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Abstract— Within an optimal power flow market clearing
framework, this paper provides expressions to compute the
sensitivities of locational marginal prices with respect to power
demands. Sensitivities with respect to other parameters can also
be obtained. An example and a case study are used to illustrate
the expressions derived.

Index Terms— Locational marginal prices, Optimal power flow,
Sensitivities.

NOTATION

The main notation used throughout the paper is stated below
for quick reference. Other symbols are defined as required in
the text.

A. Functions

fC)

is the optimal power flow objective function.

hpi(+) is the active power injection at bus i.
hoi(+) is the reactive power injection at bus i.
9545 (+) is the complex power flow magnitude through

line j.

B. Variables

jen is the active power generation at bus <.
qcGi is the reactive power generation at bus .
v; is the voltage magnitude at bus .

0; is voltage angle at bus 3.

C. Multipliers

A is the locational marginal price at bus 3.

D. Constants

C; is a network or generator related constant.
PDi is the active power demand at bus <.

qDi is the reactive power demand at bus 7.

T is the number 7.
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E. Sets
J is the set of active inequality constraints.
Q; is the set of buses adjacent to bus 3.
F. Numbers
l is the number of equality constraints.
m is the number of inequality constraints.
my is the cardinality of J, i.e., the number of active
inequality constraints.
ng is the number of buses.
G. Indices
1,7 are indices for buses.

It should be noted that a variable, function or parameter
written in bold without index is a vector form represent-
ing the corresponding quantities. For example, the symbol
d represents the vector of bus voltage angles. Moreover, a
superscript “max” indicates upper bound, while a superscript
“min” indicates lower bound.

I. INTRODUCTION

Electricity markets are reaching a reasonable level of ma-
turity, as they have evolved during the last decade. Markets,
such as the New England ISO [1], the New York ISO [2] or
the PJM Interconnection [3], use or are planning to use price-
based unit commitment and Optimal Power Flow (OPF) as
market clearing tools. Other markets, such as Nord Pool [4],
are primarily based on bilateral contracts.

Locational Marginal Prices (LMP) [5] are obtained within
an OPF framework, as they are the sensitivities (dual variables)
associated with the active power balance equations [6], [7].
However, it should be noted that these dual variables might
require adjustments to be interpreted as LMPs within some
market clearing frameworks. Moreover, LMPs are generally
recognized to be the most appropriate prices for electricity
[8]. This is so for day-ahead markets as well as for shorter-
term markets such as balancing markets. LMPs are used in
the New England ISO [1], the New York ISO [2], the PIM
Interconnection [3] and market operators such as Ontario IMO
[9]. References [10] and [11] provide a in-depth analysis of
LMPs.

If LMPs govern the electricity business, a fundamental
question arises: How LMPs change as parameters change?
Answering rigorously this question is the subject and novel
contribution of this paper.

We analyze changes in LMPs with respect to operational
parameters, i.e., demands, generator cost parameters and
voltage bounds. Note, however, that changes with respect
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to line design parameters (resistance, reactance, susceptance
and capacity) and generator design parameters (capacity and
minimum power output) can be similarly computed.

The changes in LMPs as parameters vary provide insight
on the functioning and behavior of the electric energy sys-
tem. This sensitivity information might help producers and
consumers to establish their respective bidding strategies, and
the regulator to assess the degree of competitiveness of the
electricity market. However, note that sensitivities provide
information for small changes, not for large changes.

Within an OPF market clearing framework, this paper
provides expressions to compute the sensitivities of LMPs with
respect to power demands. Sensitivities with respect to other
parameters are also easily derived.

Sensitivity calculations reported in the literature are gener-
ally related to the power flow problem [12]-[15], or the optimal
power flow problem involving sensitivities of the objective
function and the primal variables with respect to parameters
[16]. In this paper, within an OPF framework, we provide
formulas to compute the sensitivities of dual variables (LMPs)
with respect to parameters, that is, sensitivities of sensitivities.

In the appendix of pioneering conference paper [17], the
sensitivities of certain primal variables (power injections)
with respect to certain dual variables (LMPs) are calculated.
The objective function is considered linear and only equality
constraints are taken into account. A perturbation technique
similar to the one used in this paper (and proposed in [18]
and [19] in a mathematical programming framework) is used.
Results reported in [17] are used in [20] and [21]. However,
our paper calculates the sensitivities of any dual variable
with respect to any parameter of the problem in a general
nonlinear programming case including equality and inequality
constraints.

