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Abstract—In converter-dominated grids, the earliest post-fault
interval is often limited by operating-quantity extraction, because
cycle-based discrete Fourier transform (DFT) phasors can incur
finite-window bias under fast control actions, current limiting,
and waveform distortion. This paper develops a trajectory-
based, sub-cycle operating-quantity extractor that acts directly
on instantaneous three-phase measurements. Leveraging the
recently proposed concept of geometric frequency (GF) and using
short-window least-squares differentiation, the proposed method
separates the instantaneous stretching and rotation of the three-
phase trajectory and converts them into a closed-form equivalent
series R–L drop. Resulting parameters are mapped onto the
conventional R–X plane to drive standard mho and quadrilateral
logic. A memory-polarized directional torque is also formed from
instantaneous three-phase vectors to maintain sign consistency
under voltage depression while reducing cycle-length reporting
latency. Electromagnetic transient (EMT) case studies on a wind-
farm export corridor and real-time digital simulator (RTDS)-
based validation on a modified IEEE 9-bus transmission system
verify the effectiveness of the proposed GF-based distance and
directional protection method.

Index Terms—Geometric frequency, converter-dominated
power systems, distance protection, directional protection, time-
domain protection, non-sinusoidal conditions.

I. NOTATION

In this paper, scalars are indicated by italic lower-case
letters (e.g., t) and vectors by bold lower-case letters (e.g.,
u). The operator ∥·∥ denotes the Euclidean norm, (·)⊤ the
transpose, and (·)∗ the complex conjugate.

A. Scalars

• t: time (s).
• Ts, fs: sampling period and sampling frequency, fs = 1/Ts.
• f0, ω0: nominal frequency (Hz) and angular frequency, ω0 =
2πf0.

• N : samples per nominal cycle, N = fs/f0.
• Wn: short-window index set for GF estimation and win-

dowed averaging.

This work was supported in part by the Sustainable Energy Authority of Ire-
land (SEAI) under project FRESLIPS, Grant No. RDD/00681. (Corresponding
author: Huadong Sun.)

J. Chen, H. Sun, S. Xu, B. Zhao, and C. Wang are with the China
National Key Laboratory of Power Grid Security, China Electric Power
Research Institute, Beijing 100192, China (e-mail: chenjh cepri@163.com;
sunhd@epri.sgcc.com.cn; xushiyun@epri.sgcc.com.cn; zhaob-
ing@epri.sgcc.com.cn; wangcongbo107@163.com).

F. Milano is with the School of Electrical and Electronic Engineer-
ing, University College Dublin, Dublin D04 V1W8, Ireland (e-mail: fed-
erico.milano@ucd.ie).

• Rℓ, Lℓ: total series resistance and inductance of the pro-
tected line (per phase).

• m: fault location factor.
• Rf : fault resistance (Ω).
• Rd, Ld: equivalent parameters identified from waveforms in

the single-ended formulation.

B. Vectors and signals

• u(t) ∈ R3: three-phase vector signal.
• v(t), ı(t): local three-phase voltage and current.
• u′(t): time derivative of u(t).
• vmem: memory (prefault) polarizing voltage vector.
• ∆ı: superimposed (incremental) current, ∆ı = ı− ıprefault.
• n̂mem: hemisphere-locked memory axis (unit vector) used

for GF directional projection.

C. GF descriptors and operators

• ρu(t): stretching rate (radial frequency).
• ωu(t): angular frequency vector.
• ωu(t): angular frequency magnitude, ωu = ∥ωu∥.
• Γ̃u(t): GF operator, u′ = Γ̃uu with Γ̃u = ρu + ωu×.

II. INTRODUCTION

A. Motivation

D ISTANCE and directional elements remain the core
primitives of transmission and sub-transmission line

protection. In mainstream practice, these functions are im-
plemented with cycle-based phasor estimation, most com-
monly via the DFT, and conventional impedance- or torque-
comparator logic, as summarized in classical relaying ref-
erences [1]. Many conventional relay implementations are
designed around quasi-sinusoidal operating quantities and
reporting windows in which the underlying quantities are
expected to be approximately stationary within the estimator
[2]. Even with synchronized measurements and two-ended
formulations, operating quantities can inherit finite-window
bias whenever the waveform evolves appreciably within the
reporting window [3].

Converter-dominated operation and weak-grid conditions
stress these assumptions in the first post-fault tens of mil-
liseconds, which increasingly determine protection speed
and dependability. Protection reports [4], [5] document that
inverter-based resources (IBRs) can depress fault current,
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reshape sequence behavior, and introduce control-driven non-
stationarity that makes cycle-based quantities slower to set-
tle. System-operator guidance and field-event studies fur-
ther show that such responses may include low-magnitude
and time-varying IBR fault currents, harmonic, interhar-
monic, and fast-transient components, distorted relay input
signals, distance-relay misoperation, memory-polarized logic
issues, and directional-element misoperation risks [6]–[8].
These characteristics can distort apparent impedance, weaken
faulted-phase selection and sequence-based supervision, and
challenge memory-polarized directional logic during fast tran-
sients, thereby increasing the risk of incorrect tripping, delayed
operation, or undesired blocking in conventional phasor-based
protection [9], [10].

