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Abstract—This paper extends the recently proposed frequency
divider formula (FDF) to account for the effect of the frequency
control capability of distributed energy resources (DERs) on
local voltage frequency variations. Both grid-forming and grid-
following controllers are considered and formulated in order
to resemble the same structure of synchronous machines. The
proposed extension is applied to a modified dynamic model of
the IEEE 118-bus test system and compared with the original
FDF.

Index Terms—Distributed energy resources, frequency divider,
frequency estimation, grid-following, grid-forming.

I. INTRODUCTION

A. Motivation

Evaluating the impact of each device on local as well
as system-wide frequency variations has become a relevant
concern for system operators [1]. In this vein, the frequency
divider formula (FDF) proposed in [2] is a mathematical-based
technique that approximately yet effectively estimates system
bus frequencies. This formula is based on a boundary value
problem where synchronous machines (SMs) rotor speeds set
boundary conditions. It means that, based on the FDF, the
frequencies of all system buses, including SMs, DERs, and
load buses, can be linearly expressed by SMs rotor speeds.
However, [2] assumes that SMs are the only devices that can
modify the frequency at their connection buses to the grid.
An extension of the FDF is proposed in [3], which allows
taking into account any regulating device, assuming that one
can properly define the quota of the rate of change of active
powers (RoCoPs) at network buses that impact exclusively
on the frequency. Thus, the formulation in [3] leaves open the
question of which is a convenient expression of the RoCoPs of
DERs, and, more specifically, of their controllers. This paper
addresses this question precisely and proposes a generalization
of the FDF able to include, using approximations similar to
those utilized for the original FDF, both grid-forming and grid-
following control strategies of DERs.
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B. Literature Review

Several frequency estimation techniques have been proposed
in the literature, categorized as analytical or signal processing
approaches [2], [4]–[11]. Among these, we focus on the FDF,
which is an analytical technique for estimating system bus
frequencies using the rotor speeds of SMs [2]. Applications
of the FDF are mostly in power system modeling [12], [13]
and the state estimation [14], [15]. It should be noted that
the FDF is a simulation tool and not a measurement to be
implemented in online applications. However, the FDF can be
inaccurate because it neglects the dynamics of any devices
except for SMs. To overcome this issue, [16] developed a
distributed FDF, considering the virtual inertia contributions
of double-fed induction generators. This work further extends
the FDF to include the dynamic effect of DER controllers.
This is achieved by exploiting the concept of RoCoP proposed
in [3].

Among the several control techniques of inverter-based
resources [17]–[20], this paper studies DERs equipped with
the two most prevalent controls, including droop-based grid-
forming (GFM) and grid-following (GFL) controls, which are
represented as current and voltage sources, respectively [17],
[18]. Moreover, this paper investigates the effect of frequency
control parameters, including the droop gain and the time
constant of the low pass filter, on the frequency estimation.

C. Contributions

The contributions of the paper are as follows.

• The formulation of a generalization of the FDF in order
to take into account the effect of the dynamics of the fre-
quency controllers of DERs on the frequency estimation
of system buses. Both grid-forming and grid-following
schemes are considered. The proposed extended FDF has
the same structure as the original formula presented in
[2]. With this aim, the effect of DER controllers is defined
in terms of equivalent virtual admittances and/or rotor
speeds.

• The impact of the DERs’ control settings on the system
bus frequency estimation is addressed. This impact is
assessed qualitatively in the case study.



D. Paper organization

The remainder of this paper is organized as follows. Sec-
tion II recalls the derivation of the FDF based on the power
flow equations and extends the formulation to take into account
DERs’ dynamics. Section III introduces a case study based on
the IEEE 118-bus system to validate the proposed formula and
then presents the results. Section IV concludes the paper.

II. EXTENDED FREQUENCY DIVIDER FORMULA

This section briefly recalls the formulation of the frequency
divider and its derivation based on the RoCoP. Subsection II-A
reviews the FDF for buses where SMs are connected. Then, in
Subsections II-B and II-C, the FDF is extended to show how
frequency variations of buses connected to DERs spread across
the whole power system. Finally, Subsection II-D presents the
extended formulation of the FDF.