Reference [16] provides a perturbation approach to sensitiv-
ity analysis similar to the one presented in [19] and pioneered
in [18], and applies it to the OPF problem. Although the
technique used in [16] allows analyzing both primal and dual
variable sensitivities, this paper focuses on the sensitivities
pertaining to primal variables. Within a vertically integrated
electric utility framework, paper [22] uses the results of [16] to
carry out a valuation of the transmission impact in a resource
bidding process.

The problem of sensitivity analysis in nonlinear program-
ming has been discussed by several authors, as, for example,
[23]-[30], and [18] and [19]. There are at least three ways
of deriving equations for the sensitivities: (a) the Lagrange
multiplier equations of the constrained optimum (see [23]),
(b) differentiation of the Karush-Kuhn-Tucker conditions to
obtain the sensitivities of the objective function with respect
to changes in the parameters (see [25]), and (c) the extreme
conditions of a penalty function (see [23]). In the derivations
below, we use results reported in [18] and [19].

Background on electricity market can be found, for instance,
in [31]-[33].

This paper is organized as follows. Section II provides the
considered OPF formulation and defines the LMP sensitivities
of interest. Section III develops analytical linear expression
to compute LMP sensitivities. Section IV gives results from

an illustrative example to demonstrate the functioning of the
expressions derived. Section V gives results from a case study
based on the IEEE Reliability Test System [34]. Section VI
provides some relevant conclusions.

II. OPF FORMULATION AND LMP SENSITIVITIES

A general expression for the OPF has the form:

Minimize
va qu v, 6

Z:f(pG7qG7v76;pD7qDac) (1)

subject to

PGi — PDi — hPi(pGaQG7va6;pDanvc) =0: )\7

1=1,....np 2)
q6i — qpi — hqi(Pg,96,v,0;Pp,qp,c) =0

i1=1,...,np 3)
—(s55™)? + (951 (Pa» 46 v, 05 Py A, c))? <0

i=1,...,np;Vj € Q; 4)

PE"—pg < 0 )

pec—ps” < 0 (6)

" —qz < 0 (7)

4c —q¢™ < 0 3

v —pv < 0 )

v—ov™™ < 0 (10)

5-m < 0 (11)

s—m < 0. (12)

Equation (1) represents generation cost (the minus social
welfare in a market framework), equations (2)-(3) are the
active and reactive power flow equations, respectively; con-
straints (4) enforce transmission capacity limits of power lines,
constraints (5)-(6), (7)-(8), (9)-(10) and (11)-(12) are bounds
on active power generations, reactive power generations, volt-
age magnitudes, and voltage angles, respectively.

For simplicity we consider all demands inelastic. Note,
however, that elastic demand can be handled by the proposed
procedure.

Particularly, we develop analytical expressions to compute
the sensitivities

O\;
Opp j ’

(13)

for all 7,5 = 1,...,np; that is, the sensitivity of any LMP
with respect to the demand in any bus. Nevertheless, any other
sensitivity can be obtained using the procedure described in
Section III. In the case study, we also provide the following
sensitivities:
o\
6QDj ’

O\

Hymax )

oA o\
8Clj ’ 8()] ’
where a; and b; are respectively the linear and quadratic cost
coefficients of generator j.

(14)
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To facilitate mathematical derivations, problem (1)-(12) is
rewritten in compact form as:

Minimize
T
z = f(xz,a) (15)
subject to
h(z,a) = 0:A (16)
glz,a) < 0:p, (17)

where variable vector © € IR"™, parameter vector a €
R”, h(z,a) = (hi(z,a),...,h(z,a))T and g(z,a) =
(g1(x,a),...,gm(x,a))T are the equality and inequality con-
straints, respectively. Vector @ includes all optimization vari-
ables (v,9d,ps,q:), while vector a includes all parameters
(Pp,4gp;c); and X and p are the Lagrange multiplier vectors
for equality and inequality constraints, respectively. Parameter
vector c includes line resistances, reactances, susceptances and
capacities; generator capacities, minimum power outputs and
cost coefficients; and voltage magnitude and angle limits. Note
that [, m, n and p are the number of equality constraints, the
number of inequality constraints, the number of variables, and
the number of parameters, respectively.

