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Abstract—This paper develops an instantaneous-frequency (IF)
local estimator calculated with the complex Teager—Kaiser energy
operator (CTKEO) and the dynamic-signal identity. The contri-
bution is a novel IF expression that makes the envelope-curvature
terms explicit, thus correcting the bias that affects conventional
estimators used in power systems. The estimator aligns with
complex-frequency (CF) Kkinematics and admits a geometric
interpretation (curvature/torsion) without phase unwrapping.
Simulations and data-driven examples demonstrate the accuracy
of the proposed approach.

Index Terms—Teager-Kaiser Energy Operator (TKEO), in-
stantaneous frequency, complex frequency, differential geometry.

I. INTRODUCTION

The estimation of instantaneous frequency (IF) remains a
central problem in signal analysis, fundamental to charac-
terizing nonstationary and time-varying phenomena [1]-[3].
This problem has been addressed by a range of methods
available in the literature, including phase-locked loop (PLL)
[4], discrete Fourier transform [5], Kalman filters [6], least
squares [7], adaptive notch filters [8], among others. The
diversity of available techniques suggests that none is optimal,
and the suitability of each approach depends on the particular
application, thereby leaving scope for further research.

Recent theoretical advances have reframed the notion of
frequency through complex frequency, that expresses the dif-
ferential behavior of electrical variables as complex power
and voltages at network buses [9], and through a differential-
geometry framework, that interprets frequency as the “curva-
ture” of voltage trajectories in multidimensional space [10],
[11], and provides a unified description of time- and phasor-
domain dynamics [12].

In this work, we consider a different approach to estimate
IF based on the Teager-Kaiser Energy Operator (TKEO).
This operator features locality, physical interpretability, and
computational simplicity. Introduced as a nonlinear measure
of the energy required to generate a signal [13], TKEO
relates instantaneous energy to temporal derivatives, enabling
direct access to magnitude and frequency variations without
explicit phase reconstruction [14], [15]. Applications of TKEO
span speech, biomedical, and mechanical systems, where it
demonstrates robustness under strong nonstationarity and noise
[16], [17]. In power systems, the operator has been utilized for
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real-time tracking of electromechanical oscillations and local
frequency dynamics from phasor measurements [18].

Existing TKEO formulations rely on narrow-band assump-
tions and slowly varying envelopes, limiting their accuracy
during transients or unbalanced operation. Moreover, numeri-
cal differentiation introduces noise sensitivity, and scalar op-
erators that limit the capture of the coupled magnitude—phase
behavior of complex phasors [19].

This paper extends the TKEO to complex signals and de-
rives a formulation that unifies nonlinear energy and geometric
interpretations. The resulting proposed formula yields exact
instantaneous frequency estimation directly from local deriva-
tives, bridging classical energy demodulation with modern
curvature-based models of power-system dynamics.

The remainder of this paper is organized as follows. Section
IT introduces the proposed frequency estimation based on
CTKEO. Section III presents relevant analytical and numerical
examples that illustrate the findings of the previous section.
Section IV examines the behavior of the proposed method
in realistic simulation and real-data case scenarios. Finally,
conclusions are provided in Section V.

NOTATION

Scalar quantities are represented with italic font, e.g., a or
A; vectors with bold lower case, e.g., a; and complex numbers
with a bar over it, e.g., a. The magnitude of a complex number
a is denoted with |a|, its complex conjugate with a*, and
the time derivative of a quantity a with a’. Unless indicated
otherwise, quantities are assumed to be time-dependent.

II. COMPLEX TEAGER-KAISER ENERGY OPERATOR

The conventional continuous-time Teager—Kaiser energy
operator for real signals is defined as:

Ug(z) = (2/)> —z2”. (1)

This quantity measures the instantaneous “frequency-weighted
energy” of x. In discrete time, for a time series x1, 2, ..., 2N,
it takes the form:

Ug(2n) = (20)? — Zp_1Znp1, n€{2,...,N—1}. (2)

An established application of the Teager—Kaiser operator
is the Energy Separation Algorithm (ESA), originally devel-
oped for the demodulation of amplitude—frequency modulated
(AM-FM) signals [14], [20]. Consider a real AM—FM com-
ponent:

t
x = acos(¢) = acos (/ wdr + (b(O)) , 3)
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where both a and w = ¢’ vary slowly relative to the carrier.
When the real TKEO defined in (1) is applied to such a signal,
it yields:

Up(z) ~ a’w?, )

which represents an instantaneous, frequency-weighted energy
proportional to the square of both amplitude and angular fre-
quency. This approximation holds under the so-called “narrow-
band” or “slow-envelope” condition, and is verified in [13] and
others.
Applying the operator to the time derivative of the signal
produces
Up(z') ~ a*w?, 6)

and combining (4) and (5) eliminates the amplitude term,
giving the classical ESA relations:

~ _Yr(2) Vr(z')
\I/]R(l‘/) ’ \II]R(x)

Equations (6) provide instantaneous estimates of amplitude
and frequency, respectively.

