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Abstract—This paper shows that the concept of complex
frequency, originally introduced to characterize the dynamics
of signals with complex values, constitutes a generalization of
eigenvalues when applied to the states of linear time-invariant
(LTI) systems. Starting from the definition of geometric fre-
quency, which provides a geometrical interpretation of frequency
in electric circuits that admits a natural decomposition into
symmetric and antisymmetric components associated with ampli-
tude variation and rotational motion, respectively, we show that
complex frequency arises as its restriction to the two-dimensional
Euclidean plane. For LTI systems, it is shown that the complex
frequencies computed from the system’s states subject to a non-
isometric transformation, coincide with the original system’s
eigenvalues. This equivalence is demonstrated for diagonalizable
systems of any order. The paper provides a unified geometric
interpretation of eigenvalues, bridging classical linear system
theory with differential geometry of curves. The paper also
highlights that this equivalence does not generally hold for
nonlinear systems. On the other hand, the geometric frequency
of the system can always be defined, providing a geometrical
interpretation of the system flow. A variety of examples based on
linear and nonlinear circuits illustrate the proposed framework.

Index Terms—Complex frequency, geometric frequency, eigen-
values, linear systems, time-invariant systems, nonlinear systems.

I. INTRODUCTION
A. Motivation

It is well known that the stability of the equilibria of systems
of linear differential equations is defined by the eigenvalues
of the state matrix of the system. On the other hand, complex
frequency can provide information about the dynamics of
complex quantities, such as the voltage of a bus in a power
system [1]. The research question that is addressed in this
work is whether there is a link between complex frequency and
eigenvalues and, if there is such a link, what are the conditions
under which there is a perfect equivalence. We answer both
questions and show that eigenvalues are complex frequencies
of a non-isomorphic coordinate transformation of the system
state space.

B. Literature Review

The analysis of the dynamical behavior of electric circuits
has been an active area of research for several decades.
Early works in nonlinear circuit theory demonstrated that even
relatively simple electronic circuits can exhibit a wide range
of dynamical phenomena, including oscillations, bifurcations
and chaotic behavior. Nonlinear circuit theory is extensively
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discussed in [2], where electrical networks are modeled as
systems of nonlinear differential equations. In particular, [3]
and [4] provide a systematic framework for understanding
the transition from linear dynamics to nonlinear oscillatory
and chaotic regimes in electronic circuits. Similarly, [5] and
[6] demonstrate that even low-order and classical oscillator
circuits can exhibit chaotic behavior under specific conditions.
Several works have also focused on the analysis of the stabil-
ity of nonlinear circuits. For instance, [7] studies Lyapunov
stability and passivity conditions for nonlinear circuits, while
[8] proposes algorithmic methods for constructing Lyapunov
functions for power system stability analysis.

In the context of geometrical interpretation of the flows and
the stability of a dynamic system, [9] studies the application
of differential geometry to dynamical systems. It is shown
that the stability of fixed points of systems of order up to
three can be analyzed through their flow curvature manifold.
More recently, this approach has been applied to LTI systems
in [10], where the eigenvalues of a system’s Jacobian matrix
are related to the geometric properties of its trajectory. In
particular, asymptotic stability can be assessed by evaluating
the torsion and higher-order curvatures of the phase-space
trajectory.

Most studies on LTI systems has traditionally relied on alge-
braic methods, specifically the determination of their eigenval-
ues and eigenvectors. However, attempts have also been made
to establish a geometrical interpretation of the behavior of
these systems, which could lead to a deeper understanding of
their dynamics. Foundations for this perspective were already
laid in [11], where it was established that ordinary differential
equations can be interpreted geometrically by treating the
states of the system as points on a manifold and their time
derivatives as continuous vectors. This viewpoint was further
developed in [12], where the movement of eigenvalues in the
complex plane is connected to the trajectories in state space.

Efforts to extract useful information from the complex-plane
representation of the state-space flows of linear systems can
be found in [13]. This reference shows that the trajectory
of a linear constant-coefficient second-order system can be
mapped onto the complex plane, where the flow is represented
by a circle. This geometric transformation, which is not
limited to second-order systems, allows the dynamic behavior
of the system, captured within the structure of the system
matrix, to be visualized as a specific locus. These loci provide
information about the location of the system’s eigenvalues and
therefore about the stability and oscillatory behavior that the
system may exhibit. It has also been noted that this mapping
is useful in the design of multivariable feedback controllers.
Building upon these geometrical interpretations, [14] further
analyzed the connection between the eigenvalues of a linear
system and components of its power.



More recent works have focused on the development of
concepts that provide additional insight into the dynamical
behavior of electrical circuits. In particular, reference [1]
introduces a formulation, called complex frequency, that allow
extracting additional information about frequency at power
system buses. The imaginary part of the complex frequency
corresponds to variations of the local bus frequency relative
to a synchronous reference, while the real part is associated
with changes in voltage magnitude.