For many line-protection functions, the decision logic
is mature, while the early-time operating quantities remain
the limiting factor. Under fast distortion and control-driven
nonstationarity, phasor-based quantities may lose their direct
correspondence with instantaneous voltage-current behavior.
Complex-frequency and geometric-frequency viewpoints pro-
vide a trajectory-based way to describe such dynamics without
requiring steady-state phasors [11]–[14]. Building on this idea,
this paper develops GF-based sub-cycle operating quantities
that retain zero-sequence and unbalanced components while
feeding standard relay comparators.

B. Related Work and Research Gap

Recent studies on transmission-line protection have pursued
faster and more robust operation under converter-dominated
conditions and waveform distortion.

Existing protection studies related to this work can be
grouped into four representative streams according to the
source of the protection operating quantity and the way in
which converter-dominated fault behavior is addressed.

First, enhanced phasor-estimation methods improve the
extraction of fundamental-frequency quantities from distorted
protection signals. Improved DFT-based algorithms suppress
decaying dc offsets, harmonics, and noise in protection signal
extraction [15], [16]. Other modified DFT-based algorithms
further improve phasor estimation for numerical relaying ap-
plications under decaying dc offsets, harmonics, noise, and re-
lated transient disturbances [17], [18]. These methods improve
phasor convergence under selected signal disturbances, while
still following a windowed fundamental-frequency represen-
tation. When IBR controls reshape the waveform within the
estimation window, the extracted phasor may include finite-
window bias.

Second, IBR-adapted phasor-based distance and directional
protection methods modify impedance calculation, relay logic,
phase-comparator implementation, reactance measurement, or
converter-control coordination to address low-magnitude, lim-
ited, and control-dependent fault-current behavior. Representa-
tive studies include control-based fault-current regulation, mit-
igation strategies for IBR-related line-protection challenges,
and practical phase-comparator and reactance-method imple-
mentations [19]–[21]. Recent studies further analyze distance-
protection behavior under grid-forming inverter current limit-

ing [22] and improve compatibility with different inverter con-
trol schemes using local phasor and sequence-network infor-
mation [23]. These methods are important for IBR-connected
lines and provide practical adaptations of conventional relay
principles. Their performance, however, may be influenced by
the assumed converter behavior when fault currents are highly
distorted, time-varying, or strongly control-dependent.

Third, transient-feature and traveling-wave protection meth-
ods use fault-generated high-frequency components for fast
fault discrimination. A protection perspective in [24] argues
that phasor-window latency is not fundamental and discusses
the associated speed–security tradeoffs for faster line elements.
Traveling-wave schemes provide a very fast time-domain alter-
native, and recent studies have further exploited wavefront or
first-arrival information for power-electronic-device-interfaced
ac and dc line protection [25], [26]. Their performance may
depend on measurement bandwidth, wavefront identification,
propagation-time setting, reflection interpretation, sensor re-
sponse, and fault inception conditions [27], [28]. Under at-
tenuated traveling-wave signatures, complex reflections, or
limited voltage-sensor bandwidth, the extraction of wavefront
information may become more demanding.

Fourth, incremental-quantity and practical time-domain
protection methods construct operating quantities from fault-
generated voltage-current changes. Practical time-domain re-
lays use incremental quantities and traveling waves for high-
speed elements and require settings related to incremental
levels and traveling-wave propagation times [29]. Incremental-
quantity directional and distance elements have also been
developed from instantaneous voltage-current relations [30],
[31]. These methods improve speed and provide practical
time-domain alternatives to conventional phasor-based ele-
ments. Their performance can depend on prefault references,
filtering windows, short-time fault-network approximations,
transformed-frame construction, and practical time-domain
settings. When converter controls reshape post-fault currents
or current limiting changes the equivalent source behavior, the
incremental relation may require additional care in interpreta-
tion.

In parallel, geometric representations have matured into
implementable and circuit-consistent tools. Applications of the
Frenet frame [32] show that three-phase trajectory geome-
try can provide measurable electrical observables. However,
translating geometric descriptors into relay-grade operating
quantities for distance and directional protection remains in-
sufficiently explored.

The research gap with respect to existing representative
protection methods is summarized in Table I.

