are shown in Figs. 4-5. Observe that:

(i) there is a significant improvement in the system frequency

response when using the ASVC; (ii) the CSVC with frequency

control also improves the frequency response compared to the

cases with CSVC and without SVC; (iii) the ASVC ensures

that the post-fault bus voltage is kept within given limits

and imposes the lowest voltage and, hence, the lowest power

demand; and (iv) using CSVC with and without lag VFC loop,

1.0 1.05 1.1 1.15 1.2 1.25

Time [s]

0.9

0.95

1.0

1.05

1.1

1.15

α
l

α15

α20

Fig. 3: Estimations of the active power exponents of the VDL at bus 15 and 20.

0.0 20.0 40.0 60.0 80.0 100.0 120.0

Time [s]

0.998

0.9985

0.999

0.9995

1.0

1.0005

ω
C

O
I
[p
u
]

ASVC

CSVC

CSVC + VFC

Without SVC

Fig. 4: Response of the frequency in COI frame.

20.0 40.0 60.0 80.0 100.0

Time [s]

1.002

1.004

1.006

1.008

1.01

1.012

1.014

1.016

V
t
1
5
[p
u
]

ASVC

CSVC

CSVC + VFC

Without SVC

Fig. 5: Response of the voltage at bus 15.

the voltage reaches a steady state operating point close to the

reference set point. These results confirm the effectiveness

of the proposed nonlinear ASVC that provides overall best

dynamic performance.

B. Case Study 2

The previous subsection proves that the ASVC substantially

improves the frequency and voltage responses after a relatively

low-impact contingency. Next, we compare the impacts of the

proposed two SVCs with CSVC on frequency and voltage

under relatively large disturbance. With this aim, let buses 3,

4, 7, 15, 20 be installed SVCs. Also the simulation results

of the system without SVC are compared. For each load bus

l, we set αl “ 1.3, βl “ 2. The parameters used for ASVC

and CSVC, and the initialization of SVC are same as in Case

Study 1 (see Table I).

Contingency 2: We consider a relatively large disturbance,

i.e., the loss of a generation (generating P0 “ 2.5 pu) at bus
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0.0 20.0 40.0 60.0 80.0 100.0 120.0
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Fig. 6: Response of the frequency in COI frame.
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Time [s]
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1.0

1.005

1.01
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1
5
[p
u
]

ASVC

CSVC
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Fig. 7: Response of the voltage at bus 15.

30 at 1 s. The comparative results of the frequency in COI

frame and the voltage at bus 15 are shown in Figs. 6-7. The

following remarks are relevant: (i) the proposed ASVC leads to

the smoothest responses and the best transient performances of

system frequency; (ii) ASVC obtains the lowest post-fault bus

voltage during the transient and this correspondingly further

reduces the power demand; (iii) compared to CSVC and

without SVC, the rate of change of frequency is slower using

ASVC during the first few seconds of disturbance applied.

Consequently, in comparison with CSVC, the proposed ASVC

and extended CSVC are more effective to mitigate the effect

of large disturbances on bus frequency deviations.

Remark 8. Besides the above mentioned case studies, we

have also tried a CSVC+POD test (namely, vg is chosen as

a POD signal). But the result shows that the POD does not

contribute in VFC, so this POD test is not described.

V. CONCLUSION

The paper proposes a nonlinear ASVC controller and an

extended CSVC model that improve the dynamic frequency

response of multi-machine power systems. The main features

of the proposed controller are: (i) it accounts for SPM with

nonlinear VDLs; (ii) it requires only local measurements and

data without prior knowledge of exact SPM parameters; (iii) it

uses five available variables for feedback (see Section III-D);

and (iv) it includes only five parameters to be tuned easily

(see Remark 7). The results obtained in two cases studies

show that the proposed controller outperforms CSVC control

schemes on the frequency regulation also in case of large

critical disturbances, and it can obtain lower post-fault power

demand. Future work will further focus on the analysis of

the proposed controller for systems with high penetration of

renewable sources.

