
SUBMITTED TO IEEE PES LETTERS 1

Dynamic Slack Bus
Federico Milano, IEEE Fellow

Abstract— This letter proposes a general dynamic formulation of slack
bus. With this aim, the angle constraint imposed by the slack bus is
redefined as a set of differential equations and an energy source. The
existence and role of the transient component of this source is also
discussed in the letter. Based on this framework, the letter shows that
the swing equations of synchronous machines can be interpreted as
distributed, dynamic, multi-variable, local slack buses. Other relevant
cases, including primary and secondary frequency regulation, passive
loads as well as grid following and grid forming converters are discussed.

Index Terms— Slack bus, dynamic analysis, synchronous machine,
frequency control, grid-following converter, grid-forming converter.

I. INTRODUCTION

The concept of slack bus, its modeling and link with secondary
frequency regulation or market dispatch is a recurring topic in power
system analysis. An in-depth review of the history and implemen-
tations of the slack bus model can be found in the introduction of
[1]. In conventional power flow analysis, the slack bus model serves
two purposes: (i) fix a reference phase angle; and (ii) provide a
slack power to balance generation production, load consumption and
network losses:

0 = θo − θi , (1)

ph = poh + kg,h σ̂ , h = 1, . . . , n , (2)

where i is the index of the i-th bus of the network; ph is the active
power injection at the h-th bus; kg,h is a factor that indicates the
participation of the h-th generator to the system losses; and σ̂ ∈ R
is the “slack” variable. The single bus formulation is obtained from
(2) by imposing kg,h = 0 for n− 1 generators.

The objective of this letter is to show that the conventional slack
bus model for power flow analysis is a special case of a more general
dynamic formulation.

II. SLACK BUS AS A SET OF DIFFERENTIAL EQUATIONS

Equation (1) is commonly interpreted as an algebraic (static)
constraint. In this work, on the other hand, we interpret (1) as the
equilibrium of a perfect tracking controller. In its simplest form, the
dynamic form of (1) can be assumed to be a pure integrator:

σ̂′ = θo − θi . (3)

Equations (1) and (3) are equivalent as, in steady state, σ̇ = 0.
However, interpreting the slack as a differential equation allows
further generalizing the concept of slack bus, as follows.

Equation (3) can be a non-perfect tracking controller. For example,
a first-order droop control can be written as:

T σ̂′ = K(θo − θi)−Hσ̂ , (4)

For the power flow analysis, (1), (3) and (4) are equivalent, except
for the fact that, if H ̸= 0, (4) leads to θi ̸= θo in steady state. This
difference is immaterial as the solution of any ac circuit represented
in phasor domain is unique up to a phase angle reference.

Moreover, the dynamics of the slack variable do not need to be a
first order nor a linear differential equation. As long as they depend

F. Milano is with the School of Electrical & Electronic Engi-
neering, University College Dublin, D04V1W8, Dublin, Ireland. e-mail:
federico.milano@ucd.ie

on θi, one can thus assume any set of differential equations for the
slack variable(s):

Tσ′ = f(σ, θi) , (5)

where σ ∈ Rm, f : Rm+1 7→ Rm and T ∈ Rm × Rm. Some
rows of T can be null, thus leading to a set of differential-algebraic
equations.

Observing (2), we note that the term kg,hσ has the units of a
power. In general, this power can be composed of two terms; one
term that is not null in steady-state, say ph,s; and one transient term
that vanishes in steady-state conditions, say ph,t, as follows:

ph = ph,s(σ) + ph,t(σ,σ
′) . (6)

where we have assumed that ph,s depends only on the states σ
and ph,t on both the state and their first time derivative. The latter
dependency is what makes ph,t vanish in steady-state. Equation (6)
indicates that a device has slack bus capability only if it has a power
source (ps,h), as expected. On the other hand, the transient power
component, which is due to some form of stored energy (pt,h),
vanishes in steady state. The examples further elaborate on this point
and discuss the role of the transient component in the relevant case
of the synchronous machine.

Finally, we note that there can be multiple (local) constraints on the
bus voltage phase angles. One can in fact assume that each generator
has its own local set of slack differential equations plus active power
injection.

Combining the remarks above, we propose the following definition
of device providing slack bus capability.

