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Abstract—This paper provides a methodology to restore
transient stability. It relies on a well-behaved optimal power
flow model with embedded transient stability constraints. The
proposed methodology can be used for both dispatching and
redispatching. In addition to power flow constraints and limits,
the resulting optimal power flow model includes discrete time
equations describing the time evolution of all machines in the
system. Transient stability constraints are formulated by reducing
the initial multi-machine model to a one-machine infinite-bus
equivalent. This equivalent allows imposing angle bounds that
ensure transient stability. The proposed optimal power flow
model is tested and analyzed using an illustrative 9-bus system,
the well-known New England 39-bus, 10-machine system and a
real-world 1228-bus system with 292 synchronous machines.

Index Terms—Dispatching, Optimal Power Flow, Redispatch-
ing, Single-Machine Equivalent, Transient Stability.

NOTATION

The main notation used throughout the paper is stated below
for quick reference. Other symbols are defined as needed
throughout the paper.

A. Functions:

f(·) Cost function.
Inm(·) Current magnitude from busn to bus m as a

function of state variables.
Pnm(·) Active power flow from busn to bus m as a

function of state variables.
Qnm(·) Reactive power flow from busn to busm as a

function of state variables.

B. Variables:

E′
i Emf magnitude of generatori.

Pei Electrical power of generatori.
PGi Active power production of generatori.
PGn Total active power production in busn.
QGi Reactive power production of generatori.
QGn Total reactive power production in busn.
Vn Voltage magnitude at busn.
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δ Rotor angle of the One-Machine Infinite-Bus
(OMIB) equivalent.

δi Rotor angle of generatori.
θn Voltage angle at busn.
ω Rotor speed of the OMIB equivalent.
ωi Rotor speed of generatori.

C. Constants:

ai Constant cost coefficient of generatori.
bi Lineal cost coefficient of generatori.
ci Quadratic cost coefficient of generatori.
Imax
nm Maximum current magnitude through linenm.

PDn Total active power consumed in busn.
Pmax

Gi Capacity of generatori.
Pmin

Gi Minimum power output of generatori.
QDn Total reactive power consumed in busn.
Qmax

Gi Maximum reactive power limit of generatori.
Qmin

Gi Minimum reactive power limit of generatori.
V max

n Maximum voltage magnitude at busn.
V min

n Minimum voltage magnitude at busn.
δmax Rotor angle limit of the OMIB equivalent.

D. Parameters:

Bij Elementij of the reduced susceptance matrix.
Gij Elementij of the reduced conductance matrix.
MC Total inertia coefficient of the critical machine

group.
Mi Inertia coefficient of generatori.
MNC Total inertia coefficient of the non-critical ma-

chine group.
Ybus Reduced admittance matrix.
YDn Equivalent load admittance in busn.
x′

di Transient reactance of generatori.
∆t Integration time step.
δr Return angle of the OMIB equivalent.
δu Instability limit angle of the OMIB equivalent.
Ωb Frequency rating.

E. Sets:

G Set of on-line generators.
GC Set of critical machines.
Gn Set of on-line generators located at busn.
GNC Set of non-critical machines.
N Set of buses.
T Set of time steps.
Θn Set of buses connected to busn.
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I. I NTRODUCTION

A. Motivation

The Optimal Power Flow (OPF) is an appropriate and well-
established tool to identify the control actions (e.g., generating
unit dispatching or redispatching actions) needed to ensure an
appropriate security level prior to real-time operation.

The use of a security constrained OPF is increasingly
needed in nowadays stressed electric energy systems, which
operate under market rules. Thus, there exists a significant
need to develop OPF models that incorporate diverse type of
security constraints to guarantee an appropriate securitylevel.

On the other hand, to study the transient stability under a
major disturbance requires generally cumbersome time domain
simulations. And to incorporate transient stability constraints
within an OPF model poses the challenge of marrying time-
simulation and optimization. We propose an efficacious pro-
cedure to achieve this marriage.

B. Literature Review

The Transient Stability Constrained OPF (TSC-OPF) is a
non-linear semi-infinite optimization problem that includes
algebraic constraints and differential equations. For this rea-
son, standard mathematical programming techniques cannotbe
directly applied and a variety ofad hocalgorithms has been
proposed. A critical review of several approaches proposedfor
solving the TSC-OPF problem can be found in [1].

Two main aspects differentiate the TSC-OPF models that
have been proposed in the literature, namely, (i) how the tran-
sient stability constraints are embedded in the OPF problem;
and (ii) how the transient stability assessment is approached.
A brief literature review of these two aspects follows.