The foundation of the FDF in [3] is the power flow equa-
tions. This work shows that the power injections at network
buses can be written as:

p(t) = p′(t) + p′′(t) , (1)

where p′(t) is the quota of active power that contributes to
frequency variations of buses, and p′′(t) is the quota of active
power that does not contribute to the frequency variations at
the buses.

Assuming a steady-state model for the transmission
lines, [3] shows that the rate of change of regulating active
power injected at bus h, ṗ′h(t), is related to the variation of
the bus frequencies as follows:

ṗ′h(t) = −Ωb

∑
k∈B

Bhk
bus∆ωB,k(t) , (2)

where B is the set of the n system buses; Bhk
bus is the imaginary

part of the element (h, k) of the system admittance matrix
Ybus ∈ Cn×n; ∆ωB,k is the frequency variation at bus k, and
Ωb is the synchronous speed in (rad/s). In vector form, (2) can
be written as:

ṗ′(t) = −ΩbBbus∆ωB(t) , (3)

Equation (3) is obtained considering only the network, i.e.,
independent of the type of device connected to bus h. To
complete the analysis, one has thus to determine the expression
of ṗ′h(t) for every device connected to the grid. Constant
admittances show ṗ′h(t) = 0 [3]. All other devices show
ṗ′h(t) ̸= 0 and thus impact the frequency at their connection
buses to the grid. Among those that impact the frequency to a
greater extent, there are SMs and, as discussed in this work,
DERs equipped with GFM or GFL controllers.

Subsection II-A reviews the case of SMs [3]. Then, Sub-
sections II-B and II-C examine how the frequency control
capability of DERs, including droop-based GFM and GFL,
affect the ROCOP and, as a result, the frequency variations of
all system buses.

A. Synchronous machine

The derivation of FDF based on voltage and current rela-
tionship in [2] gives:

BBG∆ωG(t) = −(Bbus +BG)∆ωB(t) , (4)

where ∆ωG(t) ∈ Rm is the vector of rotor speed variations
of SMs, given by simulations; BBG is the imaginary part of
YBG ∈ Cn×m, obtained from the extended admittance matrix,
and BG is the imaginary part of YG ∈ Cn×n, a diagonal
matrix whose h-th is either zero or the inverse of the SM
reactance, depending on whether the machine is connected to
bus h. The RoCoP injected at SMs’ buses can be written by
merging (3) and (4):

ṗ′(t) = Ωb(BBG∆ωG(t)−BG∆ωB(t)) , (5)

or equivalently:

ṗ′(t) = ΩbBBG(∆ωG(t)−∆ωBG(t)) , (6)

where ∆ωBG(t) ⊂ ∆ωB(t) is the vector of frequency
variations at the buses adjacent to SM.

Equation (4) formulates the frequency divider for a grid
that includes SMs and constant impedance loads exclusively.
The expressions for DERs are not taken into account. The
following subsections discuss DERs equipped with GFM and
GFL control.

B. DER model with grid-forming control

Figure 1a models a DER as an ideal voltage source that is
connected to bus h through a transformer or an inductor with
reactance bM,h. Moreover, the DER is equipped with a GFM
droop-based frequency control, as shown in Fig. 1c. The inner
control loops and the reactive power control are neglected. It
is demonstrated in [21] that a frequency droop control with
a low pass filter, under specific conditions, is equivalent to
a virtual synchronous machine (VSM). VSMs replicate the
swing equation of SMs and provide virtual inertia to the power
system.