IIT. GENERAL SENSITIVITY EXPRESSIONS
A. Optimality Conditions

Considering appropriate regularity assumption' (see [35] or
[36]) on problem (15)-(17), the Karush—-Kuhn-Tucker (KKT)
first order optimality conditions for this problem are

¢
wa(az*,a) + ZAZ vilfhk(x*aa)

k=1
+> " u; Vagi(x®,a) =0 (18)
j=1
h(za)=0; k=1,2,...,¢ (19)
gj(CC*,CL) <0 j=12,....m (20)
w;gi(x*,a)=0; j=1,2,....,m 2D
pi>0; j=12...,m. (22)

As it is well known, the vectors A* and p* are called
the Lagrange multipliers. Conditions (19)—(20) are the primal
feasibility conditions, condition (21) is known as the comple-
mentary slackness condition, and condition (22) imposes the
nonnegativity of the multipliers of the inequality constraints,
and is referred to as the dual feasibility condition.

The sensitivity analysis we propose requires an OPF solu-
tion. If such solution is not available, the analysis cannot be
carried out. However, algorithms to solve the OPF in a robust
manner are nowadays available. Moreover, if an OPF solution
cannot be found, the OPF can be linearized, a solution obtained
for this linearized OPF, and the proposed sensitivity analysis
performed.

IFor a given OPF solution, regularity entails that the gradient vectors of
the binding constraints at the solution are linearly independent. Non regular
cases are extensively analyzed in [19].

B. Feasible Perturbation

To obtain sensitivity equations, we perturb or modify x*, a,
A*, p*, z* in such a way that the KKT conditions still hold
[19]. Thus, to obtain the sensitivity equations we differentiate
the objective function (15) and the optimality conditions (18)-
(22), as follows:

[v(l/'f(w*7 a)]T dx +
[Vaf(z*,a)]" da—dz =0
¢
Vwmf(ﬂf*va)JrZ A Vzxhy(z®, a) +
k=1

(23)

my
Z w;Vaxgi(z®, a)| de +
j=1
4
Vaaf(z*,a)+ Y NVaahs(z*, a) +
k=1

mg
Z 1;Vragi(x®, a)| da+

j=1
Vzh(x*,a)dA+ Vxg(xz*,a)du =0

[Vah(z*, a)]'dz + [Vah(z*,a)] da =0

Vag;(@,a)|dz + [Vag; (", @) da = 0
ifp; #0;5€J,

(24)
(25)

(26)

where J is the set of binding (active) inequality constraints,
my its cardinality, and all the matrices are evaluated at the
optimal solution, x*, A*, u*, z*. It should be noted that the
derivation above is based on results reported in [19].

It should also be noted that once an OPF solution is
known, binding inequality constraints are considered equality
constraints and non-binding ones are disregarded. Note that
this is appropriate as our analysis is just local. Note also that
we assume local convexity around an optimal OPF solution.
However, it should be noted that the OPF is in general not a
convex problem, therefore local convexity around a solution
might not imply a globally optimal solution [37].

Observe that the degenerate case (binding constraints with
null multipliers) is not considered. Once the OPF solution
is known, degeneracy can be identified and eliminated. The
degenerate case is extensively analyzed in [19].

The linear system of equations (23)-(26) can be expressed
in matrix form as follows

Fy | Fg | 0 | 0 |-1 dx
Fap | Feq | HL | GL | 0 da
ve | Fza | Hy |Gyl 0 || 90| 0
Hz | Ha| 010 [0 || du
Gz | Ga | 0 |0 ]0]|L%

where the vectors and submatrices in (27) are defined below
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(dimensions in parenthesis)

Fzaxn = [Vaf(z a)" (28)
Fa(ixp = (Vaf(z" a)" (29)
Frxnxn) = Ve f(z",a) +
l
k=1
mgy
> 1 Vazg; (=", a) (30)
j=1
Fgamxp) = Veaf(x®, a)+
¢
Z )\;:v;cahk(w*, (1) —+
k=1
my
> 1 Vzag;(x*,a) 31)
j=1
Hgz () = [Vzh(z*, a)" (32)
Hg(yp) = [Vah(z,a)]" (33)
G2 (m,xn) = [Vag(z*,a)]" (34)
Ga(m,xp) = [Vag(xa)" . (35)

Vector (28) is the gradient of the objective function with
respect to x, vector (29) is the gradient on the objective
function with respect to a, submatrix (30) is the Hessian of the
Lagrangian (f(, a)+ A" h(z, a)+ pu” (x, a)) with respect to
x, submatrix (31) is the Hessian of the Lagrangian with respect
to  and a, submatrix (32) is the Jacobian of h(x,a) with
respect to @, submatrix (33) is the Jacobian of h(x,a) with
respect to a, submatrix (34) is the Jacobian of g(x,a) with
respect to x for binding constraints, and submatrix (35) is the
Jacobian of g(x, a) with respect to a for binding constraints.