Reference [15] generalizes the concept of complex fre-
quency and introduces that concept of geometric frequency as
a multivector composed of two terms: a symmetric component
and an antisymmetric component. This work also establishes
a connection between the geometric frequency and the instan-
taneous power of a circuit. In the same vein, reference [16]
provides a geometrical interpretation of electrical quantities
and derives several expressions that link the time derivatives
of voltage, current, and frequency in electrical circuits with
the Frenet frame. A related perspective is presented in [17],
where instantaneous power theory is revisited using concepts
from classical mechanics, further highlighting the connection
between electrical circuit dynamics and geometric interpreta-
tions of energy and power.

C. Contributions

The main contribution of this work is to show that the
conventional eigenvalue decomposition of linear and time-
invariant (LTT) systems can be interpreted as a non-isomorphic
coordinate transformation and that the complex frequencies of
the resulting decoupled systems coincide with the eigenvalues.
This equivalence indicates that, for LTI systems, the informa-
tion about the stability of a dynamic system is embedded in
the geometrical definition of complex frequency.

We also show that the equivalence between eigenvalues and
complex frequency does not hold for nonlinear systems. How-
ever, while eigenvalues lose physical meaning for nonlinear
systems, the geometrical approach remains valid and help infer
the properties of the system flow.

D. Paper Organization

This paper is organized as follows. Section II recalls relevant
concepts of differential geometry and the definition of complex
and geometric frequencies, and introduces the connection
between complex numbers and a specific class of matrices.
Section III explains how the quantities defined in differential
geometry can be applied to systems of Ordinary Differential
Equations (ODEs). In particular, Section III considers first
the connection between the eigenvalues of LTI and nonlinear
systems and the complex frequency of their state variables is
introduced and then illustrates the properties of the geometric
frequency for nonlinear ODEs. Section IV presents a variety
of analytical examples that prove the observed relationship
between complex frequency and eigenvalues both in linear and
nonlinear systems. Conclusions and future work are given in
Section V.

E. Notation

Scalar quantities are represented by italic font, e.g., a or A,
vectors by bold lower case, e.g., a, bivectors by bold lower
case with a tilde, e.g., @, complex numbers by lower case
with an over-bar, e.g., a, vectors of complex numbers by bold
lower case with an over-bar, e.g., a, and matrices by bold
upper case, e.g., A. The transpose of a vector a is denoted
with @' and the time derivative of a quantity a is indicated
with a’. Unless indicated otherwise, quantities are assumed to
be time dependent.

II. BACKGROUND

This section recalls the definitions of relevant quantities
that are utilized in developments of the paper. These key
concepts include geometric frequency, complex frequency and
the isomorphism between complex numbers and a specific
class of matrices. It is also shown that the complex frequency
is a specific case of geometric frequency in two dimensions.

A. Geometric Frequency

Reference [15] proposes a geometrical interpretation of
frequency in electric circuits. According to this interpretation,
the frequency is defined as a multivector with symmetric and
antisymmetric components. More specifically, the geometric
frequency of a generalized velocity u € R™ can be defined as:
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where the generalized velocity is, by definition, the time
derivative of a generalized position &, namely:

u=z', 2

0. is the symmetric radial term, and w,, is the antisymmetric
rotating term. The definitions of the Euclidean norm |u| and of
the products uu', u-u’ and uwAw’ are given in the Appendix.
As the remainder of this work focuses on the analysis of
the geometric frequency of the generalized velocity vector
field u, we assume that the original states  are smooth and
differentiable at least twice.

It is important to note that, while the geometric frequency
can be defined for any time-dependent vector, if it is calcu-
lated based on the velocity vector field, then ¢ and |@| are
geometrical geometrical invariants, that is, their value is the
same independently from rotation or translation (e.g., isometric
transformations) of the coordinate system that is utilized to
define the components of the velocity vector field [18]. On the
other hand, geometric invariants change for transformations
that do not preserve distances, such as scaling and affine
transformations. This is a key point of the paper, as we
show below that the transformation that leads to obtain the
eigenvalues of a linear system is not isometric.

B. One- and Two-Dimensional Cases

Geometric frequency, as defined in [15], can be calculated
for any generalized velocity u € R".



If w e R, then let w = [u]. Then:

Qu+‘:’u:u +U=—. 3)
u

Hence, if u € R, its geometric frequency consists only of the
scalar component.
If w € R?, then let w = [uy, us]. Then:

’ ’ ’ ’
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In [15] is shown that, in fact, the algebra of complex numbers
is equivalent to the two-dimensional Clifford algebra Cly 1 (R)
[19]. Thus, we can assume that e; A eg is a complex quantity
that has the same features as the imaginary unit 7. We can
thus rewrite (4) as:

wpul +uguh  uguh —uguf
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where 6 = arctan(us/u ). Hence, the geometric frequency of
a two-dimensional vector is equivalent to a complex quantity.
In the following, to help distinguish between two-dimensional
systems and multi-dimensional cases with n > 2, when con-
sidering two dimensional vectors, we refer to their geometric
frequency as complex frequency.

