A bounded dynamical network of curves and the
stability of its steady states

TIoannis Dassios!, Georgios Tzounas?, Federico Milano*
'FRESLIPS, University College Dublin, Ireland
2ETH Ziirich, Switzerland
*Corresponding author
Email: ioannis.dassios@Qucd.ie

Address: Room 157b Engineering and Material Science Centre University College Dublin
Belfield, Dublin 4, Ireland

Abstract. In this article we study the dynamic behavior of a network that consists of
curves that are in motion and bounded. We first focus on the construction of the model
which is a system of non-linear partial differential equations (PDEs). This system is sub-
ject to four conditions: angle and intersection conditions between the curves at the point
that they meet; angle and intersection conditions between the curves and the boundary
from which the network is bounded. Then, we define a linear operator and study the
stability of the steady states of the corresponding boundary value problem (BVP).
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1 Introduction

In the last few decades many authors have studied dynamical networks formed by curves
in motion. The studies focus on the differential geometry of the problem, see [10], [12],
[14], [18], [22], numerical methods for dynamical systems, see [2], [9], [16], [19], [24], [25],
and the stability of the network, see [3], [5], [6], [26], [27].

Focus has also been given on the mathematical modelling and applications in material
science and engineering, see [1], [I1], [15], [23].

In this article we study a bounded network of curves that are in motion and intersect
at a junction. We consider a parametric form of two variables for each curve and form
a system of non-linear partial differential equations (PDEs) that describes the motion of
the network. We also consider the equation of the curve that describes the boundary of
the domain that bounds the network. The system of non-linear PDEs is subject to four
conditions. Intersection, angle conditions at the junctions and at the boundary of the
domain that are formed using properties from differential geometry.

In Section 2 we form the boundary value problem (BVP), in Section 3 we linearize the
non-linear PDEs and reformulate efficiently the conditions of the problem, and in Section 4
we define the linear operator used for the linearization of the BVP, and by studying the



eigenvalues of this operator we conclude that the stability of the steady states of the
network depends on the sign of the curvature of the boundary of the domain. The results
in this article aim to bring new ideas and insights that can be applied to other types
of networks, such as hexagonal dynamical networks as they appear for example in soap
bubbles, honeycomb, grain growth etc, see [], [13], [I7], [2I], and also update geometrical
properties that are used in applications in engineering such as the structure of electrical
circuits and studies of elasticity, plasticity in material science, see [7], [8], [20].

2 Problem formulation

We will consider a dynamical network of three curves in motion in R? that meet at a
junction and are bounded from the boundary 92 of a domain Q = Q; x Qy C R2.

Definition 2.1. With T;(z,¢) we denote the unit tangent vector of curve ¢ at z and
time ¢, and with N;(z,t) the unit normal vector of curve i at « and time ¢.

Let u;(z,t) = (w1 (z,t), uin(x,t)), i = 1,2, 3, be a parametric form of curve ¢ with

u; :[0,1] x [0, +00) = Q, i=1,2,3,

and
w5 0 [0,1] X [0,400) = Q;, i=1,2,3, j=1,2.
With u;, = %, Uipr = %1“; we will denote the partial derivatives of first and second

order, respectively, of u; in respect to x, while with u;; = 85?’ we will denote the partial
derivative of first order of u; in respect to t.

Let k;(z,t), k; : R2 — R be curvature of curve i. At the steady states, k; = 0. For
these curves, by taking into account that normal velocity equals to curvature we get:
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where dependencies on x and ¢ have been omitted for simplicity in notation. Furthermore

_ |uza::r X uia:l 1

kiNi - 3 Uiga-
Equivalently
1
kiN; = T Uiz,
because Uiz X Uiz| = |Uize||wiz|. Hence
1 .
Uit = muizza 1=1,2,3, (1)
1T

which is a non-linear system of PDEs. We will now focus on the conditions.