Definition: A set of differential-algebraic equations in the form:

Thσ
′
h = fh(σh, θh) , (7)

ph = ps,h(σh) + pt,h(σh,σ
′
h) (8)

has slack bus capability if, at equilibrium, it satisfies the condition:

lim
t→∞

σk,h → σ̂ , ∃ k ∈ (1, . . . ,mh), ∀h ∈ (1, . . . , n) . (9)

In (7), σh ∈ Rmh , fh : Rmh+1 7→ Rmh and Th ∈ Rmh ×Rmh ;
ph is the active power injected by the device into the grid; and θh is
the bus voltage phase angle at a certain bus of the grid, generally, but
not necessarily, the angle of the bus where the device is connected.
In (9), σ̂ ∈ R is a common value for all devices providing slack bus
capability.

Condition (9) means that, in steady state, local constraints (7)
converge to the distributed slack bus model as in (2). Note, however,
that the condition (1) is not required. Each device providing slack
bus capability will determine its local θh that satisfies the steady-
state condition fh(σh, θh) = 0.

Equations (7)-(8) represent a distributed, multi-variable, dynamic
local slack bus model: distributed as there the slack variables appear
in the power injection of each generator; multi-variable as σh is a
vector or order greater than one; dynamic as σ′

h ̸= 0 in general;
and local as each generator determines the local bus voltage phase
angle θh. For comparison, model (2) and (4) is distributed, single-
variable, dynamic, network-wide slack bus. And model (1) and (2)
with all kg,h = 0 except one is a centralized, single-variable, static,
network-wide slack bus. Any other “combination” is equally valid as
long as (9) is satisfied. This is illustrated below through a variety of
examples.
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III. EXAMPLES

A. Synchronous Machines

In light of the definition above, the classical swing equation of
the synchronous machine can be interpreted as a distributed, multi-
variable dynamic slack bus of the kind (7)-(8). In fact, the swing
equations of the machine are in the form of (7), as follows:

δ′h = Ωb (ωh − ωs) ,

Mh ω′
h = τm,h − τmax

e,h sin(δh − θh)−Dh (ωh − ωn) ,
(10)

where τmax
e,h is the maximum electrical torque; ωn is the nominal

synchronous speed with, typically, ωn = 1 pu; δh and ωh are the
angle and the rotor speed, respectively; ωs is the angular speed of
a common reference angular speed (typically, the angular speed of
the center of inertia); Ωb is the angular frequency base in rad/s;
and parameters have usual meanings [2]. Hence, in this model,
σ = [δh, ωh]

T . The power injection of the machine into the grid
is in the form of (8), where the two components of the power are:

ps,h = τm,h ωh −Dh (ωh − ωn)
2 , (11)

where τm,h is assumed to be constant for the classical machine
model. If ωh ≈ ωs ≈ 1 pu, then one obtains pm,h ≈ const., hence:

ps,h = pom,h −Dh (ωh − ωn)
2 , (12)

and
pt,h = −Mhω

′
hωh = − d

dt

(
1

2
Mhω

2
h

)
. (13)

The last expression shows that the transient power is due to the kinetic
energy stored in the machine inertia. Moreover, if ωh ≈ 1, pt,h ≈
Mhω

′
h, which is the term that appears in the swing equations of

the machine, namely (10). More detailed models of the synchronous
machine includes more states, such as transient and sub-transient rotor
fluxes but, ultimately, all models can be written in the form of (7),
that is, depends on states and θh.

As the system converges to an equilibrium, if Dh ̸= 0 at least for
some machines, then

lim
t→∞

ωh → ωs , (14)

This satisfies the condition (9). It is relevant to observe that, if the
damping is Dh = 0 for all machines and there is no frequency
regulation, after a contingency, the system either diverges or enters
into a stationary periodic motion, which does not satisfy (9). Yet, the
average value of the rotor speeds of the machines still satisfies (9).
We can thus define a weak slack bus condition as follows:

lim
t→∞

⟨σk,h⟩ → σ̂ , ∃ k ∈ (1, . . . ,mh), ∀h ∈ (1, . . . , n) , (15)

where ⟨·⟩ represents the average over the period of the motion.