This paper addresses this gap by providing a geometry-
consistent operating-quantity extraction stage that directly
extracts relay-ready quantities from instantaneous three-phase
trajectories, without phasor reconstruction, sequence decom-
position, or wavefront identification. The extracted quantities
can be directly used by standard distance characteristics and
directional torque comparators.
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TABLE I
SUMMARY OF REPRESENTATIVE PROTECTION METHODS AND POSITIONING OF THE PROPOSED GF METHOD

Factor Enhanced phasor
estimation

IBR-adapted
phasor-based

protection

Transient-feature and
traveling-wave

protection

Incremental-quantity
and time-domain

protection
Proposed GF method

Refs. [15]–[18] [19]–[23] [24]–[28] [29]–[31] This paper

Basic
quantity Fundamental phasor

Phasor, sequence
component, apparent

impedance, comparator,
or control-related

quantity

Transient feature or
traveling-wave quantity

Incremental
voltage-current quantity

GF stretching and
rotation

Main
dependence

Data window for
phasor estimation

IBR fault-current
behavior, converter
control, and relay
implementation

Wavefront detection,
propagation time,

reflection pattern, or
high-frequency transient

feature

Prefault reference,
incremental quantity,

filtering, or time-domain
setting

Instantaneous
three-phase trajectory

Physical
meaning Sinusoidal fitting

Impedance,
sequence-network,
phase-comparator,

reactance, or
control-related relay

relation

Transient propagation
and wavefront behavior

Short-time incremental
fault-network relation

Resistive and inductive
stretching or rotational

relation

Three-phase
modeling

Phase or sequence
based

Phase-loop,
sequence-network, or

converter-control-model
based

Modal or fault-loop
traveling-wave quantity

based

Loop, modal, or
transformed-frame

incremental quantity
based

Unified abc
instantaneous modeling
including unbalanced

and zero-sequence
components

Relay
compatibility

Direct for
conventional

phasor-based relays

Direct or implementation
dependent Method dependent Method dependent

Directly mapped to
distance and directional

logic

Main role /
consideration

Improves phasor
convergence;
finite-window

effects may remain
during fast

waveform changes

Adapts phasor-based
relay logic to

IBR-connected lines;
performance may
depend on phasor,

sequence, control, or
converter assumptions

Enables fast
transient-based

protection; performance
may depend on sensing
bandwidth, wavefront

extraction, and reflection
interpretation

Provides practical
time-domain quantities;

performance may
depend on incremental
reference, filtering, or

short-time model

Provides relay-ready
sub-cycle quantities

without phasor
reconstruction, sequence

decomposition, or
wavefront identification

C. Contributions

This paper proposes a geometric-frequency operating-
quantity extraction framework for converter-dominated sys-
tems. Specific contributions are as follows.

• A clarification on why cycle-based DFT operating quanti-
ties can be biased in the first post-fault interval under fast
controls, current limiting, and waveform distortion, and
how these biases propagate into distance and directional
elements.

• A short-window two-ended extractor that estimates fault
location and fault resistance from synchronized instanta-
neous three-phase measurements, without full-cycle pha-
sor reporting.

• A short-window single-ended extractor that estimates
distance and fault resistance from local instantaneous
three-phase measurements, enabling communication-free
deployment.

• A technique to map the extracted quantities to the conven-
tional impedance plane so standard mho and quadrilateral
logic can be used without changing decision characteris-
tics.

• An instantaneous-vector directional supervision with

practical polarization selection, using instantaneous volt-
age when reliable and memory polarization under voltage
depression, with a locked reference axis to preserve sign
consistency.

EMT-based case studies on a wind-farm export corridor
verify faster settling and improved stability of operating
quantities compared with DFT-based implementations under
stressed conditions. RTDS tests on a modified IEEE 9-bus
transmission system further demonstrate the real-time imple-
mentation feasibility and relay compatibility of the proposed
GF-based distance and directional elements.

D. Paper Organization

Section III summarizes conventional DFT-based distance
and directional elements and highlights finite-window bias
mechanisms under non-sinusoidal conditions. Section IV in-
troduces the geometric-frequency framework and derives the
operating quantities used for distance and directional ele-
ments for both single-ended and two-ended implementations.
Section V presents EMT case studies and comparative re-
sults. Section VI presents RTDS-based real-time experimental
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validation on a modified IEEE 9-bus transmission system.
Section VII draws conclusions and outlines future work.

III. PHASOR-BASED PROTECTION AND ERROR SOURCES

A. Sliding-Window DFT Phasors and Finite-Window Bias

Consider a real-valued signal x(t) sampled at period Ts,
with x[n] = x(nTs). Let the nominal system frequency be f0
and define the number of samples per nominal cycle as

N =
fs
f0

, fs =
1

Ts
. (1)

The one-cycle sliding-window DFT phasor estimate of the
nominal-frequency fundamental at discrete time n is

X̂[n] =
2

N

N−1X
k=0

x[n− k]e−j 2�
N (n−k). (2)

For protection implementations, (2) is commonly realized
in a recursive form:

X̂[n] = X̂[n− 1] +
2

N

�
x[n]− x[n−N ]

�
e−j 2�

N n. (3)

The key observation is that (2) relies on near-orthogonality
inside the finite window, which is only guaranteed when the
waveform is approximately stationary and quasi-sinusoidal
over one cycle. In the first post-fault cycles, fast control
actions, current limiting, and nonstationary transients typically
violate this assumption, yielding a time-varying bias in X̂[n].