The three curves meet at a junction. Thus for each parametric form u;(z,t) of curve
i, 1 =1,2,3, and if we consider that each curve meets the other at one end at z = 0, the
following relation holds:

ul(O, t) = UQ(O, t) = U3(O, t). (2)

At ¢ = 0, curve 1 forms an angle 61 »(t) = 61 o with curve 2, and curve 2 forms an
angle 03 3(t) = 62,3 with curve 3. Curve 3 forms an angle 2w — 6 5 — 03 3 rad with curve 1.
Then

T1 (O7 t)TQ (0, t) = COS 9172, T2 (0, t)T3(0, t) = COS 9273,

or, equivalently,

Uy (O, t) U2y (0, t)
|12 (0, 2)] gz (0, 1)]

U2y (O, t) U3y (0, t)
|u22(0,1)] [use (0, £)]

= cos b o, = cosfy 3,

or, equivalently,

w12(0, )ug, (0,1) = 84, (1)sh, (1) cos 010,  u24(0,)us,(0,t) = s, (1)s, (1) cosfas. (3)
At the steady states we will have 81 9 = 633 = 2?” rad. Where sﬁ denotes the arc length
parameter, with

xr
o e i) = / 5o (&, )],
0
and consequently,

Definition 2.2. With f = 0, f : R? — R, we denote the equation of the boundary 92 of Q.

The network that the curves form is bounded by €2, i.e. each curve meets 02 at x = 1.
Hence since f = 0 is the equation of 0f), we get:

flu(1,¢)) =0, i=1,2,3. (4)

Definition 2.3. With NgQ = Naqa(u;(1,t)) = % we denote the unit normal
vector of the boundary 99 of Q at u;(1,¢), and with K}, is the curvature of the boundary

o0 of Q at u;(1,1).

Each curve meets the boundary {2 with 7 rad i.e at the point that they meet, the unit
tangent of the curve and the unit tangent of the boundary are orthogonal. Hence

wiz(1,1) ( 0 1> V£ (ui(1,t)) ‘
T —— 0 =0, i=1,2,3,
luiz(L,8)] \ —1 0 ) |V f(ui(1,1))]
or, equivalently,
um(l,t)< 91 (1) )NgQ =0, i=1,23. (5)

To sum up, we have the system of non-linear PDEs (1) and its conditions (2)—(F).
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3 Linearization

The system of PDEs is non-linear. In this subsection we will linearize effectively .

Theorem 3.1. We consider the system of non-linear PDEs and its conditions 7.
Then a linearization of this BVP consists of the linear system of PDEs:

Vit = Vigx, 1= ]-v 27 3. (6)
and the conditions:

1. Conditions for intersection at the junction at = = 0:
v1(0,t) = v2(0,t) = v3(0, t). (7)
2. Angle conditions at the junction at x = 0:
0112(0,8) —v21:(0,¢) =0,  v21,(0,¢) — v31,(0,¢) = 0. (8)
3. Conditions for intersection at the boundary 9 at = = 1:
v(1,HO)Vf =0, i=1,2,3. (9)
4. Angle conditions at the boundary 0Q2 at x = 1:
[Khqui(1,t) — viz (1, )] N; = 0. (10)

Where @;(z,t) := ;(s!, 1), st = st(z), solution of (). Where @;(s!,t) is parametric form
of curve i with arc length parameter s, i.e.

o o= sl(a) = / u (€ DldE, sty = s ()]

In addition:
Ui(fli,t) :Uil(l’,t)Ni +U¢2(£L‘,t)ﬂ, (11)
with
vi 1 [0,1] % [0, +00) = Q, vy 1 [0,1] % [0,+00) = Q, i=1,2,3, j=1,2.