C. Specific Sensitivity Expressions

To compute sensitivities with respect to the components of
the parameter vector a, system (27) can be written as

Ulde d\x dp dz]" = Sda, (36)
where the matrices U and S are
Fpe | 0 | 0 | -1
F HT GL 0
y _ | Fes | HE | G | -
Hy | 0 | 0 | O
Gz | 0 | 0 | O
ST = —|Fq Fga Ha Gq ] (38)
and therefore
T
[da: A dp dz} — U 'Sda. (39

Replacing da by the p-dimensional identity matrix I in
(39) all the derivatives are obtained. Thus, the matrix with
all derivatives with respect to parameters becomes

da 0Oa 0Jda OJa

U's. (40)

Expression (40) allows deriving sensitivities of the vari-
ables, the multipliers (dual variables) and the objective func-
tion with respect to all parameters. Therefore, the sensitivities
of the LMPs with respect to active and reactive power demands
are straightforwardly obtained using expression (40). The
simplicity of expression (40) should be noted.

The computational complexity of building matrices U and
S and evaluating expression (40) is moderate even for large
scale electric energy systems.

It should be noted that matrix U is invertible in most
practical cases, e. g. if the solution is regular and non-
degenerate. However, if it is not, alternative procedures (more
computationally involved) to obtain and/or analyze the sensi-
tivities are available [19].

For linear programming problems the analysis remains
valid. Matrix U is invertible provided that (a) only binding
constrains are considered, (b) redundant constraints are re-
moved and (c) non-basic variables are eliminated. This implies
that the constraint matrix of the linear programming problem
reduces to the basis. Note finally that the basis is known once
the linear programming problem has been solved.

IV. ILLUSTRATIVE EXAMPLE

The 6-bus electric energy system depicted in Fig. 1 is
considered in this example [32]. Data for this system is
provided in the Appendix.

Bus 3
Bus 2 (GENCO 3)

(GENCO 2)

(GENCO 1)

©

}

Bus 6

(ESCO 3)
Bus 1

[V,
1
Bus 5
(ESCO 2)
Bus 4 j
(ESCO 1)

Fig. 1. Six-bus system.

The considered OPF formulation is stated below.

Minimize
pGiqui;Zzlv"'aS; v]76]7.7:1776

3
Z (aipai + bipg)
i=1

subject to

6
PGi — PDi = V; Zvj (Gijcos(6; — 6;)+
i=1
Bij sin(5i — (5]))

Ny i=1,...,6
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qai — =v; Z v; (Gyjsin(d; — ;) —
Bij COS((Si*(sj)) 3 1= 1,...,6
(vivj(Gij COS((si — (5j) + Bij Sin(éi - (2)) - Gm‘U?)Q
(’UZ"Uj (G” sin((5- - (5) - Bij COS((SZ' — (SJ)) —
v?(By; /2)) (max)Q; i=1,...,6;j € Q
pgm<pGi<pgax; Z:La?’
g < g < B i=1,--,
Ummgvigvmmx; ’L'Zl,"',ﬁ
—n <4 <T; i=2,---,6
01=0.

where a;, b;, Gij, B;j, B and ;5" (constants included in ¢)
are the linear cost Coefﬁment of generator 1, the quadratic cost
coefficient of generator ¢, the element ¢5 of the real part of the
admittance matrix, the element ¢j of the imaginary part of the
admittance matrix, the charging susceptance of line 75, and the
transmission capacity of line 47, respectively. Additionally, it
is assumed that v™® = 0.9; and v™* = 1.1.

The optimal solution of the OPF above is illustrated in Table

L.
TABLE I
OPF SOLUTION
Bus  pg, s CH o; Api
# [MW] [MVAr] [p.u] [rad] [$/MWh]
1 132.5 37.3 1.100  0.000 8.977
2 160.6 92.9 1.100  -0.047 9.161
3 60.0 82.8 1.098  -0.091 9.430
4 - - 1.018  -0.090 9.733
5 - - 1.006  -0.121 9.866
6 - - 1.034  -0.128 9.711
Sensitivities of LMPs with respect to active power
demands are provided in the matrix below. Units
are  ($/MWh)/(puMW). If the desired units are
(3/MWh)/(MW), the matrix below should be divided
by 100, the power base value.
2.162 0.098 0.492 3.852 1.610 0.639
0.098 0.100 0.103 0.106 0.108 0.106
O\ _ 0.492 0.103 0.843 1.023 0.412 0.644
aij - 3.852 0.106 1.023 9.014 3.271 1.327
1.610 0.108 0.412 3.271 2.124 0.701
0.639 0.106 0.644 1.327 0.701 0.847

Note that in the expression above subscript i refers to rows
while subscript j refers to columns. Note also that the matrix
above is full as all LMPs change as any load increment occurs
(in any bus throughout the network).