Therefore, similar to SMs in (6), the RoCoP injected at
DERs’ buses with GFM control can be written as:

∆ṗh(t) = −ΩbbM,h

(
∆ωM,h(t)−∆ωB,h(t)

)
, (7)

where bM,h is assumed to be inductive and thus negative. In
vector form, (7) becomes:

ṗ′(t) = ΩbBBM(∆ωM(t)−∆ωBM(t)) (8)

where ∆ωM(t) ∈ Rdm is the vector of internal frequency vari-
ations imposed by DERs given by simulations; ∆ωBM(t) ⊂
∆ωB(t) is the vector of frequency variations at the buses
adjacent to DERs with GFM; BBM is the imaginary part of
YBM ∈ Cn×dm obtained from the extended admittance matrix
with DERs’ connection reactances. Equations (3) and (8)
formulate the frequency divider for a grid that includes DERs’
buses exclusively with GFM controllers.
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Fig. 1. (a) DER equivalent circuit as an ideal voltage source, (b) DER
equivalent circuit as an ideal current source, (c) Grid-forming droop-based
frequency control, (d) Grid-following droop-based frequency control.

C. DER model with grid-following control

Figure 1b shows a DER modeled as an ideal current source
that is connected to bus h. Moreover, the DER is equipped
with a GFL droop-based frequency control, as shown in
Fig. 1d. The inner control loops and the reactive power control
are neglected. The active power variation injected at bus h,
∆ph(t), can be written as:

∆ṗh(t) = −∆ph(t)

Tm
+

km
Tm

(
∆ωref −∆ωB,h(t)

)
, (9)

where km is the GFL droop gain, Tm is the low pass filter
time constant of GFL control, and ∆ωref is the variation of the
reference frequency. Since, in general, the frequency reference
does not change, one can assume ∆ωref = 0. Then, (9) can
be re-written as:

∆ṗh(t) = −∆ph(t)

Tm
− km

Tm
∆ωB,h(t) . (10)

It can be observed in a DER with a GFL control that
the whole amount of the injected active power involves in
modifying the bus frequency. One can thus assume that
ṗh(t) ≈ ṗ′h(t).

1

Let us rewrite (10) as:

ṗ′h(t) = Ωb
km

ΩbTm

(
αm∆ph(t)−∆ωB,h(t)

)
, (11)

where αm = −(km)−1, or equivalently:

ṗ′h(t) = ΩbB
h
BL

(
∆ωL,h(t)−∆ωB,h(t)

)
, (12)

1Reference [22] shows that, in effect, the term ṗ′′h(t) is not always
negligible. However, the approximation considered in this work introduces
the same order of errors as the other simplifications (e.g., neglecting voltage
magnitude variations) that lead to the definition of the FDF.

where ∆ωL,h(t) = αm∆ph(t) can be considered as an
equivalent internal frequency variation of the GFL control,
which is a function of the control parameters and the active
power variation of the DER; Bh

BL = km (ΩbTm)−1 can be
defined as an equivalent virtual admittance connecting the GFL
converter at bus h to the grid. In vector form, (12) becomes:

ṗ′(t) = ΩbBBL

(
∆ωL(t)−∆ωBL(t)

)
, (13)

where ∆ωBL(t) ⊂ ∆ωB(t) is the vector of frequency varia-
tions at the buses adjacent to DERs with GFL.

D. Extended Frequency Divider Formula

The structure of the equations (6), (8), and (13) are similar
and allows writing an extended version of the FDF, which
formally has the same expression as the original FDF, but
that is able to capture the dynamics of DERs with both GFM
and GFL converters. First, let us define the vectors ∆ω̃G =
(∆ωG,∆ωM,∆ωL), and ∆ω̃BG = (∆ωBG,∆ωBM,∆ωBL),
and the matrix B̃BG = [BBG,BBM,BBL], we obtain:

ṗ′(t) = ΩbB̃BG

(
∆ω̃G(t)−∆ω̃BG(t)

)
, (14)

which can be rewritten in the same form as (4):

B̃BG∆ω̃G(t) = −(Bbus + B̃G)∆ωB(t) , (15)

where B̃G is the extended version of BG with the inclusion of
the diagonal terms for the GFM and GFL converters. Equation
(15) is the proposed extended formulation of the FDF.