C. Matrix Representation of Complex Numbers

Part of our analysis uses the well-known isomorphism
between the field of complex numbers (C) and a specific class
of real matrices (M3 (R)), as follows:

a
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This isomorphism preserves algebraic operations, and it also
allows certain matrix quantities to be interpreted analogously
to familiar complex-number notions [20]-[22]. In particular,
the determinant of a matrix of this form corresponds to the
square of the magnitude of the associated complex number.

1) Multiplication: The isomorphism (6) preserves multipli-
cation. In fact, let:

Zy=a;+b13, Zy = az +baj. @)
Then: o _ ~
Z1Z2 = (a1 + b13) (a2 + b23) )
= (a1a2 - blbz) + (a1b2 + blag)j.
By applying (6) to the product we get:
~ =\ —alag - b1b2 —(a1b2 + blag)
¢(le2) - -albz + b1a2 aiag — b1b2 ) (9)
The product of the matrices ¢(Z1) and ¢(Z2) gives:
_ N —a1 =by[|az —b2
¢(Z1)¢(Z2) - _bl a; ] |:b2 as ] (10)
_ —alag - b1b2 —(albg + b1a2)
B -albg + b1a2 aiag — blbg ’
From (10) and (9), it descends:
?(2122) = ¢(21)9(22) . (1D

2) Determinant and magnitude: The determinant of the
matrices defined using the isomorphism in (6) corresponds
to the square of the magnitude of its corresponding complex
number.

In fact, assume a complex number:

Z=a+bj. 12)
Then, its magnitude is defined as:
|Z| = Va2 +b2. (13)

For the isomorphic matrix defined using Zz:
N _|a b SN\ 212 142
o) =0 | det(o() =t =P a9

III. EIGENVALUES AS COMPLEX FREQUENCIES

In the first part of this section, we define the conditions
under which eigenvalues can be interpreted as complex fre-
quencies of generalized velocities. In the second part, we
show how the equivalence between eigenvalues and complex
frequency does not hold, in general, for nonlinear systems and
we illustrate the behavior of geometric frequency of the system
for trajectories approaching an equilibrium.

A. Linear systems

Consider the case of a system of LTI homogeneous ODEs:

z' = Az, (15)
where € R™ and A € R™*"™ is time-invariant matrix.
Then, the time derivative of (15) gives:

z' = Ax', (16)
or, equivalently:

u' = Au. (17)

If A is diagonalizable, one can consider the decomposition:
A=U'AU, (18)

where U is a matrix whose columns are the eigenvectors of
A and A is a diagonal matrix whose diagonal entries are all
the eigenvalues of A, regardless of whether they are real or
complex, as follows:

A:dia‘g(j\lv"'75\7'7 XT‘-*—lv'-~75\7'+23), (19)
where:
« 7 real eigenvalues
5\7;:/14‘, iIl,...,T‘,
« s pairs of complex conjugate eigenvalues
Ar2k-1 = Ok + Bid
)\T+2k:ak7_ﬁk?37 /6k¢0, kzl?"'787
with 7 + 25 = n.
Then, let: o
§=Uu, (20)

where £ is complex because the eigenvectors that form matrix
U can in general be complex.



Then, the dynamic system can be written as:

£ = AE, Q1)

since: _
E=Uu
= §=Uu+Uu =Uu' =UAu
— — 1= = =1 =
= §=UU AUU ¢
= & =AE.

This system has r real and s complex variables, which
define r +4s real quantities, since each pair of complex eigen-
values is characterized by four real quantities. However, since
the original system is an 7 + 2s order system and real, only
2s of the 4s quantities are effectively independent. In fact, for
each pair of complex conjugate eigenvalues, Aqyor = A%, o 1.

Then, by utilizing the isomorphism between complex num-
bers and 2 x 2 matrices that was introduced in Section II, we
can rewrite (21) as an r + 2s order real system in the form:

H1

fir
¢'=BC- ar b .