APPENDIX A

STRUCTURE PRESERVING MODEL

colorblack

A. DAE model of Power System

The electromechanical dynamics of synchronous machines

are modelled through a transient stability model consisting of

a set of nonlinear DAEs as:

9x “ fpx,yq

0 “ gpx,yq ,
(17)

where x is the vector of state variables of dynamic components

(generators, AVRs, PSSs, TGs, SVCs etc); y is the vector

of algebraic variables of network (voltage amplitudes and

phases of network buses, active and reactive powers, etc.) and

dynamic components. These models are described in several

book, e.g., [21] and the interested reader is referred to such

references for further details.

For the definition of adaptive control, we use a simplified

version of (17), which allows the definition of a Lyapunov

function and the analytical derivation of the equations of

the controller itself. The following models are assumed for

the generators, transmission lines, loads and network for the

definition of the Lyapunov function utilized in the adaptive

control. In the remainder of this appendix, we adopt the

following simplified notations:

1. If l R m̄, then Pel “ Qel “ 0;

2. If k R Ωl, then Blk “ Bsh
lk “ 0;

where Blk (Bsh
lk ) is (shunt) susceptance of the line between

buses l and k, in pu.

B. Generator Model

The jth synchronous machine is modeled by the following

usual swing equation where E1
dj

, E1
qj

are viewed as constants.

This common assumption implies on ideal voltage regulation,

and has been often adopted in the literature [17], [18], [29].

9δj “ ωsωj ,

2Hj 9ωj “ ´Djωj ` Pmj
´ Pej ,

(18)

Pej “
E1

dj

x1

qj

Vqj ´
E1

qj

x1

dj

Vdj
´

x1

dqj

x1

dj
x1

qj

Vdj
Vqj ,

Qej “
E1

dj

x1

qj

Vdj
`

E1

qj

x1

dj

Vqj ´ 1

x1

qj

V 2

dj
´ 1

x1

dj

V 2

qj
,

(19)

where relative angle δ̃j “ δj ´ θj , the d- and q-axis com-

ponents of bus voltage are defined as Vdj
“ ´Vtj sin δ̃j ,

Vqj “ Vtj cos δ̃j , synchronous speed ωs “ 2πf0, in rad/s,

Hj is the inertia constant, in s, Dj is the damping coefficient,

in pu, Pmj
is the mechanical power, in pu, x1

dj
(x1

qj
) is the

d-axis (q-axis) transient reactance of jth machine, in pu, and

x1
dqj

“ x1
dj

´ x1
qj

.
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C. Lossless Transmission Model

For a multi-machine power network, it has been shown

that its lossless characteristic is the basic premise of using

the energy function method [30]. This general assumption has

been widely used in power systems analysis/control [18], [31].

Only few attempts have been made to remove this constraint

and to limited small examples (see, for example, [32]).

Hence, we use a lossless version of transmission line lumped

π-circuit as follows [33], [34]:

Plk “ BlkVtlVtk sin θlk,

Qlk “ B1
lkV

2

tl
´ BlkVtlVtk cos θlk,

(20)

where relative angle θlk “ θl ´ θk, and B1
lk “ Blk ´ Bsh

lk .

D. Load Model

Loads are represented by the following generic C1 functions

of the voltage at the bus l

PLl
“ PLl

pVtl , αlq,

QLl
“ QLl

pVtl , βlq,
(21)

where αl (βl) is parameter of active (reactive) load model.