III. CASE STUDY

In this section, the performance of the extended FDF is
compared to the original FDF, given that DERs can regu-
late/impose frequency at their connection buses. The dynamics
of DERs are represented by a droop control and a low pass
filter in a grid-forming or a grid-following approach. The SMs
are represented with a 4th-order two-axis model and a speed
governor. The simulation results are obtained using a modified
IEEE 118-bus system built by substituting certain SMs with
DERs of the same capacity. According to the penetration level
of the non-synchronous generators, two cases are studied:

• Case 1: DERs account for 8.6% of the total generation,
as shown in Fig. 2a.

• Case 2: DERs account for 76,1% of the total generation,
as shown in Fig. 2b.

The disturbance is a 3-phase short-circuit fault at the line
connecting buses 29 and 31, and near bus 31. The mentioned
line is disconnected and reconnected when the fault is cleared
after 0.15 s. The simulation time is 2 s, and the simulation
time step is 0.01 s.

Figures 3 and 4 show the frequency variations of a load
bus estimated with the FDF and the extended FDF, assuming
that the DERs are equipped with GFM and GFL control,
respectively. The difference between the frequency estimated
with the FDF and the extended one becomes more noticeable
in the high penetration case, both for GFM and GFL controls.
This is because DERs have a greater contribution to the
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Fig. 2. Modified IEEE 118 test system. (a) case 1: Low penetration. DERs
account for 8.6% of the generation, (b) case 2: High penetration. DERs
account for 76.1% of the generation.

frequency control in a high penetration case, and the extended
FDF captures this impact. Therefore, it is essential to take
into account the dynamics of DERs in systems with high non-
synchronous generator integration.

The effect of GFM control parameters on the frequency
estimation is best shown in Fig. 5. The frequency estimated
with the extended FDF is more damped than the FDF, and this
damping is more evident with lower droop gains and higher
time constants. This is because the RoCoP at the connection
buses of the GFM converters is, respectively, directly and
inversely proportional to the time constant and the droop gain.

Figure 6 shows the impact of the GFL control parameters on
the frequency estimation. The frequency estimated using the
extended FDF shows higher damping than the one estimated
with the FDF. Moreover, RoCoP at the connection buses of
GFL converters in (11) is, respectively, inversely and directly
proportional to the time constant and the droop gain.

The difference between the frequency estimated by the

(a)

(b)

Fig. 3. Load bus frequency variation estimated with the FDF and the
extended FDF for DERs with GFM control (kp=0.02, Tp=0.2). (a) case 1:
Low penetration, (b) case 2: High penetration.

(a)

FDF

Extended FDF

(b)

Fig. 4. Load bus frequency variation estimated with the FDF and the
extended FDF for DERs with GFL control (km=50, Tm=0.4). (a) case 1:
Low penetration, (b) case 2: High penetration.

extended FDF and the FDF is more evident as more DERs
are integrated into the grid. In addition, when the control
settings of the converters interfaced with the grid are taken
into account, this difference becomes more distinct.

IV. CONCLUSIONS

This paper proposes an improvement to the frequency
divider formula to estimate the local frequency variations
of system buses more accurately, considering that DERs
can control the frequency at their connection buses to the
grid. Two frequency control techniques, including droop-based
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Fig. 5. Load bus frequency variation estimated with the FDF and the extended
FDF for DERs with GFM control and (a) alternative droop gains, Tp = 0.2
(b) alternative time constants, kp = 0.01.

(a)

(b)

Fig. 6. Load bus frequency variation estimated with the FDF and the extended
FDF for DERs with GFL control and (a) alternative droop gains, Tm = 0.4
(b) alternative time constants, km = 12.5.

GFM and GFL, are examined. The results show that: (i)
for systems with significant penetration of non-synchronous
sources, it is essential to consider the dynamics of DERs in
the frequency divider formula; (ii) the estimated frequency
using the proposed formula, which is an extended version
of the frequency divider, dampens the oscillations; and (iii)
the frequency estimation by the extended FDF is affected by
the control settings of the DERs. Finally, the extended FDF
can quantify whether the effect of DERs should considered or
not. The original FDF can be used when differences are not
significant. Future work will focus on the utilization of the

proposed extended FDF to study the impact of DER control
parameters on the overall frequency response of the grid and
on the design of robust controllers able to take into account
and properly exploit such an impact.
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