B1 (&3]

(22)

Qg _ﬁs
i Bs as
where for each real eigenvalue, the corresponding state is
one—dimensional and given by:

Ci=Gier, (23)
and for each pair of complex conjugate -eigenvalues
ap 0,y k =1,...,s, the corresponding real realization is
two—dimensional and given by:

Ceke = Gre2k-1€1 + Cryo €2 (24)

The complex transformed state vector £ is defined consistently
with the modal decomposition. For each real eigenvalue A;,

i=1,...,r, the corresponding state variable is real and given
by: -
£ =G- (25)
For each pair of complex conjugate eigenvalues «y + S,
k=1,...,s, the corresponding complex state variable is de-
fined as:
&rion1 = Grazko1 + Cre2kds ook =&riopr - (26)
Then, we can write:
A=W'GW, (27)
with:
¢=Wu. (28)

Consider again the system given by (17), with eigenvalues
given by (19). Our goal is to show that there exists a real,
invertible matrix W such that (27), where G is block diagonal
with 1 x 1 and 2 x 2 real blocks corresponding to real and
complex eigenvalues, respectively.

Let \; € R be a real eigenvalue of A with associated real
left eigenvector:

wriA = j\iwri 3 Wy € R™. (29)
The corresponding block to this eigenpair in G is:
Gi = [ul] . (30)

Then, for each complex eigenvalue pair indexed by £k, let:

wer A = (g + Br))wer we € C". 3D
We can then write the eigenvector as:
Wek = Tk + yckjv Tk, yck; € Rn . (32)

Substituting into the eigenvalue equation and equating real and
imaginary parts yields:

Tk A = o Tek — BulYeps

k=1,...,s.
yckA = 6kmck + kY ks

(33)

Now, we define the real matrix:

W:[wri Wryr  Lcl Lcs ycs]T7 (34)

Y

where W e R™*",
Finally, we define:

G:diag(uh...,ur,[gi ‘fll][g ‘f]) (35)

Using both (29) and (33), it follows that:

WA=GW . (36)

As W is invertible, (27) is verified.

We have thus shown that matrix A can be decomposed into
decoupled real dynamics via a real similarity transformation.
Each real eigenvalue of A generates an independent first-order
subsystem, while each complex conjugate pair generates an
independent second-order real subsystem.

For each independent first-order subsystem ¢} = j1;¢;, we
have that:

G

G’
which shows that the eigenvalue of the system coincides with
the definition of the real part of the complex frequency, as
shown in (3).

For each independent second-order subsystem we have that:

!
oo Cr+2k—1 _ |Gk =Br || Gre2n-1 38
Co [<;+2k] [ﬂk akH Creo ] (%8)
which can be decomposed into a symmetric and anti-
symmetric part:

i @7

Cor=DCep+QC s (39)
where 1 .
D=-=3(G+G"), Q=5(G-G7), (40)
thus:
_ |Gk 0 _ 0 —ﬂk
D_[O Oék]7 Q_[ﬁk 0]' “D



Then, by applying the definition of complex frequency
directly to the dynamic system as it was defined in (22) and
decomposed in (39):

Cc,k : C;,k Cl—,k‘DCc,k
CP P M @
nd CornCly Conn@C
c,k:/\ c,k _ c,k:/\ c,k~ ~
CaP G 2T @

where we have used j = e; A e and re-obtained the real and
imaginary parts of the eigenvalue \,.,o;_; of the initial matrix
A. We observe thus that the definition of complex frequency
coincides also in this case with the eigenvalue of the system,
namely:

p+w=ap+ b7, 44)

We note that the conjugate value of the eigenvalue can be
obtained by defining:

¢'=D¢-QC.

This changes the sign of @, but not that of p and simply
indicates that the sign of the rotation (but not its magnitude)
depends on the choice of the positive direction for the angles.

Remark on the transformation matrix W: So far, we have
shown that for an LTI system of order n > 2, after applying
the transformation defined in (28), the complex frequencies of
the decoupled subsystems of the transformed system coincide
with the eigenvalues of the original system. However, as in
general W is not a rotation matrix, namely, a matrix with
unit determinant and a matrix for which the inverse and the
transpose coincide, the transformation from A to G is not
isometric. This means that, in general, even for second order
linear ODEs, the complex frequency of the system before the
transformation does not coincide with the eigenvalues of the
state matrix.

(45)

B. Nonlinear systems

Consider a system of nonlinear ordinary differential equa-
tions (ODEs):

z' = f(x), (46)
Then, the time derivative of (46) gives:
' =Vpfax
«f , 47
=A(z)x',

where A(x) = V f is the Jacobian matrix of the system, that
during transients is time-varying. Equation (46) can be written
equivalently as:

u' =A(z)u, (48)

where wu is the vector of generalized velocities.

As in general, A(x) is time-varying during transients, the
system cannot be decoupled into one- or two-order systems,
as in this case W is also time-varying. In fact, if one defines
¢ = Wu, for a time-varying A = W lGW, we have:

C=Wu +W'u, (49)

and hence the diagonalization of A does not lead to a
decoupled system:

¢ =[G+WW, (50)

as matrix W'Wlis not, in general, diagonal or block-
diagonal as matrix G.