The observations below are pertinent:
o ox . . .
1) Matrix {—Z] is symmetrical. This is a consequence of

D
the linearity of the analysis carried out and the regularity
of problem (15)-(17).

2) Being generator 2 the marginal generator, values in
column/row 2 are small and close to 0.1. The actual
values are related to the quadratic cost terms and the
fluctuations (around 0.1) are due to the losses.

3) The derivative of the LMP in bus 2 with respect to the
demand in that bus equals the derivative with respect to
demand of the marginal cost of the generator in that bus,
because this generator is the swing generator.

4) The highest price sensitivity occurs in bus 4. This
indicates that this bus might suffer a comparatively
significant price volatility. Observe that the high price
volatility of bus 4 is not a trivial property of the system,
thus demonstrating the added value of the proposed
analysis.

It should be noted that if cost functions are linear, as is often
assumed, the derivatives with respect to demand at generator
swing buses are zero.

Sensitivities of LMPs with respect to reactive power

demands are provided in the matrix below. Units are
($/MWh)/(puMVAr).

0 0 0 2135 0666 0.170
0 0 0 0005 0005 0.003

ONi| |0 0 0 0551 —0.091 —0.040
dqp,) | 0 0 0 5215 1530 0379
0 0 0 1910 1033  0.293

0 0 0 0750 0188  0.076

Observe that these sensitivities are much smaller than the
sensitivities with respect to active power demands.

Note that the first three columns of the matrix of LMP
derivatives with respect reactive power demands are zero
because reactive power has no cost (in this particular example)
and is in between its bounds for each of the generators at the
first three buses.

Sensitivities with respect to the voltage single upper bound
are provided by the vector below. Sensitivities with respect
to the voltage single lower bound are zero, as no lower

bound limit is reached for voltages (see Table I). Units are
($/MWh)/(puV).

[ —1.758
~0.034
~1.041
~6.501
~3.761

| —1.941

N
avmax -

Observe that bus 4 presents the highest sensitivities with
respect to the reactive power demands and with respect to the
single upper bound for voltage magnitudes, which leads to the
conclusion that the demand in bus 4 plays a critical role in the
congestion of the network and confirms the volatility of A4.

Next, sensitivities with respect to generator (linear and
quadratic) cost parameters a; and b; are provided in the
matrices below
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0.980
1.000
1.029
1.063
1.077
1.060

N
6aj -

O O O O O O
O OO O OO

and

314.9
3214
330.8
341.4
346.1
340.6 0

on]
ob; |

O OO O OO
o O O O O

The first matrix above is dimensionless and units for the
second matrix are ($/MWHh)/($/(MW)2h).

Observe that sensitivities of LMPs with respect to cost
coefficients are zero for generators working at their respective
maximum or minimum power output.

Note also that the derivative of the LMP in bus 2 with
respect to the linear cost term of the generator in that bus is
1 because that generator is the swing generator.

Finally, note that sensitivities with respect to line design
parameters (resistance, reactance, susceptance and capacity)
and generator design parameters (capacity, minimum power
output and cost parameters) are also readily available.

V. CASE STUDY

A case study based on the IEEE RTS, depicted in Fig. 2,
is presented in this section. Topology, line and generator data
can be found in [34] (Fig. 1 and Tables 12 and 9, respectively,
of that reference). Fuel costs have been taken from [38] and
are $2.3/MBtu for #6 oil, $3.0/MBtu for #2 oil, $1.20/MBtu
for coal, and $0.6/MBtu for nuclear.

The methodology presented in the previous sections is
applied to the IEEE Reliability Test System in this section.
A selection of the results obtained is described and discussed
below. Fig. 3 provides the LMP sensitivities of bus 21 (a typ-
ical generating bus) with respect to active and reactive power
demands, respectively; while Fig. 4 provides the same infor-
mation for bus 8 (a typical demand bus). Units for these sensi-
tivities are (3/MWh)/(puMW) and (3/MWh)/(puMVAr),
respectively.