Furthermore T} := T;(s!(z),t), N; := N;(st(z),t), and K}, the curvature of the boundary
00 of  at u,;(1,¢).
Proof. Let

wi(z,t) = i(z,t) + gui(z,t), 0<e¢ <1, (12)
with @;(z, t) = 4;(st, 1), st = si(z), solution of (). Where ;(s!,t) is parametric form of
curve ¢ with s! arc length parameter, i.e.

st = sl(z) = / uia (€, )[dE, sty = Juia ().
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Furthermore let
vi(x,t) = v (x, t)N; + via(x, )15,

with
v; 1 [0,1] x [0,400) = Q, w5 :[0,1] x [0,400) = Q;, i=1,2,3, j=1,2.

By substituting into we get
1

Uit + €;Vi8 = m(ﬁmz + Eivizz)7 1=1,2,3.
Let )
Fle) = ———— (i s i =1,2,3
(e |Tig + €Vig|? (ios + €i¥iza), 4 T
whereby
F(e;) = F(0) + & F'(0) + O(e?), i=1,2,3.
Where )
FO)= —u
and o, o
FI(O) _ Ui:rz‘ui:c| - 2/Uia:uiwui:rw
‘ﬂix‘4
Equivalently, since @; is defined as a parametric form of curve ¢, we have |@;,| = 1, and
Uiz Uiz =0, we have:
FI(O) = Vigg-

Hence

1
F(Gl) = mazzm + €iVigy + 0(612), 1=1,2,3.

and equivalently a linearization of is

Uit + €01 = gy | i + €iViza, 1=1,2,3,
1T

or, equivalently, since u; is assumed solution of :
Vit = Vigg, ¢ =1,2,3.
We will now define the conditions. From and by using we get
11(0,t) + €1v1(0,t) = 12(0,t) + €2v2(0,t) = u3(0,t) + e3v3(0,¢),
whereby, and since (0, t) is solution of , we arrive at
v1(0,t) = v2(0,t) = v3(0,t).
From and by using we arrive at
[ti12(0,t) + €101 (0, )] [fi22 (0, ) + €2v9,(0,t)] = 8%, (1)sh, (1) cos 01 2,



and
[ﬁgx (0, t) + €2V2, (0, t)] [ﬁgm (0, t) + €3VU3y (0, t)] = sém(l)sgz(l) COS 9273.

Equivalently, by ignoring the coefficients of ejes =2 €2, ege3 = €2, with 0 < ¢; < 1 for
1 =1,2,3, and by using 41,(0,t) = T, for T; at x =0, Vi = 1,2, 3:

2
[1-‘1-2 €;Viog (O, t)}ﬂ,lw (O, t)azm (0, t)+61’l}11w (O, t)TgNl-‘rGg’Uzlw (0, t)TlNQ = sim(l)stzz(l) cos 91’27
=1
and
3
[1-‘1-2 €;Vi2g (O7 t)}ﬂgw (O, t)agx (0, t)+€2’l)21w (0, t)T3N2+63’l)31w (0, t)TgNg = sgx(l)sgz(l) coSs 92’3.
=2

whereby taking into account that @;(z,t) is solution of , and €; 2 ewith 0 < e < 1, we
have
vnx((), t)TQNl + Uglx(o, t)TlNZ = 0,

and
’Uglx(o, t)TgNQ + ’Uglm(o, t)TgNg =0.

Equivalently, since Ty No = To N3 = cos(012 + §) and To Ny = T3Ng = cos(b1,2 — 5):
™ ™
vllz(O,t)cos(QLQ — 5) + Uglm(o,t)COS(gl’Q + 5) = 0,

and
™ s
v915(0, t)cos(fa 3 — 5) + v314(0,t)cos(b2,3 + =) = 0.