B. Primary Frequency Control

In this example, we consider synchronous machines with primary
frequency control. In its simplest form, the model of a turbine
governor can be written as:

Th τ ′
m,h = τo

m,h − 1

Rh
(ωh − ωn)− τm,h , (16)

where Rh is the droop coefficient and pom,h is the turbine power set
point. Thus, (12) can be rewritten as:

ps,h = pom,h − (Dh +R−1
h ) (ωh − ωn)

2 , (17)

where pom,h = τo
m,h ωh ≈ τo

m,h . The transient term is:

pt,h = −Mh ω′
h ωh − Th τ ′

m,h ωh

≈ −Mh ω′
h − Th τ ′

m,h ,
(18)

where, for slow dynamic of the governor, the second term is small
with respect to the inertial response of the synchronous machine. The
following remarks are relevant.

Remark 1: The effect of the droop frequency control is, ultimately,
to modify the damping of the machine. Thus, in steady state, the
expression of ps,h in (17) satisfies the slack bus condition (9).

Remark 2: If one turbine governor is integral, for example:

Th τ ′
m,h = − 1

Rh
(ωh − ωn) , (19)

then, in steady state, (ωh − ωn)
2 = 0, which leads to ps,h = pom,h

for all machines except for the one with integral frequency control.
For this machine, ps,h is whatever active power satisfies the power
balance at the point of connection of the machine with the grid.
This case is equivalent to the single slack bus model (1). Moreover,
only one turbine governor can be integral for an interconnected grid,
otherwise, the active power injections of the generators connected to
the integral governors are undetermined. This conclusion is generally
obtained in the context of primary frequency control (see, e.g., [2])
not as a particular model of dynamic slack bus.

C. Automatic Generation Control

It is possible to show that a perfect-tracking automatic generation
control (AGC) is equivalent in steady state to a distributed slack
bus model. This concept has been discussed in the literature (see,
e.g., [1]), however, the derivation of this result in the framework
of a generalized dynamic slack bus model is a contribution of this
paper. In particular, we show, based on proposed definition, that the
ensemble of an AGC coupled with turbine governors and synchronous
machines constitutes a distributed, multi-variable, dynamic, network-
wide slack bus model.

The simplest AGC model is an integral controller:

ξ′ = Ko(ωn − ωs) , (20)

Its output signal is shared with the turbine governors of the syn-
chronous machines and adjusts their power set point. Equation (16)
is thus rewritten as:

Th τ ′
m,h = τo

m,h + rh ξ − 1

Rh
(ωh − ωn)− τm,h , (21)

where, in conventional implementations, rh = Rh (
∑n

h=1 Rh)
−1.

As (20) is perfect tracking, in steady state, the model composed of
(10), (20) and (21) leads to the following active power injection for
the h-th synchronous machine:

ph = pom,h + r̃h ξ , (22)

where r̃h = rhωn and which has the same form as (2) — and thus
satisfies (9) — with σ̂ ≡ ξ.

D. Passive Load

This example considers a passive load modeled as a series RLC
circuit. Using the dq-axis reference frame, the load equations at bus
h are:

ℓh ı̄′ℓ,h = v̄h − v̄c,h − (rh + jΩbℓh) ı̄ℓ,h ,

ch v̄′c,h = ı̄ℓ,h − jΩbch v̄c,h ,
(23)

where v̄h = vdh + jvqh, v̄c,h = vdc,h + jvqc,h, ı̄ℓ,h = idℓ,h + jiqℓ,h are
the Park vectors of the voltage at the grid bus, the voltage on the
capacitor and the load current, respectively; rhk, jΩbℓhk and jΩbch
are the resistance, inductive reactance and capacitive susceptance,
respectively, of the load. Then, the source and transient powers are:

ps,h = 0 ,

pt,h = ℓhki
′
hkihk + chv

′
hvh ,

(24)
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where ps,h is zero as the load is a passive device and pt,h accounts
for the energy stored in the capacitive and inductive elements. The
load, as expected and as any other passive element of the grid,
including transmission lines, cannot provide any steady-state slack
bus capability, and its transient support runs out quickly as it is due
to the energy stored in its inductive and capacitive elements.