As expected, sensitivities of LMPs with respect to active
power variations are significantly higher that sensitivities with
respect to reactive power increments.

It should be noted that the highest values of LMP sensi-
tivities with respect to active power demand variations are
the diagonal elements (i.e. d\;/dpp,) of the corresponding
sensitivity matrix. Non-diagonal sensitivities depend directly
on the transmission system topology and parameters, and can
be used as a measure of the impact of demand variations in
any bus throughout the power system on the network working
conditions. For example, LMP Ao, presents high sensitivities
with respect to demand variations in its adjacent buses, while

6
18 $ 22
21
17
23
&, S
16 ‘ ‘ 19 20
14
- 1 o
6
. 2
7
Fig. 2. IEEE 24-Bus Reliability Test System [34].
1
08t J
N:Eo.e 8 |
=~
S04 —
oz H ]
0
0 5 10 15 20 25
Buses
0.03
.02 1
0.01F J
s lm B ]
S oo | 0" FRl ® —
2
= _o02- B
-0.03- 1
-0.04 ‘ : ‘
0 5 10 15 20 25

Buses

Fig. 3. Sensitivities dA21/dpp, and dAz1/dgp, for the 24-bus test system.

the sensitivity is relatively low for a demand variation in
bus 7, which is electrically far away from bus 21. On the
other hand, LMP \g presents a relatively significant sensitivity
with respect to the demand variation in adjacent bus 7, while
suffering a homogeneous and relativity weak impact from
demand variation in the remaining buses.

VI. CONCLUSION

This paper provides simple analytical expressions to com-
pute LMP sensitivities with respect to changes in demands
throughout an electric power network. Not only prices but their
sensitivities with respect to demands constitute fundamental
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a - o

o

- DM ol e o = B

_0.05 I I I I
0 5 10 15 20 25

Buses

Fig. 4. Sensitivities d\g/dp D; and dAg/dgq D, for the 24-bus test system.

information in nowadays mature electricity markets. An ex-
ample and a case study are used to illustrate the sensitivity
formulas derived.

APPENDIX
DATA FOR THE SI1X-BUS SYSTEM

Generator, demand and line data are provided in Tables II,
IIT and IV, respectively. As it is customary, the considered
three-phase power base is 100 MVA.

TABLE II
GENERATOR DATA

Bus  pg g dgr agn bi
# IMW] [IMW] [MVAr]| [MVAr]| [$/MWh] [$/(MW)2hJ
1 132.5 112.5 150.0 -150.0 8.5 0.0005
2 165.0 140.0 150.0 -150.0 9.0 0.0005
3 80.0 60.0 150.0 -150.0 9.5 0.0005
TABLE III
DEMAND DATA
Bus  pp; qDi
# [IMW] [MVAr]
1 0.0 0.0
2 0.0 0.0
3 0.0 0.0
4 120.0 80.0
5 115.0 82.0
6 104.0 66.0
REFERENCES

[1] ISO New England (2005). Available on line: www.iso-ne.com [Online].

[2] New York ISO (2005). Available on line: www.nyiso.com [Online].

[3] PIM (2005). Available on line: www.pjm.com [Online].

[4] Nord Pool (2005). Available on line: www.nordpool.no [Online].

[5] F. Schweppe, M. Caramanis, R. Tabors, and R. Bohn, Spot pricing of
electricity, Boston: Kluwer Academic Publishers, 1988.

[6] M. Rivier, I. J. Pérez-Arriaga, and G. Luengo, “JUANAC: A model for
computation of spot prices in interconnected power systems”, in Procc.
10th Power Systems Computational Conference, PSCC, pp. 254-261,
Graz, Austria, August 1990.

TABLE IV
LINE DATA
Line  From R;; Xij Bf; sg}‘.ax
# To  [pu] [pu] [pu] [MVA]
1 1-2 0.10 0.20 0.04 36.0
2 1-4 0.05 0.20 0.04 72.0
3 1-5 0.08 0.30 0.06 63.6
4 2-3 0.05 0.25 0.06 36.0
5 2-4 0.05 0.10 0.02 91.2
6 2-5 0.10 0.30 0.04 42.0
7 2-6 0.07 0.20 0.05 72.0
8 3-5 0.12 0.26 0.05 36.0
9 3-6 0.02 0.10 0.02 84.0
10 4-5 0.2 0.40 0.08 18.0
11 5-6 0.10 0.30 0.06 14.4

[71 M. Rivier, and I. J. Pérez-Arriaga, “Computation and decomposition
of spot prices for transmission pricing”, in Procc. 11th Power Systems
Computational Conference, PSCC, vol. 1, pp. 371-378, Avignon, France,
August 1993.