We can however still apply the concepts of geometric
frequency directly to the state trajectories of the system to
study its dynamic behavior.

Specifically when the system approaches a stable equilib-
rium we can conclude the following. Assuming A is diag-
onalizable, it possesses n eigenvalues \; with corresponding
right eigenvectors 7, and left eigenvectors I ;. The generalized
velocities vector can be expressed as linear combination of its
eigen-components:

n
u= cheAjtrj, (1))
j=1
where the initial participation factors are ¢; = IJu(0). To
evaluate the asymptotic behavior as ¢ - oo, we analyze the
projection of u onto the manifold of the dominant mode.

Let the dominant eigenvalue A1 to be real such that 1 <0
and 1 > Re(;) for all j > 1.

n —
u=eh’ (clrl +y cje(’\"_“l)trj) .

=2

(52)

with 71 and 7; orthonormal vectors. Because Re()\;)—u1 <0,

the summation terms exponentially decay and as ¢ increases:
u - creftlry

, it ~ (53)
u - N1(016 7“1) =,

where we have utilized the fact that, close to equilibrium,

is constant. Thus, p and & will tend to:

u' (u1u) u'u
2 = U1 2 =M1,
wp s
|~| |U‘/\(N’1u)|_ |U/\u|_0
|uf? 2

We can conclude that when the dominant mode of the lin-
earized system approaching equilibrium is real, the trajectory
of the generalized velocities collapses onto a 1D straight line.
The symmetric part of the geometric frequency p converges
to the eigenvalue corresponding to that mode and because the
wedge product of parallel vectors is zero, |@| converges to
zero as well.

Now, let the dominant eigenvalues to be a complex conju-
gate pair A\ 2 = a £ (37, where o < 0 and « > Re()\;) for all
7 > 2. For sufficiently high ¢, the velocity vector of the system
will converge to:

u - cre™ cos(Bt)ry + coe™ sin(Bt)ry
= e [n(t)r1+o(t)rs],

with |rq1] = |re| = 1 and 71 L 7o, that is, orthonormal vectors.
For ¢t sufficiently high, the time derivative of w tends to:

u' - cre*[acos(ft) - Bsin(Bt)]ri+
coe® [asin(Bt) + Bcos(Bt)]ry,

(55)

(56)



or, equivalently:

u - eat[an(t) —co180(t)]r1+

(57
e [ao(t) + craBn(t)]rs,
where ¢a1 = co/c1 and c¢12 = ¢1/co. Then, we obtain:
n(t)o(t)
- —eyy) =T 58
p—a+f(ci ch)nQ(t)+a2(t)’ (58)
and ) )
N c t)+co10°(t
@] - A 120 () + ca10° (1) (59)

n?(t) +o%(1)

As, in general, ¢; # ¢, p and |@| will oscillate around the
values a and 3, respectively. Note that for 8 = 0, we obtain the
result for a real dominant eigenvalue given in (54). Moreover,
for isotropic systems, i.e., for ¢y = co and hence c15 = co1 =1,
we obtain p — « and |@| — §. This conditions imply that the
state matrix has the structure of (6), and thus is equivalent to
a complex number. Thus, o and /3 represents the complex
frequency of the system where the states undergo a non-
isotropic transformation, e.g., one of the state is “stretched”
by a factor c15. In Section IV-D below, we illustrates the cases
for ﬂ:O, c1 #co and ¢ = co.

IV. EXAMPLES

The examples presented below apply the theory developed
in the previous section and discuss applications to both linear
and nonlinear system and to power systems. In particular, three
cases of LTI circuits are discussed, namely, a first order RC
circuit; a second order RLC circuit; and third order circuit
consisted of the previous two connected in parallel. Then, a
nonlinear system, namely, a second-order tunnel-diode circuit,
is analyzed in detail considering various scenarios, including
a dominant monotonic mode, a dominant oscillatory mode, a
dominant isotropic oscillatory mode and a stable limit cycle.

A. RC Circuit

Consider an RC circuit with a constant dc source Vp¢ as
can be seen in Fig. 1. The differential equation that describes

R C
+ v =
Vpe ( ’

Fig. 1: Ist order RC circuit.

the system is:

RCvV =-v + VDC s (60)

where v € R is the voltage at the terminal of the capacitor and
is a generalized position . By differentiating with respect to
time, we get:

(61)

where v’ is a generalized velocity u. The system is in the same
form as (17) and its eigenvalue is A = ——~. The complex

RC*
frequency of v’ is defined using (1):
5 ,vl,vll ,UI,UII U" 1
Por Wy = W ~ 2 o RO Po (62)

which confirms that the eigenvalue of the system is also its
complex frequency. As the system is one-dimensional, the
complex frequency contains only the symmetric term p,,.

B. RLC Circuit

The series RLC circuit fed with a dc voltage shown in Fig.
2 is an example of a second-order LTI dynamic system.