1) Inclusion of transient stability constraints in the OPF:In
[2], [3] and [4], the authors convert the original TSC-OPF into
an optimization problem via a constraint transcription based
on functional transformation techniques. This approach seems
to be a promising method to solve large systems. In [5] and
[6], the authors convert the power system transient stability
model into an algebraic set of equations for each time step of
the time domain simulation. This set of algebraic equationsis
introduced in the OPF as transient stability constraints. The
size of the resulting problem is typically large. Also, in [7],
this model is extended to consider multiple contingencies.
The number of constraints is significantly reduced by using
the reduced admittance matrix in [7] and [8]. In [9], [10]
and [11], the transient stability assessment is solved off-line
and the results are used to determine a bound on the active
power generation of a group of “critical machines” within the
OPF problem. The main advantages of this approach are the
compatibility with any dynamic model of the system and a
low computational burden, while the main drawback is that
obtaining an optimal solution cannot be guaranteed.

2) Transient stability assessment:The transient stability
assessment can be done through time domain simulation [2],
[6]–[8], [10] and [12]; transient energy function (TEF) and
potential energy boundary surface (PEBS) [5], [13], [14]
and [15]; or hybrid methods [9] and [16]–[19]. The time
domain simulation allows taking into account the full system

dynamic model and consists in checking that inter-machine
rotor angle deviations lie within a specific range of values.
Unfortunately, this range is system, if not operating point,
dependent and, in general, is not easy to establish. The meth-
ods based on the transient energy function are able to highly
reduce computational times. However, the main limitation on
the applicability of these methods lies in the construction
of a suitable Lyapounov function and in the definition of
the stability domain. Hybrid methods allow combining the
advantages of time domain simulation and transient energy
function methods and avoiding some drawbacks. This paper
uses the hybrid method proposed in [9].

C. Model Features

We strive to simplify the constraints related to the time
domain simulation while retaining the essential features char-
acterizing this time simulation, which allows ruling out tran-
sients instabilities. To do this, we reduce the original multi-
machine model to a two-machine model using the concept of
SIngle Machine Equivalent (SIME), well documented in [20].
This two-machine model is further reduced to a One-Machine
Infinite-Bus (OMIB) equivalent, following well-established
procedures, [17] and [20]. A bound calculated off-line through
appropriate time domain simulations, is imposed on the angle
of the single equivalent machine to ensure transient stability.

The considered TSC-OPF includes, among others, the pre-
fault power flow equations, technical bounds on generators,
buses and lines, discrete-time swing equations for all the
machines of the system (reproducing the actual time domain
simulation), as well as the transient stability bound on the
angle of the single equivalent machine. The objective function
to be minimized is the cost incurred as a result of dispatching
or redispatching available generating units.

The SIME approach is also used in [9], where the authors
perform a separate analysis based on the OMIB only to
estimate the power to shift from critical to non-critical ma-
chines [20]. In this paper, we use the OMIB to determine the
maximum angle excursion and this information is embedded in
the OPF problem to dispatch or redispatch generator powers.
Thus, the proposed methodology is expected to be more
accurate and more transparent to the market than the one
presented in [9].

Most methods proposed in the literature use an heuristic
limit on the rotor angle deviation for identifying a transient
instability. Table I shows some of such limits. The SIME-
based stability constraint proposed in this paper detects the
very instability mechanisms instead of observing the effect of
the latter and thus allows adaptively determining an appropri-
ate value of the maximum rotor angle deviation to avoid a
transient instability.

Solving an OPF model requires the use of a non-linear
solver and accounting for non-convexity. Currently available
solvers (CONOPT [21], MINOS [22]) are robust and suffi-
ciently efficient in terms of computing time to tackle OPFs.
These solvers fully exploit sparse matrix techniques and can
be started from different initial points so local minima are
avoided. Alternatively to optimization solvers, heuristic pro-
cedures (e.g., [18] or [19]) can be used but at the cost of not
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TABLE I
SOME ANGLE L IMITS FOR STABILITY ANALYSIS USED IN THE

L ITERATURE

Reference
Stability limit

(δmax

ij or similar)

[3], [5], [13] change of sign of PEBS

[6], [7], [8], [12] 100◦

[10] π

[4] 2π/3

[2] 4π/5

[11] 3π

being able to characterize precisely the quality of the solution
attained. Thus, we advocate the use of state-of-the-art solvers
such as CONOPT or MINOS and multiple runs using different
initial solutions to solve OPFs.