Despite its simplicity, the ESA accuracy degrades when
envelope or frequency variations are fast, the signal cannot
be modeled directly as a cosine function, or when multiple
components overlap — conditions often observed in power-
system dynamics [21].

(6)

A. Extension to complex signals

While ESA is formulated for real, narrow-band signals,
voltage and current phasors in power systems are inherently
complex-valued and exhibit significant magnitude variations
during transient operation. To address these limitations, the
TKEO can be generalized to complex signals by employing
the symmetric bilinear form:

\Ifzaa(fc,@ @y +2'y"™) (7)
(— —/* —x —// — /% + y*l'/l) . (8)
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In the special case where = = y, this reduces to:
Ve (z) = Up(7,2) = |7']* — Re(z ") . )

The operator W¢(Z) is real, additive on Cartesian components,
and invariant to constant phase shifts. It therefore extends the
real TKEO to complex trajectories without imposing narrow-
band or slow-envelope constraints.

Alternatively, from (8), expressing Z in terms of its real and
imaginary parts, one can easily verify that:

Ve(z) = Up(z,z) = Ur(Re(z)) + Yr(Im(Z)),

as proposed in [22], [23]. This relation allows us to use the
identity in (2) to calculate ¥¢ for discrete time.

(10)

B. TKEO in terms of complex frequency

Let # = |Z|e!? denote an analytic AM—FM signal. We recall
the complex frequency definition — see the Appendix:

(1)

where p = |Z|'/|Z| and w ¢’ are the instantaneous
magnitude and angular rates, respectively. Using z’ = 7T and
7" = (7' + 11?)Z, substitution into (9) yields:

Ve(z) = |z (|a]* — Re(7™ +7"%)).

Expanding 77 = p+jw gives |7|? = p?>+w? and Re(7* +7*2) =
o'+ p? — w?, leading to the formula:

Ue(z) = |z (20 — ') . (13)

This result generalizes the ESA principle without approxima-
tions, and also separates the local energy into two interpretable
parts: the rotational component (2|Z|?w?), and a translation
term (—|Z|%p’) that accounts for magnitude variations.

12)

C. Instantaneous frequency of the voltage

Let us now assume that two coordinates can describe the
voltage at a node of a three-phase system, say (vq,vg). As
demonstrated in [24], this is always possible in case torsion is
zero. This assumption is not particularly restrictive, as torsion
is not zero only under very special operating conditions,
e.g., during a fault or with unbalanced harmonics, which are
not commonly encountered in transmission and distribution
systems. Typical balanced, unbalanced and non-sinusoidal sce-
narios have in fact zero torsion. Moreover, if in addition to zero
torsion, the zero sequence is also null, (va,vﬁ) corresponds
to the coordinates of the conventional Clarke transform [24].
Then, as detailed in the Appendix, we can define a complex
voltage signal as:

U= Vg + jug = |0]€}? . (14)

Assuming Z = v and ¢ = 0, and substituting p = |Z|'/|Z|
into (13) yield:

Ve ()
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Solving for w yields the proposed expression for the instanta-
neous frequency:

] T |7
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The subscript TV indicates that expression (16) is obtained
considering |v| as a time-varying quantity. Unlike the approx-
imate ESA results, equation (16) constitutes a bias-corrected
instantaneous frequency estimator that remains exact even
under rapid magnitude variations.

If |v| is constant or shows slow variations, this expression
reduces to U (v) = 2|9|?w?, and the instantaneous frequency

estimator becomes:
1 U (D)
W = —=
VAT

where the subscript indicates that expression (17) is obtained
considering |0| as a time-invariant quantity.

(16)
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The case study discussed in Section IV illustrates the
accuracy of the expression (16) as well as of (17).

D. Geometric and physical interpretation in power systems

The complex TKEO identities derived above can be un-
derstood through the lens of the complex-frequency and ge-
ometric frameworks. The quantity n = p + jw describes the
instantaneous evolution of a phasor in the complex plane: p
represents the logarithmic rate of change of its magnitude,
and w the angular velocity of its rotation. In this setting, the
two terms in ¢ (Z) = |Z|?(2w? — p’) acquire clear physical
meaning: 2|Z|?w? corresponds to rotational (phase) energy,
while —|Z|?p’ accounts for the curvature of the envelope,
capturing magnitude-driven effects.

From a geometric viewpoint, w measures the curvature of
the voltage trajectory, and w’ quantifies its rate of change.
This separation mirrors recent results showing that geometric
frequency admits a decomposition into rotational and distor-
tion components via the Lagrange derivative, reinforcing the
interpretation of the Teager—Kaiser operator as a strictly local
estimator of rotational dynamics, as in [25].