2
Consequently:
0112(0,t) — v212(0,8) =0,  21,(0,t) — v31.(0,¢) = 0.
From and by using we arrive at
fla(1,8) + v (1,8) =0, i=1,2,3.
or, equivalently,

f('LNL“(Lt) + Eivil(l,t)7ﬂi2(l,t) + Eiviz(l,t)) = 0, Z = ].7 27 3

or, equivalently,
f( flv 2) =0, i=1,2,3,
where
fh=an(1,t) + eua(1,t),  fh =ti(1,t) + uia(1,1).
We now differentiate in respect to ¢; and we get:
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or, equivalently,

of dfy df dfly .
il g S T2 ) §=1,2,3
8f1 dEi andEi ’ ! T
or, equivalently,
vi(1, ) Vf =0, i=1,2,3.
From and by using we arrive at

[ (1,£) + €501 (1, )] ( O )Nag(ﬂi(l,t)Jreivi(l,t)) —0, i=1,23,

whereby using Taylor expansion at ¢; = 0:

[ﬂim(l,t)+eivim(1,t)][< _01 (1) >N69(ﬂi(1,t))+ei< _01 (1) )VNag(ﬂi(l,t))vi(l,t) —0.

2

Equivalently, if we ignore the coeflicients of €7,

(1), we arrive at:

and by using that @;(z,t) is a solution of

- 0 1 0 1
’LL“;(].,t) ( 1 0 ) VNéQ’l)i(l,t) -I-’le(l,t) ( 10 )Néﬂ = 0,

or, equivalently, and by using Goldman’s formulas, see [I4], and by considering N; at
xr =1, we arrive at:

KpoNivi(1,1) — v (1,6)N; = 0,

or, equivalently, _
[KéQ’Ui(l, t) — ’U,'Q;(l, t)]Ni =0.

The proof is completed.
We now state the following corollary.

Corollary 3.1. We consider the linear BVP that consists of the system of linear PDEs
@ and the conditions 7. Then at the steady states (k; = 0) the system will take
the form:

Vi1t = Vilzz, Vi2t = Vi2ge, 1 =1,2,3. (13)

Where v; : [0,1] X [0,400) = Q, v;; : [0,1] X [0,400) = Q;,i=1,2,3, j = 1,2, as defined
in .

Proof. By using the Frenet formulas we get
Vit = (Wit + Kivio Ni + [vior — kivit|Ti,  Vie = [Vite + kivi2] Ny + [View — kivit| Ty,
and

Vigx = [Witee + 2kiViow + kizvio — k20| Ni + [Vigee — 2kivite — kizvi — kZvio]T;.



Thus we can write @ in the following form
Vite + ki = Vitze + 2KiVioe + Kizvio — k?”ﬂ, 1=1,2,3,

and
2 .
Viot — Kivil = Vizea — 2KiVite — kiwvin — Kjvie, 1 =1,2,3.

At the steady states (k; = 0) the system will take the form:
Vilt = Vilgw, Uizt = Vizaz, ©=1,2,3.

The proof is completed.

4 Stability

In this section we will study the stability of the steady states of @ with conditions @f
. System @ at the steady states takes the form of which is separable and the
general solution can be expressed as

Uij(xat) = Xl](m)}/;](t)7 1= 172733 j = 172

where
Xij:[O,l]—>Qj, Yij:[O,—l—oo)—>Qj, 1=1,2,3, 321,2

For the eigenvalue problem that appears, we are interested in studying the stability and
existence of eigenvalues with A < 0. If A\ < 0 we have:

Vij = [Cij COSh(\/ —/\1‘) + dij Sinh(\/ —)\,I)]B)\t, 1=1,2,3, j=12,
while if A = 0 we have:
Vij = Cij + dij.’L‘, 1=1,2,3, j=1,2.

If there do not exist eigenvalues with A <0, then ¢;; =d;; =0, Vi =1,2,3,Vj =1,2.

Theorem 4.1. We consider the linear BVP that consists of the system of linear PDEs

@ and the conditions 7. Then:

1. If K}y > 0, Vi = 1,2,3, then there exist negative eigenvalues and the steady
states are unstable. The eigenvalues are given from the solutions of the algebraic
equations:

Ko — V—=Atanh(vV-)\) =0, i=1,2,3.
The eigenfunctions are then given by:
vi1 = ¢ cosh(vV=Ax)er, i=1,2,3,

and

vig = —dig[tanh(v/=X) cosh(v=Xz)]eM, i=1,2,3.