A generic decomposition of the sampled signal is

x[n] = xfund[n] + xdc[n] + xharm[n], (4)

where xfund[n] is the fundamental component, xdc[n] is the
dc offset, and xharm[n] collects all remaining non-fundamental
components.

Substituting (4) into (2) yields

X̂[n] = X1[n] + Edc[n] + Eharm[n], (5)

where X1[n] is the desired nominal-frequency fundamental
phasor, and Edc[n] and Eharm[n] are time-varying bias terms
induced by finite-window non-orthogonality and leakage.

Fig. 1 illustrates the bias mechanism in (5). Fig. 1(a) shows
that, within a one-cycle sliding window, the DFT projection
enforces a nominal-frequency sinusoid fit that cannot per-
fectly match a nonstationary post-fault waveform. Fig. 1(b)
visualizes the resulting phasor geometry: the estimate X̂ can
be interpreted as the vector sum of the true fundamental
component X1 and the bias phasors. Fig. 1(c) reports the
time evolution of these bias magnitudes, emphasizing the early
transient interval.

B. Two-Ended Phasor Distance Protection Mechanism

Fig. 2 shows the two-ended fault-loop model of a protected
line. The fault is located at a normalized distance m ∈ [0, 1]
from terminal 1 with fault resistance Rf . Here, m = 0 and
m = 1 correspond to terminal 1 and terminal 2, respectively.
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Fig. 1. Finite-window DFT bias mechanism: (a) one-cycle sliding window and
nominal-frequency fit on a nonstationary waveform; (b) geometric illustration
of how bias accumulates in the estimated phasor; (c) time evolution of the
bias magnitude in the early transient interval.
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Fig. 2. Two-ended fault loop model.

Under a lumped series model without shunt capacitance,
the phasor KVL equations are

V̂1,ϕ[n] = V̂f,ϕ[n] +mZℓ Î1,ϕ[n],

V̂2,ϕ[n] = V̂f,ϕ[n] + (1−m)Zℓ Î2,ϕ[n],
(6)

where V̂1,ϕ, V̂2,ϕ and Î1,ϕ, Î2,ϕ are the terminal voltage and
current phasors measured at terminals 1 and 2, respectively.
The terminal currents are defined positive from each terminal
toward the protected line, V̂f,ϕ is the fault-point voltage phasor,
Zℓ is the total series impedance of the protected line, and ϕ
denotes the selected faulted phase.

Eliminating V̂f,ϕ[n] yields the conventional two-ended dis-
tance estimate

m̂ϕ[n] =
V̂1,ϕ[n]− V̂2,ϕ[n] + Zℓ Î2,ϕ[n]

Zℓ

�
Î1,ϕ[n] + Î2,ϕ[n]

� , (7)

where m̂ϕ[n] is the phasor-based estimate of the fault distance
for the selected phase.

With m̂ϕ[n], the fault-point voltage phasor is obtained by
back-substitution,

V̂f,ϕ[n] = V̂1,ϕ[n]− m̂ϕ[n]Zℓ Î1,ϕ[n]. (8)

Define the fault current phasor as

Îf,ϕ[n] , Î1,ϕ[n] + Î2,ϕ[n], (9)

where Îf,ϕ[n] represents the total current flowing into the fault
from both line terminals.
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The fault resistance estimate follows from the real projec-
tion of the fault-loop relation,

R̂f,ϕ[n] =
ℜ
n
V̂f,ϕ[n]Î

∗
f,ϕ[n]

o
���Îf,ϕ[n]���2 , (10)

where R̂f,ϕ[n] is the estimated fault resistance, ℜ{·} denotes
the real part, (·)∗ denotes complex conjugation, and |·| denotes
the phasor magnitude.

C. Single-Ended Phasor Distance Protection Mechanism

A conventional single-ended distance element estimates an
apparent impedance as

Ẑϕ[n] =
V̂ϕ[n]

Îϕ[n]
, (11)

where Ẑϕ[n] is the apparent impedance, and V̂ϕ[n] and Îϕ[n]
are the local voltage and current phasors.

For phase-to-ground faults (e.g., a–G), a common compen-
sated form is

ẐaG[n] =
V̂a[n]

Îa[n] + k0 Î0[n]
, (12)

where Î0[n] is the zero-sequence current phasor, and k0 is the
zero-sequence compensation factor of the protected line.

Biased phasors propagate to apparent impedance through
a ratio. Let V̂ = V1 + eV and Î = I1 + eI , where V1 and
I1 denote the (nominal-frequency) fundamental phasors and
eV , eI collect estimation bias and distortion. Then

Ẑ =
V̂

Î
=

V1

I1

�
1 +

eV
V1

− eI
I1

�
+O(e2). (13)

So small phasor errors can be strongly amplified when |I1|
is small or rapidly varying, and also when |V1| becomes weak
during severe voltage depression. This amplification can yield
transient overreach/underreach and erratic R–X trajectories.