E. Grid-Following Converters

Grid-following converters (GFLs) are synchronized to the ac grid
through a phase-locked loop (PLL), and include a dc circuit, an ac
filter as well as inner-loop current controllers and outer-loop voltage
controllers. A detailed description of typical dynamic models of GFL
converters for system stability studies can be found, for example, in
[3], [4]. The active power injected by the GFL into the grid is:

ph = vdh idh + vqh iqh , (25)

where the current dq-axis components, namely (idh, i
q
h), are controlled

in order to impose a reference dc and ac voltage; and the converter
voltage dq-axis components (vdh, v

q
h) are linked to the grid voltage

(vh, θh), as follows:

vdh = vh cos(θh − θ̂h) ,

vqh = vh sin(θh − θ̂h) ,
(26)

where θ̂h is the angle estimated through the PLL, a simple imple-
mentation of which is:

ζ′h = θh − θ̂h ,

−kp
h ζ′h = ki

h ζh −∆ω̂h ,

θ̂′h = Ωb ∆ω̂h ,

(27)

Then, the power injected into the grid can be decomposed into the
following source and transient active power expressions:

ps,h = pdc − gdc v
2
dc − rf i

2
h ,

pt,h = cdc v
′
dcvdc + ℓf i

′
hih + cf v

′
hvh ,

(28)

where rf , ℓf , cf are the resistance, inductance and capacitance
(expressed in pu) of the ac filter of the converter; gdc is an equivalent
conductance that accounts for the losses of the converter; cdc is the
condenser utilized to filter the ripple on the converter dc voltage; vh
and ih are the ac voltage and current, respectively; pdc = vdcidc is
the dc power injected into the converter. From (28), one obtains that
the GFL can provide slack bus capability in steady-state only if the
dc side includes a controlled energy source. For example, if the dc
current of the energy source is regulated through a droop frequency
controller, one has:

Tdci
′
dc = iodc −

1

Rdc
(ωh − ωn)− idc , (29)

which leads to rewrite (28) as:

ps,h = vdci
o
dc −

vdc
Rdc

(ωh − ωn)− gdc v
2
dc − rf i

2
h ,

pt,h = Tdci
′
dcidc + cdc v

′
dcvdc + ℓf i

′
hih + cf v

′
hvh .

(30)

In steady state, the first equation of (30) resembles the distributed
slack model (2). Moreover, similarly to the case of the passive load,
the transient power pt,h is due to the energy stored in the dc and
ac filters, and it decays in the order of milliseconds in case of a
disturbance.

F. Grid-Forming Converters

Grid-forming converters (GFMs) can be formulated as a set of
equations similar to (10)-(13) [5]. The main difference with GFLs,
is how the converter voltage is linked to the grid voltage, as follows:

vdh = vh cos(αh − θ̂h) ,

vqh = vh sin(αh − θ̂h) ,
(31)

where the variable αh is utilized in the active power control of the
GFM:

Dαα
′
h = prefh − ph −Hα αh , (32)

from where one can deduce that the source and transient powers of
the GFM (omitting for simplicity the terms due to dc and ac filters
and losses which are similar to the ones shown for the GFL) are:

ps,h = pdc − plosses −Hα αh ,

pt,h = Dα α′
h

(33)

where vdcidc−plosses = prefh in steady state, thus resembling the case
of a distributed slack (2). In some configurations, the dynamics of
the GFM are implemented in such a way that the converter behaves
as a virtual synchronous machine [6], leading to:

α′
h = ω̃h ,

Mαω̃
′
h = prefh − ph −Dα ω̃h −Hα αh ,

(34)

and
ps,h = pdc − plosses −Hα αh −Dα ω̃h ,

pt,h = Mα ω̃′
h ,

(35)

which closely resemble (12) and (13) of synchronous machines.

IV. CONCLUSIONS

The letter shows that the well-known distributed slack bus model
can be interpreted as the steady-state version of a set of differential-
algebraic equations. The dynamic version includes a transient compo-
nent which has a role in the weak version of the proposed definition.
A variety of examples applies the proposed framework to a variety
of devices, including passive loads and electronic power converters
with both grid-following and grid-forming controls. Future work will
elaborate on the proposed framework and study whether it is possible
to set up devices with dynamic slack bus capability where the slack
variables do not converge, in steady-state, to the system frequency.
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