D. Contributions

The main contributions of this paper are:
1) To develop transient stability constraints based on an ef-

fective hybrid method for transient stability assessment.
2) To provide a novel dispatching/redispatching OPF-based

iterative methodology to ensure transient stability by
identifying the minimal corrective actions to avoid first-
and multi-swing instability.

E. Paper Organization

The remaining of the paper is organized as follows. Section
II presents the dynamic model used for the machines of the
system and the transient stability criterion. Section III provides
the detailed mathematical formulation of the proposed TSC-
OPF model, while Section IV describes the proposed dispatch-
ing/redispatching procedure. In Section V, three case studies
based on the WECC 9-bus 3-machine system, on the New
England 39-bus 10-machine system, and on a 1228-bus, 292-
machine system, are analyzed and discussed in detail. Section
VI gives some conclusions.

II. SYSTEM MODEL AND TRANSIENT STABILITY

CRITERION

A. Synchronous Machine Model

An advantage of the proposed technique is that any detailed
models of the synchronous machine and its controls can be
considered. In this paper, we use the classical model of the
synchronous machine since it allows reducing the computa-
tional burden of the proposed approach while maintaining
reliable results. Thus, the swing equations for the machine
are represented by a constant emf behind a transient reactance
[23]

δ̇i = Ωb(ωi − 1), ∀i ∈ G (1)

ω̇i =
1

Mi

(PGi − Pei), ∀i ∈ G. (2)

In (2), the mechanical powerPGi is considered constant, i.e.,
fast valving or generator power shedding are not considered.

If the loads are approximated as constant impedances, the
equivalent load admittance at busn is

YDn =
PDn

V 2
n

− j
QDn

V 2
n

, (3)

and the original network can be transformed into an equivalent
reduced network whose nodes are only the internal generator
nodes [23]. The admittance matrix of the reduced network is
called reducedadmittance matrix and can be used to define
the electrical power of the generators. Hence, the electrical
powerPei in (2) can be written as:

Pei = E′
i

∑

j

E′
j [Bij sin(δi − δj) + Gij cos(δi − δj)]. (4)

The proposed formulation allows reducing the number of
variables and constraints of the OPF model, because bus volt-
age magnitudes and phases as well as the equations of current
injections at network buses are not needed in (4). Furthermore,
considering the results of the case studies presented in this
paper, we conclude that the computing time of the OPF model
based on the full admittance matrix is generally significantly
higher than the one required by the proposed OPF problem.
This increase in computing time can be due to the higher
number of constraints and variables and difficulties in finding
an initial feasible solution.

The reduced admittance matrix can be used also with a
detailed generator model, as far as the loads are represented
as constant impedances and the admittance matrix reductionis
stopped at the machine buses and not extended to the fictitious
internal node of the classical machine model.

B. Transient Stability Criterion

The transient stability criterion used in this paper is based
on the SIME method [9], [20]. SIME is a transient stability
analysis technique based on a simple but effective and well-
proved technique. For each step of the time domain simulation,
SIME divides the multi-machine system into two groups, (i)
the group of machines that are likely to lose synchronism
(critical machines) and (ii) all other machines (non-critical
machines). The maximum difference between two adjacent
rotor angles, sayδi − δj , indicates the frontier between the
two machine groups, as follows. All generators whose rotor
angles are greater thanδi are part of the critical machine
group, while all generators whose rotor angles are lower than
δj are part of the non-critical machine group. These two groups
are replaced by an OMIB equivalent system, whose transient
stability is determined by means of the Equal-Area Criterion
(EAC). Finally, SIME establishes a set of stability conditions
based on the equivalent OMIB parameters and on the EAC.
A detailed description of the SIME method is given in [20],
whereas a brief summary can be found in [24]. In the sequel,
the SIME method is illustrated through some examples.

If the simulation is unstable, SIME provides information
about which are the critical machines, the timetu and the
rotor unstableangleδu for which the instability conditions are
reached. Similarly, if a simulation is first-swing stable, SIME
provides the timetr and the rotorreturn angleδr for witch
the OMIB equivalent meets the first-swing stability conditions.
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We use SIME criteria to define transient stability limits in the
OPF problem, as described in Section IV.

III. TSC-OPF MODEL DESCRIPTION

A. Objective Function

If the TSC-OPF is used as a dispatching tool, the objective
function z = f(·) represents the operating cost of power
production:

f(PGi) =
∑

i∈G

ai + biPGi + ciP
2
Gi, (5)

wherePGi is the active power generation of generatori and
ai, bi andci are its cost coefficients.