[8] X. Ma, D. I. Sun, and K. W. Cheung, “Evolution toward standardized
market design,” I[EEE Trans. Power Syst., vol. 18, pp. 460-469, May
2003.

[9] IMO, Independent Electricity Market Operator, Ontario, Canada (2004).
Available on line: www.theimo.com [Online].

[10] M. L. Baughman, S. N. Siddiqi, J. W. Zarnikau, “Advanced pricing in
electrical systems. Part I: Theory”, IEEE Trans. Power Syst., Vol. 12,
pp. 489-495, Feb. 1997.

[11] M. L. Baughman, S. N. Siddiqi, J. W. Zarnikau, “Advanced pricing
in electrical systems. Part II: Implications”, IEEE Trans. Power Syst.,
Vol. 12, pp. 496-502, Feb. 1997.

[12] R. Baldick, “Variarion of distribution factors with loading”, IEEE Trans.
Power Syst., Vol. 18, pp. 1316-1323, Nov. 2003.

[13] A. Fradi, S. Brignone, and B. F. Wollenberg, “Calculation of energy
transacition allocation factors”, IEEE Trans. Power Syst., Vol. 16, pp.
266-272, May 2001.

[14] P. W. Sauer, “On the formulation of power distribution factors for linear
load flow methods”, IEEE Trans. Power App. Syst., Vol. 100, pp. 764-770,
Feb. 1981.

[15] W. Y. Ng, “Generalized generation distribution factors for power system
security evaluation”, IEEE Trans. Power App. Syst., Vol. 100, pp. 1001-
1005, Mar. 1981.

[16] P.R. Gribik, D. Shirmohammadi, S. Hao, C. L. Thomas, “Optimal power
flow sensitivity analysis,” IEEE Trans. Power Syst., vol. 5, pp. 969-976,
Aug. 1990.

[17] C. Murillo-Sanchez, S. Ede, T. Mount, R. Thomas, and R. Zimmerman,
“An Engineering approach to monitoring market power in restructured for
electricity,” in Proc. 24th Annual International Conference, International
Association for Energy Economics, Apr. 2001, Houston, TX, USA.

[18] A. V. Fiacco, Introduction to sensitivity and stability analysis in nonlin-
ear programming, New York: Academic Press, 1983.

[19] E. Castillo, A. J. Conejo, C. Castillo, R. Minguez, D. Ortigosa, “Pertur-
bation approach to sensibility analysis in mathematical programming”,
Journal of Optimization Theory and Applications, vol. 127, December
2005 (in press).

[20] A.R. Kian, R. J. Thomas, R. Zimmerman, B. C. Lesieutre, T. D. Mount,
“Identifying the potential for market power in electric power systems
in real-time,” in Proc. 37th Hawaii International Conference on System
Sciences, 2004.

[21] Y. Sun, T. J. Overbye, “Market power potential examination for elec-
tricity markets using perturbation anaylsis in linear programming OPF
context,” in Proc. 38th Hawaii International Conference on System
Sciences, 2005.

[22] D. Shirmohammadi and C. L. Thomas, “Valuation of the Transmission
Impact in a Resource Bidding Process,” IEEE Trans. Power Syst., vol. 6,
no., 1, pp. 316-323, Feb. 1991.

[23] J. S. Sobieski, J. F. Barthelemy, K. M. Riley, “Sensitivity of optimal
solutions of problems parameters”, AIAA J., vol. 20, pp. 1291-1299, 1982.

[24] G. Vanderplaats, Numerical optimization techniques for engineering
design with applications. New York: McGraw-Hill, 1984.

[25] 1. Enevoldsen, “Sensitivity analysis of reliability-based optimal solu-
tion”, Journal of Engineering Mechanics, vol. 120, pp. 198-205, 1994.



SUBMITTED TO IEEE TRANSACTIONS ON POWER SYSTEMS

[26] E. Castillo, J. M. Gutiérrez, and A. Hadi. “Sensitivity Analysis in
Discrete Bayesian Networks”. IEEE Transactions on Systems, Man and
Cybernetics, vol. 26, pp. 412-423, 1997.