Where ¢;1, dijo are constant.



2. If Ky =0, or, Kj, =1, Vi = 1,2,3, then there exists the zero eigenvalue and the

steady states are neutral stable. The eigenfunctions are then given by:
o If Kéﬂ =0
v =c¢in, 1=1,2,3,

and
vio = —di2(14+1x), i=1,2,3.

Where ¢;1, d;o are constant.

o If KéQ =1:
Uﬂ:d, i:1,2,3.

and
1)1‘2:0, 221,2,3

Where d is constant.

Proof. We consider the linear system of PDEs @ and the conditions f. Then if

A < 0 we have:
vij = [cij cosh(vV=Az) + d;; sinh(vV=Az)]eM, i=1,2,3, j=1,2.

From @, we have
Ul(()?t) = 02(07” = U3(0,t)a

or, equivalently,
c11 V1 + c12T1 = c21 N + co2Ts = c31 N1 + 3275,

whereby we can get
c11 = 21 N1 Na + c2oN1Ta,  ca1 = c31 N2 N3 + 32 NoT3,  c31 = c11 N3Ny + c12N3Th,
and

c12 = 2111 Ny + c2T1To,  coo = 3115 N3 + 321513 c320 = c11T3N1 + 121317

Equivalently
SR SRS 4 SRS NN 4. DU DA B
=50 5 €22, €21 = —5081 5 €32, (31 = 7501 5 €12,
and
V3 1 V3 1 V3 1
Cl2 = ——=C21 — 5C22, C22= ——=C31 — €32, (€32 = ——~C11 — ;C12,

2 2 2 2 2 2

or, equivalently,

3[2 cit] + \/g[z Cci2) =0, \/E[Z cit) + 3[2 ci2) =0,



and hence

Zcil = ZQ‘Q =0. (14)

i=1 i=1

From :
di =do1 = ds;. (15)

From @ at x = 1:
vi(L,0)T; =0, =1,2,3,

or, equivalently using ,
’Uig(l,t) :0, 1= 1,2,3,

or, equivalently,
Ci2 COSh( V 7)\) + dig sinh(\/ 7)\) = O, 1= 1, 2, 3,

or, equivalently,
¢ia + diptanh(v—X\) =0, i=1,2,3. (16)

From at x = 1 we have:
[Khqui(1,t) — vig(1,1)]N; = 0,

or, equivalently using ,
Kjquir(1,t) — vz (1,1) = 0,

or, equivalently,

Kiglci cosh(vV/=X) 4 d;1 sinh(vV/=X)] — v/=X[ei1 sinh(v=X) + d;1 cosh(v/=X)] = 0,
or, equivalently,
Khglea + dit tanh(vV=X)] — vV=X[¢;1 tanh(vV=X) + di1] = 0,
or, equivalently,
[Kho — V=Atanh(vV=N)]eir + [Khq tanh(V=X) — v =A]d;1 = 0. (17)

The eigenvalue A exists in the equations and but its only that affects it.
Since A < 0, in we have that

Khgtanh(vV=X) = V=X #0, i=1,2,3.
For K}, <0, we have that
Kho —V=Atanh(vV=)\) <0, i=1,2,3.

Consequently if we use and set d;; = d, Vi = 1,2, 3, we conclude to d = ¢;; = 0. If this
would not hold, ¢;; would have the opposite sign from d which is not possible from (14)).
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Hence from the algebraic equations 7 we have d; = ¢;; = 0,1 =1,2,3, j = 1,2.
This means that for K}, < 0 there do not exist negative eigenvalues.
For K} > 0 however there exist eigenvalues A such that

Kbo — vV =Xtanh(v/—=X) = 0.

In this case d;; = 0, Vi = 1,2,3 and the algebraic system of equations 7 is
underdetermined. This means that for Kj, < 0 there exist negative eigenvalues that are
the solutions of the above equation, and the eigenfunctions are given by

vi1 = ¢ cosh(vV=Az)er, i=1,2,3,
and
Vg = —dj[tanh(v/ =) cosh(v=Xz)]eM, i=1,2,3.