Fig. 2: 2nd order RLC circuit.

The ODEs that describe the dynamic behavior of the system
are:

o )i 2 e = ali [ 2 lve. 63)
OIS0 | 0P~ o [ 0 be-

By differentiating with respect to time, we get:

i _R 1[4 i/'
N e )

The system is in the form of (17) and, solving det(A—-AI) =0,
we find the eigenvalues of the system:

N . R R 1
/\1,2:C¥+5J:—ﬁi\/(ﬁ)2—ﬁ-

In this example, our goal is to examine the case where a
second-order LTI system has a pair of complex conjugate
eigenvalues. For the system to have a pair of complex conju-
gate eigenvalues the following relationship has to be true:
R, 1 5 4L

—) - —<0=>R"<—.

Gr) e g
By applying the procedure described in Section III for systems
where A is a 2-by-2 time-invariant matrix, the transformed
system becomes:

(64)

(65)

o |« _B

¢'=G¢- [ PR ]c
R R 1

_ “ar VG- e |[a

[(Ey2- L _R Gl
2L LC 2L
Matrix G can be decomposed into a symmetric and an anti-
symmetric part:

(66)

¢'=D¢+Q, 67)
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Fig. 3: 3rd order circuit.
where:
L Y O
- R |~ )
0 -37 0 «
and:

Q:[ V ) (2’})2—;61]:[0 _5]. (69)

V@) - 1o 0 F o

Then the real part of the complex frequency of the system is:

,_¢¢ D¢
S

o a4 3]

G+G

¢ (70)
_R _R 1
[ 2LC1 2LC2:||:<2:| i _%ﬁ_%g
G+ G+
(@) R
G+6

oL -
Similarly, the imaginary part of the complex frequency is:

¢ng’ _¢rQ¢
G+¢G G+G
(¢G5 = Ca¢y)

Targ @ne)

(E+ V() - 1o

G+G

_ (R)2_1~_5~
\\oz) "zc? ™

(:):

(71)

J

C. Third-order System

In this example, we illustrate the application of our method-
ology in a third-order LTI system. The system is comprised
of a series RLC branch and a series RC branch connected
in parallel across a voltage source, as can be seen in Fig. 3.
The purpose of this example is to demonstrate the proposed
methodology for systems of order greater than two, where each
decoupled subsystem is studied independently. The system

matrix A has one real eigenvalue and one pair of complex-
conjugate eigenvalues, so that both cases corresponding to
n < 2 appear.

The system of ODEs that describe this circuit is:

Ve 0 2 0 ]fver 0
Z’L =1-1 -1 0 iL +11 VDC .
vl [0 0 —1flvee| |2

(72)

By differentiating the original system with respect to time, the
system becomes of the form (17):

vy 0 2 0 |fvey Ve
i l=1-1 -1 ol [=ali |, 73
Vg 0 0 -1||vg, Vo

This state matrix arises from the following values of the
system’s parameters:

e Series RLC: R1=1Q, L=10H, C; =0.5C .

e Series RC: R, =1C, Cy=1C'".

The eigenvalues of the system matrix A are:

>l

1=-1, (74)

Since A is diagonalizable, by applying the transformation
defined in (28), utilizing the decomposition of A defined in
27), we get:

-1 0 0
G=(0 -1/2 V72, (75)
0 V72 -1/2
where the two decoupled system become now obvious.
The first of the two decoupled systems is:
G=-G. (76)
The real part of the complex frequency of this system is:
! pa—
p= S UE Ly (77
[ (€Y

while the imaginary part of the complex frequency is zero as
the eigenvalue is real.
The second decoupled system is:

Gl _[-1/2 —ﬁ/2][<2]
[Q]{¢W2 172 |G (75)
The real part of the complex frequency of this system is:
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while the imaginary part of the complex frequency is:
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D. Second-order Nonlinear Circuit

This section discusses an example of a 2 x 2 nonlinear
circuit. The circuit shown in Fig. 4 represents a tunnel diode
circuit and is taken from [2]. As discussed in Section III, the
transformation that we defined for the LTI systems cannot
be applied. We instead focus on the complex frequency of
the whole system and compare it with the eigenvalues of the
system. In the remainder of this section, we consider three
scenarios: (i) dominant monotonic mode, that is, the dominant
eigenvalue at equilibrium is real; (ii) dominant oscillatory
mode, that is, the dominant eigenvalues at equilibrium are
complex conjugate; and a stable limit cycle.