D. Phasor Directional Supervision

A phasor directional comparator forms a torque-like quan-
tity from a polarizing voltage phasor and an operating current
phasor. To avoid ill-conditioning during voltage depression, the
polarizing voltage is selected by a simple magnitude logic. Let
V̂mem be the memorized prefault polarizing phasor. Define

V̂pol[n] ,

(
V̂ϕ[n],

���V̂ϕ[n]
��� ≥ αv

���V̂mem

��� ,
V̂mem, otherwise,

(14)

where αv ∈ (0, 1) is a voltage threshold.
The torque is then defined as

T [n] , ℜ
n
V̂pol[n]Î

∗
ϕ[n]

o
. (15)

The sign of the torque provides the direction decision

d̂[n] , sign
�
T [n]

�
∈ {−1,+1}. (16)

IV. GEOMETRIC-FREQUENCY-BASED PROTECTION
PRINCIPLES

A. Geometric Invariants and Short-Window Estimation

Three-phase voltages and currents are assumed to be the
velocities of generalized trajectories in R3 [12]. The space is
defined by the (a, b, c) phases of the transmission line and
voltage and current vectors are assumed to be coordinates on
a Cartesian basis (ea, eb, ec). For example, considering the
voltage vector:

u(t) = ua(t)ea + ub(t)eb + uc(t)ec, (17)

or, equivalently:

u(t) = [ua(t), ub(t), uc(t)]
⊤. (18)

The geometric-frequency descriptors separate amplitude
modulation from rotational motion [32]:

ρu(t) =
u(t) · u′(t)

∥u(t)∥2
, ωu(t) =

u(t)× u′(t)

∥u(t)∥2
, (19)

where · and × indicate the inner and cross product, respec-
tively; and ∥u∥ indicates the Euclidean norm, namely ∥u∥ =√
u · u. The inner product returns a scalar and represents the

projection of a vector onto another vector. Considering two
generic vectors a and b in Rn, the inner product is given by:

a · b = a⊤b =

nX
k=1

akbk . (20)

The cross product is defined only in R3 and returns a vector
perpendicular to the input vectors. It can be calculated as the
determinant of the following matrix:

a× b =

������
e1 e2 e3
a1 a2 a3
b1 b2 b3

������ , (21)

where (e1, e2, e3) are unit vectors of a Cartesian basis.
Reference [32] proves that ρ and ω satisfy the identity:

u′(t) = ρu(t)u(t) + ωu(t)× u(t) = Γ̃u u, (22)

where Γ̃u is the geometric frequency of the voltage vector. A
similar expression can be obtained for the time derivative of
the current vector:

ı′(t) = ρı(t) ı(t) + ωı(t)× ı(t) = Γ̃ı ı. (23)

Fig. 3 illustrates that ρu captures the instantaneous radial
stretching of the three-phase vector u. The angular-velocity
vector ωu specifies the instantaneous rotation axis through
its direction and the rotation sense by the right-hand rule.
Accordingly, geometric frequency characterizes, in real time,
both the frequency axis given by the orientation of ωu and the
rotational speed given by ∥ωu∥.

It is important to note that the quantities ρ and ∥ω∥
are geometric invariants, that is, their value is independent
from the coordinates that are utilized to define the “velocity”
vectors. For example, the values of ρ and ∥ω∥ do not change
if voltage (or current) vectors are transformed from (a, b, c) to
Clarke (α, β, γ) or Park (d, q, o) coordinates.
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Fig. 3. Geometric frequency interpretation.

Note that, for relay implementation, derivatives are obtained
via a short-window least-squares (LS) differentiator over the
short window Wn:

u′[n] ≈
KX

r=−K

c(1)r u[n+ r]. (24)

After the LS coefficients are fixed, derivative estimation can
be implemented as a fixed-coefficient finite impulse response
operation, and the remaining GF steps only involve fixed-
dimensional three-phase vector operations with fixed per-
sample computational burden.

B. Two-Ended GF Distance Protection with Fault Resistance

When synchronized two-ended measurements are available,
the GF formulation can exploit both terminals to estimate the
fault location m and the fault resistance Rf in a short window,
without relying on cycle-based phasors.