E. Network Model

Finally, load power consumption are linked to the grid

through well-known power flow equations:

Pl :“ ´Pel ` PLl
`

řb
k“1

Plk “ 0,

Ql :“ p´Qel ` QLl
´ Qrl `

řb
k“1

Qlkq{Vtl “ 0.
(22)

APPENDIX B

PROOF OF LEMMA 1

Proof. First, we consider the following energy function for the

SPM with VDLs depicted in Appendix A:

Epzq “
m
ÿ

j“1

´

´ Pmj
δj `

ωsHj

2
ω2

j

´
E1

dj

x1
qj

Vdj
´

E1
qj

x1
dj

Vqj `
1

2x1
qj

V 2

dj
`

1

2x1
dj

V 2

qj

¯

`
b

ÿ

l“1

b
ÿ

k“1

´B1
lk

2
V 2

tl
´

Blk

2
VtlVtk cos θlk

¯

`
b

ÿ

l“1

´

∆θlPLl
`

ż Vtl

Vtl0

QLl
pzlq

zl
dzl

¯

.

(23)

Under condition (6), partial differentiating E with respect to

δj , ωj , Vtl and θl respectively yields:

∇δjE “ Pej ´ Pmj
,∇ωj

E “ ωsHjωj ,

∇Vtl
E “ Ql,∇θlE “ Pl,

(24)

which lead to p∇zEq |z“z0
“ 0.

The Hessian matrix of E is as follows:

HesspEq “

»

—

—

–

∇δPe ∇V Pe ∇θPe

H

∇δQf

∇δPf

∇V Qf ∇θQf

∇V Pf ∇θPf

fi

ffi

ffi

fl

, (25)

where Pf “ colpPlq, Qf “ colpQlq, H “ diagtωsHju.

From the positive definite Jacobian of normal power flow

which corresponds to local regularity, and Lemma 1 in [35],

one can justify the positive definiteness of HesspEq|z“z0
.

Thus, the energy function Epzq has a unique minimum at

z “ z0. In addition, the time derivative of Epzq along the

system trajectory is 9E “ ´ωs

řm
j“1

Djω
2

j .

Therefore, Epzq is an SLEF and the structure preserving

power systems are globally asymptotically stable under con-

dition (6). �

APPENDIX C

PROOF OF THEOREM 1

Proof. Note ∆ 9θl “ 2π∆fl such that

9b˚
rl “ ´2π∆flMl ` ∆θlRl

9Vtl . (26)

For simplicity, denote ζ̃l “ ζ̂l ´ ζl as the parameter

estimation error. Then, differentiating the Lyapunov function

W1 “ 1

2

řb
l“1

pTrlb̃
2

rl ` Tζlζ̃
2

l q with respect to time yields:

9W1 “
řb

l“1

´

´ p1 ` clqb̃
2

rl ` b̃rlpul ` clb̃rl ´ b˚
rl

` 2π∆flMlTrl ` ζ̂lNl tanhpNlb̃rl{εlqq

` ζ̃lpTζl
9̂
ζl ´ Nlb̃rl tanhpNlb̃rl{εlqq

´ 9VtlNlb̃rl ´ ζlNlb̃rl tanhpNlb̃rl{εlq
¯

.

(27)

By substituting (9) into (27) and using Lemma 2, we get:

9W1 ă
řb

l“1

´

´ p1 ` clqb̃
2

rl

` ζl
`

|Nlb̃rl| ´ Nlb̃rl tanhpNlb̃rl{εlq
˘

¯

ď
řb

l“1

´

´ p1 ` clqb̃
2

rl ` κεlζl

¯

.

(28)

Therefore, it is clear the global tracking problem of system

(1) can be achieved by employing the adaptive controller (9)

with small enough designed parameter εl. �

APPENDIX D

PROOF OF THEOREM 2

Proof. Define α̃l “ α̂l ´ αl and let W3 “ Tαl

2
α̃2

l , γlpαlq “
ΦlpVtlqΘl

`

PLl
pVtl , αlq

˘

. Differentiating W3 along the trajec-

tory of system (11) yields

9W3 “ pα̂l ´ αlq
`

γlpαlq ´ γlpα̂lq
˘

. (29)

Under condition (10), we get ∇αl
γlpαlq ě 0. Using Lemma

3, we have 9W3 ď 0 which implies limtÑ8 α̂l “ αl. �
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