We consider again the linear system of PDEs (6] and the conditions (7)-(10). Then
if A =0 we have:
vij = Cij -+ dijl', 1= 1,2,3, ] = 1,2

From @ we have
(%1 (0, t) = ’UQ(O, t) = ’113(07 t).

or, equivalently,
c11 N1 + c12T1 = ca1 Na + c22T5 = 31N + ¢32713,

and consequently holds. From we have that also holds. From @ at x =1
we have:
Ui(lﬂt)ﬂ 207 i= 1a2737

or, equivalently using ,
via(1,8) =0, i=1,2,3,

or, equivalently,
cio+dip =0, i=1,2,3. (18)

From at z = 1 we have:

[Khovi(1,t) — vip(1,8)]N; = 0,
or, equivalently using ,

Khqvi(1,t) — vi1z(1,) = 0,

or, equivalently, _
Kpyglcin +din] —din =0,

or, equivalently, ‘ '

If KEQ # 0,1, then from the algebraic equations , 7 , we have d;; =
Cij :0, 1= 1,2,37 j = 1,2.
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For K}, = 0 however, from we have that d;; = 0, Vi = 1,2, 3. Then the algebraic
system of equations f is underdetermined. This means that for K}, = 0 the
eigenvalue A = 0 exists. The eigenfunctions will then be given by

Vi1 = Ci1, i:1a2737

and
vig = —dio(1+ ), i=1,2,3.

For Ki, =1 in we have that ¢;; = 0, i = 1,2,3. Then from the algebraic equations
, , we get dip = ¢;; = 0,1 = 1,2,3, j = 1,2. Consequently for Kj, = 1 the
eigenvalue A = 0 exists. If we use and set d;1 = d, i = 1,2, 3, the eigenfunctions will
be given by:

Uilzd; i:17273a
and

1)1'2:(), Z:1,2,3

The proof is completed.

Curvel - Curve 2 —-— Curve 3 —— Boundary

1.0 1.0

0.5 0.5

200 E 00
5 &)

—0.5 —0.5

~1.0 -1.0

—-1.0 —=0.5 0.0 0.5 1.0 —-1.0 =05 0.0 0.5 1.0
i (z, 1) uir(z, t)
(a) Transient condition. (b) Steady state.

Figure 1: Hlustration of simple network of three curves with circular boundary.

Numerical Example

For the sake of illustration, we consider the simple example of a dynamical network of
three curves with boundary the unit circle, as shown in Fig. In this case, we have
that K}éQ =1 > 0 and, thus, from Theorem 4.1, there exist negative eigenvalues of the
corresponding BVP and the steady state of the network is unstable. Indeed, calculation
of the eigenvalues from the solution of:

1—+v=Xtanh(vV=X) =0, i=1,2,3,

gives that A = —1.4392 < 0, with multiplicity equal to three.
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Conclusions

In this article we studied a network of curves that are in motion, meet at a junction,
and are bounded. We first focused on the construction of the model which is a BVP
that consists of the system of non-linear PDEs and the conditions f. We then
linearized the PDEs, reformulated the conditions and for the new BVP that appeared,
the system of linear PDEs @ and the conditions 7, we studied the stability of the
steady states.

We concluded that stability depends on the sign of the curvature of the boundary
of the domain at the points that the boundary meets each curve. We also provided the
negative eigenvalues and their eigenfunctions, as well as the eigenfunctions of the zero
eigenvalue. As a further extension of this article, we aim to apply the results to hexagonal
networks, and study the stability of this type of networks having also in mind applications
in soap bubbles, honeycomb, grain growth. Additionally we aim to use the techniques and
properties proved in the main results of this article to update the geometrical properties
that are used in electrical circuit theory and elasticity, plasticity problems in material
science. For all this there is already some ongoing research.
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