[27] C. Roos, T. Terlaky and J. P. Vial, Theory and algorithms for linear
optimization: An interior point approach, Chichester, UK: Wiley, 1997.

[28] E. Castillo, A. Conejo, R. Minguez and C. Castillo, “An Alternative
Approach for Addressing the Failure Probability-Safety Factor Method
with Sensitivity Analysis”, Reliability Engineering and System Safety,
vol. 82, pp. 207-206, 2003.

[29] E. Castillo, A. S. Hadi, A. Conejo and A. Ferndndez-Canteli, “A General
Method for local sensitivity analysis with application to regression models
and other optimization problems”, Technometrics, vol. 46, pp. 430-444,
2004.

[30] E. Castillo, A. J. Conejo, R. Minguez, C. Castillo, “A closed formula
for local sensitivity analysis in mathematical programming”, Engineering
Optimization, 2005 (in press).

[31] M. Ilic, F. Galiana, and L. Fink, Power systems restructuring: engineer-
ing and economics, Boston: Kluwer Academic Publishers, 1998.

[32] G. B. Sheblé, Computational auction mechanisms for restructured power
industry operation, Boston: Kluwer Academic Publishers, 1999.

[33] M. Shahidehpour, H. Yamin, and Z. Li, Market operations in electric
power systems: forecasting, scheduling and risk management, New York:
Wiley, 2002.

[34] Reliability Test System Task Force, “The IEEE reliability test system
19967, IEEE Trans. Power Syst., Vol. 14, pp. 1010-1020, Aug. 1999.
[35] M. S. Bazaraa, H. D. Sherali and C. M. Shetty, Nonlinear Programming,

Theory and Algorithms, 2nd ed., New York, USA: Wiley, 1993.

[36] D. G. Luenberger, Linear and Nonlinear Programming, 2nd ed., Read-
ing, MA: Addison-Wesley, 1989.

[37] B. C. Lesieutre and I. A. Hiskens, “Convexity of the set of feasible
injections and revenue adequacy in FTR markets,” IEEE Trans. Power
Syst., in press, 2005.

[38] R. Billinton and W. Li, Reliability Assessment of Electric Power Systems
Using Monte Carlo Methods, 2nd ed., New York: Plenum, 1994.

Antonio J. Conejo (F’04) received the M.S. de-
gree from MIT, Cambridge, MA, in 1987, and a
Ph.D. degree from the Royal Institute of Technology,
Stockholm, Sweden in 1990. He is currently a full
Professor at the Universidad de Castilla-La Mancha,
Ciudad Real, Spain.

His research interests include control, operations,
planning and economics of electric energy systems,
as well as statistics and optimization theory and its
applications.

Enrique Castillo received the B.S. degree in Civil
Engineering from the Universidad Politécnica de
Madrid in 1969, the B.S. degree in Mathematics
from the Universidad Complutense de Madrid in
1974, the Ph.D. in Civil Engineering from North-
western University, Chicago, in 1972, and the Ph.D.
degree in Civil Engineering from the Universidad
Politécnica de Madrid in 1973. He is currently
a full Professor at the Universidad de Cantabria,
Santander, Spain, and a founding member of the
Royal Academy of Engineering in Spain.

His research interests include geotechnique, statistics, bayesian networks,
neuronal networks, artificial intelligence, optimization methods, numerical
methods, reliability engineering, and sensitivity analysis and its applications.

Roberto Minguez received from the University of
Cantabria, Santander, Spain, the Civil Engineering
degree, and the Ph.D. degree in Applied Mathemat-
ics and Computer Science in September 2000 and
June 2003, respectively. He is an Assistant Professor
of Numerical Methods in Engineering at the Univer-
sity of Castilla-La Mancha. He is currently working
as Visiting Scholar at Cornell University, New York,
under the Fulbright program.

His research interests are reliability engineering,
sensitivity analysis, numerical methods, and opti-

mization.

Federico Milano (M’03) received from the Uni-
versity of Genoa, Genoa, Italy, the Electrical En-
gineering degree and the Ph.D. degree in Electrical
Engineering in March 1999 and June 2003, respec-
tively. From September 2001 to December 2002 he
worked at the Electrical & Computer Engineering
Department of the University of Waterloo, Water-
loo, Canada, as a Visiting Scholar. He is currently
Assistant Professor of Electrical Engineering at the
Universidad de Castilla - La Mancha.

His research interests are voltage stability, elec-
tricity market and computer-based power system analysis and control.