This interpretation is consistent with the complex-frequency
differential v’ = (p+jw)v, which governs the local kinematics
of voltage phasors. Consequently, the CTKEO links nonlinear
energy analysis with the intrinsic geometry of phasor mo-
tion: w and w’ correspond respectively to the curvature and
curvature rate of the trajectory. Moreover, unlike non-local
geometric frequency concepts based on trajectory closure or
circulation [26], the proposed estimator remains entirely local
in time, relying exclusively on derivatives of the measured
signal.

III. ILLUSTRATIVE EXAMPLES

In this section, we present an analytical appraisal to illus-
trate the behavior of the proposed estimator under relevant
conditions. We assume that the three-phase voltage is defined
in the complex o plane — e.g., torsion is zero —, as follows:

V=0, + jU
A (18)
= |vg|cos @ + jlvg|sin 6.
In the remainder of this section, we consider two scenarios: (i)
balanced sinusoidal voltage, and (ii) unbalanced nonsinusoidal

voltage.

A. Balanced sinusoidal voltage

Under perfectly balanced and sinusoidal conditions, am-
plitudes are constant and equal to |v,| = |vg| = |v|, and
0 = wot + &, where wy is the fundamental angular frequency
of the sinusoid and ¢ is the initial angular shift. Then, the
following identities hold:

v = |p]e)@ott9)

= ¥ =jwyb, (19)
= ' =-wlv.

Substituting these identities into (9), CTKEO is obtained:
Ve(®) = [0~ Re(@0™) = 230, (20)

and from (16), the instantaneous frequency is estimated as:

120302 0 0
wTV:\/[w()'U'—-F}:wo, @1
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In this case, the approximation, under the constant magni-
tude assumption, by means of (17), coincides with this value:

1 [2w|o)?
W= —= || ——— =Wy . (22)
V2 | [P
The real signals v, and vg lead to:
\I/R(Ua) = \IJ]R(UB) = w8|17|2 5 (23)
Vg (vg) = Yr(vp) = wolol?,
where the identity ¥ = —jw3v has been used. Frequency
estimation by means of classic ESA relations gives:
R (vg) Yr(vp)
Ve(va) 0 | Wales)

All results above match because: (i) the approximation used
in (22) assumes p = 0; and (ii) estimation by the classical
approach in (24) requires that the frequency of the real term
and of the imaginary term coincide and are equal to the
frequency signal.

B. Unbalanced nonsinusoidal voltage

We consider the unbalanced case |v,| = 0.8|vg| and the
introduction of an harmonic of order ~ = 5 and magnitude
|or| = 0.01]5] are assessed and illustrated in the following

figures. Figs. 1a and lc show wry and wry for the former and
the latter cases, respectively, while figs.1b and 1d show w,,
and w,, correspondingly. Results are compared with the instan-
taneous frequency magnitude computed through the geometric
definition of w,, given in (28) — see the Appendix. This choice
is motivated by the conclusion in [27] that w, closely matches
the frequency estimation of a PLL.

Estimations of w, and wg from the classical approach
differ from w, because they measure different quantities. The
instantaneous frequency of voltage defines the curvature of
the trajectory in the (v,,vs) plane and therefore requires
information from both axes, whereas estimating the frequency
of each component, as a real signal, ignores cross-information
and only matches w, under ideal sinusoidal conditions.

On the other hand, wry matches the w, value whereas
wry only approximates it. Under certain operation conditions,
voltage can be represented by a phasor with a time-varying
magnitude and rotation. The latter term is the quantity that
ESA’s frequency estimation measures. As in this case, the time
dependency of the magnitude is not negligible, wr; does not
yield accurate results.

IV. CASE STUDIES

In this section, the performance and practical applicability
of the proposed frequency estimation, wry, and the approxi-
mation, wry, are evaluated. To this aim, two case studies are
presented: (i) based on a simulated test; and (ii) based on
actual measurement data. W is computed with the discrete
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Fig. 1: Frequency estimation results under stationary conditions with:
(a, b) a magnitude unbalance of |v.| = 0.8|vg|; and (c, d) the
presence of a balanced harmonic of order h = 5 and magnitude
|Tn] = 0.01]7).

expressions (2) and (10), and all the frequency estimations
were passed through a discrete Butterworth filter.

A. EMT Simulation of IEEE 39-Bus System

In this case study, the IEEE 39-bus system, from DIgSI-
LENT PowerFactory software tool, is assessed. The considered
signal is the three-phase voltage at bus 26 following a three-
phase fault at bus 4 at t = 0.2 s, cleared at t = 0.3 s. The tests
consider two different scenarios: balanced system operation
with Gaussian noise in the voltage measurement, Fig. 2a, and
unbalanced operation, Fig. 2b.
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Fig. 2: Frequency results bus 26, of the IEEE 39-bus system for
a secured three-phase fault under: (a) balanced conditions with
Gaussian noise in the voltage; and (b) unbalanced operation.