Let synchronized measurements be {v1(t), ı1(t)} and
{v2(t), ı2(t)}. For each terminal current,

ı′j(t) = Γ̃ıj ıj(t), j ∈ {1, 2}. (25)

Define the series-drop vectors

uj(t) =
�
Rℓ + LℓΓ̃ıj (t)

�
ıj(t). (26)

The two-ended KVL relations are

v1(t) = vf (t)+mu1(t),v2(t) = vf (t)+(1−m)u2(t). (27)

Eliminating vf (t) yields the linear-in-m relation

v1 − v2 + u2 = m
�
u1 + u2

�
. (28)

Define a[k] , u1[k] + u2[k] and b[k] , v1[k] − v2[k] +
u2[k] over the window Wn. When the windowed excitation
satisfies

P
k∈Wn

∥a[k]∥2 > ϵa, with ϵa being a small positive
threshold, the following least-squares estimate is adopted.

m̂[n] =

P
k∈Wn

a[k]⊤b[k]P
k∈Wn

∥a[k]∥2
. (29)

Back-substitution gives v̂f [k], and with ıf [k] ,
ı1[k] + ı2[k], when the fault-current excitation satisfies

P
k∈Wn

∥ıf [k]∥2 > ϵi, with ϵi being a small positive thresh-
old, the fault resistance can be estimated by projecting the
fault-point voltage onto the fault current.

R̂f [n] =

P
k∈Wn

v̂f [k]
⊤ıf [k]P

k∈Wn

∥ıf [k]∥2
. (30)

Physically, m̂ represents the fraction of the protected-
line series voltage drop between terminal 1 and the fault
point, while R̂f represents the resistive component seen at
the fault point after the line drop is removed. Compared with
the phasor-based two-ended formulation, the meanings of m
and Rf remain unchanged; the key difference is that the
input voltage-drop quantities u1 and u2 are extracted from
instantaneous three-phase measurements through the GF-based
R–L relation, rather than from cycle-based phasors.

C. Single-Ended GF Distance Protection and Fault Resistance
Estimation

When communication or synchronization is unavailable, a
single-ended element must rely on local voltage and current
only. The GF formulation works directly with instantaneous
three-phase trajectories and rewrites the current derivative
through the GF kinematic matrix, enabling short-window
estimates of distance and fault resistance.

For single-ended protection at terminal 1, neglecting the
remote infeed current for the impedance calculation, the local
fault-loop relation is modeled in a component-wise matrix
form as

v1(t) ≈ Rd ı1(t) + Ld ı
′
1(t), (31)

where
Rd , RℓM+Rf , Ld , LℓM. (32)

Here, M = diag(ma,mb,mc) is the phase-dependent dis-
tance matrix, and Rf = diag(Rf,a, Rf,b, Rf,c) is the phase-
dependent fault-resistance matrix.

Using GF kinematics, the series drop admits the equivalent
R–L representation

v1(t) ≈
�
Rd + Ld

eΓı1
(t)
�
ı1(t), (33)

For the selected phase or fault-loop channel ϕ, taking the
ϕ-component gives

v1,ϕ(t) ≈ Rd,ϕı1,ϕ(t) + Ld,ϕ

heΓı1
(t)ı1(t)

i
ϕ
. (34)

Over the short window Wn, define

q1,ϕ[k] ,
heΓı1

[k]ı1[k]
i
ϕ
. (35)

Define

θϕ[n] ,

�
Rd,ϕ[n]
Ld,ϕ[n]

�
, xϕ[k] ,

�
ı1,ϕ[k]
q1,ϕ[k]

�
. (36)

When the matrix inverse exists, the phase-dependent resis-
tive and inductive components are estimated as

θ̂ϕ[n] =

 X
k∈Wn

xϕ[k]x
⊤
ϕ [k]

!−1 X
k∈Wn

xϕ[k]v1,ϕ[k], (37)
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Fig. 4. Geometric-frequency directional principle.

where�̂ � [n] = [ R̂d;� [n]; L̂ d;� [n]]> .
If a balanced three-phase disturbance is identi�ed, the

phase-dependent matrices in (31) can be further reduced to
scalar equivalent parameters.

Taking dot and cross products of (33) with {1(t) gives

v1 � {1 =
�
Rd + L d � i 1

�
k{1k2; (38)

{1 � v 1 = L dk{1k2! i 1 : (39)

Therefore, the scalar inductive and resistive components can
be obtained as

L̂ d;� (t) =
! i 1 �

�
{1 � v 1

�

k{1k2k! i 1 k2 ; R̂d;� (t) =
v1 � {1

k{1k2 �� i 1 (t) L̂ d;� (t):

(40)
With known line parameters (R̀; L ` ), the phase-dependent

distance and fault-resistance estimates are

m̂ � =
L̂ d;�

L `
; R̂f;� = R̂d;� � m̂ � R` : (41)

D. GF Directional Discrimination via Memory-Axis Projec-
tion

The GF directional element forms a torque-like quantity
from instantaneous three-phase vectors and applies the same
polarizing-voltage selection principle as phasor implementa-
tions. Let v[n] be the instantaneous three-phase voltage vector
and vmem be the memorized prefault polarizing voltage vector.
The polarizing voltage vector is selected as

vpol [n] ,

(
v[n]; kv[n]k � � v kvmem k;
vmem ; otherwise;

(42)

where � v 2 (0; 1) is a voltage threshold.
De�ne the superimposed current as

�{[n] , {[n] � { prefault [n]: (43)

Then the torque-like vector is formed by the cross product

TGF [n] , v pol [n] � �{[n]: (44)

With a hemisphere-locked memory axiŝn mem , the scalar
torque and the direction decision are

TGF [n] , n̂ >
mem TGF [n];

d̂GF [n] , sign
�
TGF [n]

�
2 f�1; +1g:

(45)

Fig. 4 illustrates the physical meaning of the proposed
directional criterion. The polarizing voltage vector provides
the reference, and the superimposed current vector represents

Fig. 5. Wind-farm export corridor used in EMT case studies.