1) Dominant Monotonic Mode: The parameters of the
system’s components are the following:

o Inductance: L =1.0H

« Capacitance: C =0.5 F

« Resistance: R =0.21)

« Voltage Source: Vpeo =0.5V
The tunnel diode’s v — % characteristic can be seen in Fig. 5.
By choosing vc and ¢;, as the state variables, the equations

i

Yi i
Vbe C YiR

Fig. 4: Tunnel diode circuit.

that define the dynamic system are:

ve| [ &(-iree) +iL)

Z/L - %(VDC —RiL —’Uc) '
The time variable ¢ does not appear in the state equation (81)
since the circuit contains only time-invariant elements and a
dc source.

The system in (81) is in the form of (46), thus to calculate
the complex frequency of the system we first calculate its
generalized velocity as defined in (2). The trajectory of the
system’s generalized velocities w can be seen in Fig. 6.

(81)
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0.2

ir[A]

0.0p

—0.2r

[ Negative Resistance Region

—0.4f

01 00 01 02 03 04 05 06
vg [V]

Fig. 5: Tunnel diode vr —¢r characteristic.

To observe how the value of the complex frequency changes
compared to the eigenvalues during the time domain simula-
tion, the eigenvalues of the linearized system at each time step
of the simulation are calculated.

The system is initially not energized. At ¢ = 0 s, the switch
closes and the battery is connected to the rest of the system.
After some time the system reaches its state of equilibrium,
as shown in Fig. 6.

0.5F ®  [Initial point
04l — Trajectory
' X Equilibrium
0.3
=
< 02
==
0.1
0.0r
—0.1F

0.0 02 04 06 08
v [V/s]

Fig. 6: State space trajectory of generalized velocities when the tunnel
diode system goes to a new equilibrium.

Figure 7 shows the real part of the complex frequency and
the eigenvalues of the linearized system at each time step are
shown. As the system reaches its equilibrium, p takes the same
value as the system’s dominant eigenvalue.

v

0.0 25 50 75 100 125
Time [s]

Fig. 7: Real part of the complex frequency and of the eigenvalues of
the tunnel diode system as it reaches a new equilibrium.

In Fig. 8, the imaginary part of the complex frequency and



the eigenvalues of the linearized system at each time step
are shown. |@,| is positive during the whole trajectory of the
system and goes to zero at the equilibrium. At the same time,
there is only a specific time period where the two eigenvalues
become complex and their imaginary part exists.

00 25 50 75 100 125 150 175
Time [s]

20.0

Fig. 8: Imaginary part of complex frequency and of the eigenvalues
of the tunnel diode system as it reaches a new equilibrium.

2) Dominant Oscillatory Mode: We consider again the
tunnel diode circuit of Fig. 4 and change the value of the
voltage source to Vpc = 0.15 V. The system is initially not
energized. Att = 0 s the switch closes. Figure 9 shows the state
space trajectory of the generalized velocities of the circuit. The
new value of Vpc causes the system to have an oscillatory
dominant mode.

Initial point

0.15r| ®

— Trajectory
010k X Equilibrium
g
i“ 0.05F
0.00F

—0.05¢

—002 000 0.0
v [V/s]

—0.06 —0.04

Fig. 9: State space trajectory of generalized velocities when the tunnel
diode’s dominant mode is oscillatory.

The transient behavior of p vs the value of the real part of
the eigenvalues of the system is shown in Fig. 10, whereas the
imaginary part of the complex frequency and the imaginary
part of the eigenvalues of the system are shown in Fig. 11.
The system approaches the equilibrium with an exponentially
decaying oscillation. As predicted with (58) and (59), p and
|@| oscillate around the value of the real and imaginary parts,
respectively, of the complex eigenvalue towards which the
Jacobian matrix of the circuit converges as ¢ increases. The
eigenvalue of the Jacobian matrix, thus, represents the complex
frequency of a non-isometric transformation of the system for
which the trajectory of the transformed stated is characterized
by c¢1 = ¢ in equations (58) and (59).

3) Dominant Isotropic Oscillatory Mode: In this scenario,
we assume again a domain oscillatory mode but we choose the

10 15 20
Time [s]

f=)
ot

Fig. 10: Real part of the complex frequency and of the eigenvalues
of the tunnel diode system when the dominant mode of the system
is oscillatory.

2.5

10 15
Time [s]

Fig. 11: Imaginary part of the complex frequency and of the eigen-
values of the tunnel diode system when the dominant mode of the
system is oscillatory.

parameters in such a way that the mode is isotropic, namely
c1 = co in (55). We use the following parameters:

o Inductance: L =1.0 H

« Capacitance: C=1.0 F

« Resistance: R =0.3688 (2

» Voltage Source: Vpc =0.402 V

Figure 12 shows the trajectory of the generalized velocities
of the circuit, whereas Figs. 13 and 14 show the transient of
p and |@| vs the real and imaginary parts, respectively, of the
eigenvalues of the Jacobian matrix of the circuit.