Results under balanced conditions with noise show that
estimations from the three approaches do not differ signifi-
cantly. Both scenarios show that frequency estimation from
wrr and wry closely match because the variations in the
voltage magnitude are relatively slow and small, and are

mitigated by filtering the time series. On the other hand, in
the unbalanced scenario, wty and, especially, wry show lower
oscillations, before and after the fault, with respect to w,,, as
this quantity captures the imbalances as a distortion in the
voltage curvature; demonstrating the accuracy of the proposed
estimation methods.

B. Voltage Measurements at a PV Power Plant

To further assess the performance of the proposed wr; and
wry, we consider actual field measurements of the voltage
at the point of connection to the grid of a PV power plant
in Moralejo, Spain. From this data, the first requirement for
an accurate computation of wry is to filter both v and v”
measurements, while for w,, only v’ is filtered.
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Fig. 3: Frequency estimation results from the real voltage measure-
ments at the point of connection to the grid of a PV power plant.

Results in Fig. 3, show that both wrr and wrvy closely match
wy. Although wry does not account for magnitude variations,
the combined effect of voltage filtering and the inherently
slow dynamics of p under realistic operating conditions makes
this approximation practically equivalent to the full time-
varying estimation. These results indicate that wyy provides a
close approximation of instantaneous frequency, whereas wry
results in a more precise but also slightly more demanding, in
terms of numerical computation, estimation.

In this case, the former offers an approximate yet reliable al-
ternative that is especially attractive for real-time applications,
particularly when compared with more complex approaches
such as PLL-based frequency estimation. Compared with w,,
the proposed approach takes advantage of the robustness of
TKEO and offers a frequency definition that decomposes it
into different terms, the relevance of each of which can be
assessed individually. The bulk of the estimation is given by
Ue(v)/|v|? whereas the voltage magnitude rate of change
terms can be understood as “corrections” of the former term.
These corrections determine the accuracy of the approximated
expression that returns wry.

V. CONCLUSIONS

This paper presents a formulation of instantaneous fre-
quency derived from the complex TKEO. Starting from the
dynamic-signal identity and applying it to power-system pha-
sors, we obtain a precise local expression for frequency that
remains valid under rapid magnitude changes and unbalances.
The method aligns with complex-frequency kinematics and
offers a geometric interpretation in which w describes the



curvature of voltage trajectories. By unifying nonlinear en-
ergy analysis and geometric frequency theory, the proposed
approach provides a compact and physically interpretable
tool for real-time monitoring of power system dynamics. In
addition to the proposed formulation, an approximated form
is introduced with significantly simpler numerical computation
while retaining accuracy under realistic operating conditions
for practical implementation.

APPENDIX

Instantaneous frequency estimation through energy opera-
tors requires a framework capable of describing both mag-
nitude and phase dynamics. This section introduces the key
mathematical elements that support the derivations presented
in the paper.

Let us assume the instantaneous complex voltage is:

7=, +jus = |0]e?? € C, (25)

where v, and vg are the components of the Clarke transform
of the voltage, |v| > 0 and 6 denote the instantaneous
magnitude and phase, respectively. Its first derivative, ¥’ can
be expressed as:

|7 /

v = (fi—+j9)ﬁ

o]

NV,

(1>

(po +jwo)v = (26)

where: ol
Pv = - =
ol

VaVy + VgU4
—_— 27
RT3 27)

represents the instantaneous radial frequency or instantaneous
bandwidth, , ,
;o Valg + vpv,

(28)

w. =
Y v2 + v%
is the instantaneous angular frequency, and 7, = p, + jw, 18
the complex frequency.

In discrete time, for time series vq4,1,Vq,2; - -
V8,1,V8,2; - - -,Vg,N, (28) takes the form:

.5 Vq,N, and

Va,nV8,n—1 t V8,nVa,n—1
2 2
va,n + Uﬁ,n

Wy,n = s ’I’LE{Z,...,N}. 29)

A complementary view interprets the phasor trajectory as a
smooth planar curve parameterized by time. Let v = vye, +
vgeg denote the real-imaginary projection of ¥ in the plane
Pas € R? embedded in the ambient space R3, and let 7] =
|v|. Tts time derivative, v’, can be decomposed orthogonally
into its radial and tangential components [10]:

v =p,v+tw, XV, (30)

where w, = w, e, is an angular-velocity vector perpendicular
to the plane P,s and with magnitude w, = |w,|. The first
term describes instantaneous expansion or contraction of the
trajectory (magnitude change), while the second represents
rotational motion on the complex plane (phase evolution).
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