TABLE II
MAIN CIRCUIT PARAMETERS OF THE WIND-FARM EXPORT CORRIDOR

Symbol Meaning Value

Vg Grid voltage 220 kV
f 0 Nominal frequency 50 Hz
PWF Wind-farm rated active power 3 � 10 MW

(three units)
n Transformer turns ratio 35 kV / 220 kV
ST Transformer nominal apparent power 35 MVA
RT Transformer leakage resistance 0.016 pu
X T Transformer leakage reactance 0.06 pu
R line 35 kV collection line resistance 0.4 

L line 35 kV collection line inductance 2.55 mH
` Length of protected line 100 km

Z1=` Positive-sequence line impedance (0:03 + j0:34)

=km

Z0=` Zero-sequence line impedance (0:18 + j1:19)

=km

Zg Grid impedance Zg = j53:4 


the fault-induced current change. Their cross product gives
the rotation sense in the three-phase space, and the projection
onto n̂ mem converts this rotation into a signed scalar torque.
In this way, the proposed criterion keeps the familiar forward
or reverse interpretation of a memory-polarized directional
element, while obtaining the sign directly from instantaneous
three-phase vectors instead of full-cycle phasors.

V. CASE STUDIES

A. Test System and Relay Settings

Fig. 5 shows the EMT test system: three identical 10 MW
Type-4 converter-interfaced units are paralleled at a 35 kV
collection bus and connected through a 35/220 kV step-up
transformer to a 220 kV protected transmission line and a
remote Thevenin grid. During the �rst post-fault interval, the
converter-interfaced fault response may contain non-sinusoidal
and nonstationary components due to current limiting, fast
control transitions, and system-level nonlinear interactions.
Therefore, the EMT cases include both near-sinusoidal and
distorted fault-current responses to evaluate the robustness
of the proposed method. The main circuit parameters are
summarized in Table II.

Relay processing uses a reporting sampling rate of fs =
4 kHz, obtained by decimating EMT waveforms. Unless
otherwise stated, GF estimates use a short window TGF =
3 ms, while the benchmark DFT element uses a full-cycle
window TDFT = 20 ms. The selected 3-ms window balances
noise suppression and transient preservation, providing enough
samples for LS-based differentiation without averaging out the
fast post-fault waveform evolution.
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TABLE III
EMT CASE SET AND STRESS CONDITIONS

Case Function Disturbance m Rf

B1 Two-ended distance Three-phase fault 0.10 20
B2 Two-ended distance A-to-ground fault 0.95 50
C1 Single-ended distance A-to-ground fault 0.50 1.0
C2 Single-ended distance Three-phase fault 1.20 0.1
D1 Directional Three-phase fault, reverse -0.05 5.0
D2 Directional A-to-ground fault, forward 0.01 0.1

For GF locus plots, the reported impedance is mapped to
nominal frequency:

Ẑ GF [n] , R̂d[n] + j! 0L̂ d[n]; ! 0 = 2�f 0: (46)

Directional supervision uses instantaneous polarization
when the voltage magnitude is suf�ciently large; under voltage
collapse, memory polarization is applied to both DFT and GF
for a fair comparison.

The EMT case set and associated stress conditions are
summarized in Table III. In what follows, we use these cases
to validate the reliability of the proposed GF-based elements
in three aspects: (i) two-ended distance and fault-resistance
estimation (Cases B1–B2), (ii) single-ended distance and fault-
resistance estimation (Cases C1–C2), and (iii) directional
supervision under forward and reverse faults (Cases D1–D2).
For all cases, the disturbance is applied at t = 1:0 s and cleared
after 200 ms.

B. Two-Ended Distance Validation

This subsection validates two-ended distance and fault-
resistance estimation using synchronized terminal data. To
accommodate non-negligible fault resistance, a quadrilateral
characteristic is adopted for distance setting; Zone 1 is set to
cover 80% of the protected line, Zone 2 overreaches to 120%,
and Zone 3 provides remote backup with a reach of 200%.