Initial point

0.4r o
— Trajectory
x  Equilibrium

i, [A/s]

0.0 0.1 / 0.2 03
ve [V/sl

Fig. 12: State space trajectory of generalized velocities of the tunnel
diode for an isotropic oscillation.

4) Limit cycle: We consider the same system with the only
difference that now the voltage of the dc voltage source is
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Fig. 13: Real part of the complex frequency and of the eigenvalues
of the tunnel diode system for an isotropic oscillation.
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Fig. 14: Imaginary part of the complex frequency and of the eigen-
values of the tunnel diode system for an isotropic oscillation.

Vpe = 0.264 V. In this scenario, instead of the system reaching
to a new equilibrium state after the closing of the switch, the
system reaches a limit cycle as can be seen from Fig. 15.

0.3F : :
®  [nitial point

0.2r — Trajectory
0.1

0.0p

it [A/S

—0.1r

—0.2F

02 0.0 0.2 0.4
v [V/s]

Fig. 15: State space trajectory of generalized velocities when the
tunnel diode system goes to a limit cycle.
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Figure 16 shows the real part of the complex frequency and
the eigenvalues of the linearized system at each time step are
shown. In some intervals, the gradient of the system flows has
two real eigenvalues, and in others, it has a pair of complex
conjugate ones. g,, is oscillating as the system never reaches
to an equilibrium point.

Figure 17 shows the imaginary part of the complex fre-
quency and the eigenvalues of the linearized system at each
time step. |@,| oscillates throughout the entire trajectory. In
this case, the elements of the Jacobian matrix of the circuit
never converge to constant values and the eigenvalues lack of

p,Re(N)

Time [s]

Fig. 16: Real part of the complex frequency and of the eigenvalues
of the tunnel diode system when it goes to a limit cycle.

Time [s]

Fig. 17: Imaginary part of complex frequency and of the eigenvalues
of the tunnel diode system when it goes to a limit cycle.

any physical or geometrical meaning. As a matter of fact, in
the period defined by the limit cycle, the eigenvalues switch
from a pair of complex conjugate values to two real and
then back again to complex conjugate. The transformation
that leads to calculate the eigenvalues of the system thus,
apart from being time-dependent, is also non-isomorphic. The
geometrical meaning of p and |@|, on the other hand, is
always that of rate of change of the radius and of curvature,
respectively, of the closed curve described by the states.

V. CONCLUSIONS

This work highlights that complex frequency and eigenval-
ues are equivalent descriptions of the same underlying dynam-
ical properties when applied to LTI systems. The equivalence
established in this paper is illustrated through a variety LTI
systems and shows that eigenvalues are the complex frequen-
cies of a non-isomorphic transformation that diagonalizes the
state matrix of the system and decomposes it into a set of
isotropic states.

For nonlinear systems, this equivalence also holds if the
system converges to an equilibrium. In fact, for trajecto-
ries sufficiently close to an equilibrium, namely, for an al-
most constant Jacobian matrix, eigenvalues still represent a
transformation of the states and converge to a steady state
value. However, if the system trajectory does not reaches
an equilibrium and, for example, ends up on a limit cycle,
eigenvalues lacks a geometrical and physical interpretation,
whereas the invariants of the geometric frequency still retain
their geometrical meaning.



In summary, geometric frequency always captures instan-
taneous dynamical features that eigenvalues alone cannot
represent. Geometric frequency, thus, can be viewed as a
mathematical object that naturally extends the concept of
eigenvalues beyond an equilibrium-based analysis.

Future work will focus on extending the proposed frame-
work to nonlinear time-varying systems and investigate the
properties of the bivector w for n-dimensional systems.

APPENDIX A
VECTOR OPERATIONS

In this appendix, the vector operations that were used
throughout the paper for the calculation of geometric and
complex frequency are presented.

Let @ = (1,22, ...,2,) and ¥y = (Y1, Y2, ..., yn) be two n-
dimensional vectors in R".

The inner product is defined as:

n
Ty =) iy (82)
i=1
In this work, the highest dimension in which the inner product
is in R?, where for example x -y = x1y1 + x2y2. The inner
product is symmetric, associative and communicative. The
magnitude of x is defined as:

|| =V . (83)
The outer product is defined as:
1y T1Yn
T®Y= : (84)
TnYi LnYn
The wedge product is defined as:
TAY=TQY-Yyox. (85)

Specifically, in R?, which is the dimension that the wedge
product is used throughout this paper, €Ay = (z1y2—z2y1)e1A
1 0 .
0 and ey = 1] are the unit vectors that
consist the basis of R2.

The geometric product is defined as:

ey, where e =

TY=T - Y+TAY. (86)

The result of the geometric product, which is called multivec-
tor, consists of two components. The first component, x -y, is
a scalar that represents the projection of y onto the vector .
The second component, £ Ay, represents a bivector orthogonal
to the space defined by the vectors x and y.
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