1) Case B1: internal three-phase fault
Case setup: an internal three-phase fault is applied at m =

0:10 with Rf = 20 
.
Fig. 6 reports the terminal voltages and currents together

with their three-phase trajectories. The trajectories are close to
planar, so the phasor assumption is reasonably valid and GF
and DFT are expected to agree after the inception transient.
Fig. 7 compares the time evolution of m̂ and̂Rf . Both methods
converge to the correct fault location and fault resistance. GF
reaches a stable result in about 5 ms, whereas DFT exhibits a
damped transient and settles in about 30 ms. Fig. 8 shows the
corresponding impedance locus and the zone boundaries. The
GF locus contracts rapidly around the true point, while the
DFT locus follows a longer transient spiral before converging.

Case B1 indicates that, under near-planar and near-
sinusoidal conditions, both DFT and GF can accurately esti-
mate the fault location and fault resistance and hence support
the correct protection indication. However, the GF-based op-
erating quantities settle noticeably faster than the DFT-based
ones.

Fig. 6. Terminal waveforms in Case B1.

Fig. 7. Distance and fault resistance estimates in Case B1.

Fig. 8. Impedance locus in Case B1.

2) Case B2: internal A–G fault
Case setup: A far-end phase-A-to-ground fault is applied

at m = 0:95 with Rf = 50 
. Under fault-induced system-
level nonlinear effects, the phase-A current contains low-order
harmonic distortion, including a third-harmonic component of
0:15 pu and a �fth-harmonic component of 0:10 pu

Fig. 9 reports the terminal waveforms and the corre-
sponding three-phase trajectories. Compared with Case B1,
the trajectories show clearer out-of-plane behavior, indicating
that the post-fault waveforms deviate from a quasi-sinusoidal,
strictly planar pattern during the early interval.

Fig. 10 compares the time evolution of m̂ and̂Rf . The GF-
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Fig. 9. Terminal waveforms in Case B2.

Fig. 10. Distance and fault resistance estimates in Case B2.

Fig. 11. Impedance locus in Case B2.

based estimates settle in about 10 ms and yield stable estimates
of both fault location and fault resistance. By contrast, the
DFT-based estimates exhibit larger transient oscillations and
settle more slowly, with an approximate settling time of 38 ms
and a residual distance-estimation error of about 4%.

Fig. 11 shows the corresponding impedance locus and the
zone boundaries. The DFT locus presents larger excursions
and can temporarily approach or cross incorrect regions, while
the GF locus remains tighter and contracts rapidly around the
true point, reducing the risk of transient zone misclassi�cation.

Case B2 indicates that, under current limiting and low-order
distortion with out-of-plane trajectory behavior, GF provides
a faster-settling and more stable operating quantity than the
cycle-based DFT benchmark.

Fig. 12. Terminal waveforms in Case C1.

C. Single-Ended Distance Validation

This subsection evaluates distance and fault-resistance es-
timation using local measurements at terminal 1. For single-
ended protection, the distance m and fault resistance Rf share
the same resistive channel in the fault-loop model. As a result,
when Rf is large, neither method can fully eliminate the intrin-
sic ambiguity without remote-terminal information. Therefore,
Cases C1–C2 focus on mild-to-zero Rf so that the transient
behavior and robustness of the operating quantities can be
assessed. A mho characteristic is adopted as the benchmark
single-ended operating region, and the corresponding loci are
reported on the R–X plane for direct relay interpretation.

1) Case C1: internal phase-A-to-ground fault
Case setup: an internal A–G fault is applied at m = 0:50

with Rf = 1 
.
Fig. 12 reports the local terminal waveforms and the corre-

sponding three-phase trajectories. The trajectories remain close
to planar in this case, indicating that waveform nonplanarity
is not the dominant dif�culty. Fig. 13 compares the time
evolution of m̂ andR̂f . Both DFT and GF exhibit noticeable
estimation bias and oscillation, which re�ects the reduced
identi�ability of single-ended estimation under nonzero Rf .

GF shows smaller ripple and reaches a credible neigh-
borhood of the true values in about 18 ms, while DFT
exhibits larger oscillations and settles in about 45 ms. The
corresponding distance-estimation errors are about 4% for GF
and 10% for DFT.

Fig. 14 visualizes the impedance locus under the mho
characteristic. The residual spread of the locus after settling
indicates the intrinsic coupling between m̂ and̂Rf in single-
ended operation.

Case C1 indicates that, under single-ended measurement
constraints, nonzero Rf unavoidably introduces bias because
the relay cannot observe the remote-terminal current and the
associated voltage drop on the fault resistance. In this regime,
GF mainly improves the smoothness, distance-estimation ac-
curacy, and early-time settling of the operating quantity com-
pared with the cycle-based DFT benchmark.

2) Case C2: far-end three-phase external near-metallic
fault with current waveform distortion

Case setup: An external far-end three-phase near-metallic
fault is applied beyond the remote terminal, with equivalent
m = 1:20 and Rf = 0:1 
. During the fault interval, the
simulated fault current contains low-order harmonic distortion,
with a third-harmonic current of approximately 0:10 pu and
a �fth-harmonic current of approximately 0:20 pu of the
fundamental component.