If the TSC-OPF is used as a redispatching tool, the objective
function f(·) represents the cost of power adjustments as

f(∆P
up
Gi ,∆P down

Gi ) =
∑

i∈G

r
up
Gi∆P

up
Gi + rdown

Gi ∆P down
Gi , (6)

where ∆P
up
Gi and ∆P down

Gi are the power adjustments of
generatori and rdown

Gi and r
up
Gi are the prices offered by

the generator to decrease and increase its day-ahead power
dispatch for security purposes, respectively. In this case, the
active generation powersPGi are defined by

PGi = PA
Gi + ∆P

up
Gi − ∆P down

Gi , ∀i ∈ G, (7)

wherePA
Gi represents the base case active generation power

of generatori. The power adjustments need the following
additional constraints:

∆P
up
Gi ≥ 0,∆P down

Gi ≥ 0, ∀i ∈ G. (8)

Note that equation (6) establishes that any change from the
base case implies a payment to the agents involved [25].

B. Power flow equations

The power flow equations are defined by the active and
reactive power balances at all buses:

PGn − PDn =
∑

m∈Θn

Pnm(·), ∀n ∈ N (9)

QGn − QDn =
∑

m∈Θn

Qnm(·), ∀n ∈ N , (10)

where the powers on the left-hand side of each equation are
defined as:

PGn =
∑

i∈Gn

PGi, ∀n ∈ N (11)

QGn =
∑

i∈Gn

QGi, ∀n ∈ N . (12)

C. Technical Limits

The power production is limited by the capacity of the
generators,

Pmin
Gi ≤ PGi ≤ Pmax

Gi , ∀i ∈ G (13)

Qmin
Gi ≤ QGi ≤ Qmax

Gi , ∀i ∈ G. (14)

The bus voltages magnitudes must be within the operating
limits,

V min
n ≤ Vn ≤ V max

n , ∀n ∈ N . (15)

The current flow through all series elements of the network
must be below thermal limits:

Inm(·) ≤ Imax
nm . (16)

D. Initial values of machine rotor angles and emf magnitudes

The initial values of generator rotor anglesδ0
i and emfE′

i

are obtained from the system pre-fault steady-state conditions
as follows,

E′
iVn sin(δ0

i − θn)

x′
di

− PGi = 0, ∀i ∈ Gn (17)

E′
iVn cos(δ0

i − θn) − V 2
n

x′
di

− QGi = 0, ∀i ∈ Gn. (18)

Furthermore, since the pre-fault is a steady-state condition,
one has:

ω0
i = 1, ∀i ∈ G. (19)

E. Discrete Swing Equations

The swing equations (1) and (2) are discretized using the
trapezoidal rule. Hence, generator rotor angles and speedsfor a
generic time step (t+1) are defined by the following equations:

δt+1
i − δt

i −
∆t

2
Ωb(ω

t+1
i + ωt

i − 2) = 0,

∀t ∈ T ,∀i ∈ G (20)

ωt+1
i − ωt

i −
∆t

2

1

Mi

(PGi − P t+1
ei + PGi − P t

ei) = 0,

∀t ∈ T ,∀i ∈ G, (21)

where

P t
ei = E′

i

∑

j

E′
j [B

t
ij sin(δt

i − δt
j) + Gt

ij cos(δt
i − δt

j)]. (22)

Note that the reduced admittance matrix depends on the
network topology. Hence, in (22), the values ofBt

ij andGt
ij

are different for the during-fault and post-fault states, and
consequently depend on time.
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F. Transient Stability Limit

For each time step, the equivalent OMIB rotor angle must
be below the instability limit provided by SIME.

δt ≤ δmax,∀t ∈ T , (23)

where T is as small as possible to reduce computing time
but larger than the instability timetu as defined by the SIME
method. The inequality (23) is the main constraint that forces
redispatching and is always binding. The dual variableµ

associated with (23) indicates the sensibility of the objective
function z with respect toδmax:

µ =
dz

dδmax
(24)

and is thus a measure of the impact of the stability constraints
on the total dispatching or redispatching cost. The equivalent
OMIB rotor angle is computed as:

δt =
1

MC

∑

i∈GC

Miδ
t
i −

1

MNC

∑

i∈GNC

Miδ
t
i , (25)

where

MC =
∑

i∈GC

Mi and MNC =
∑

i∈GNC

Mi. (26)

It is worth observing that (23) is a stability constraint
compatible with most solution methods that have been pro-
posed in the literature. Thus, (23) can be used in conjunction
with reduced or full admittance matrix, detailed or simplified
generator model, etc. The TSC-OPF formulation that is used
in this paper is just one possible way of implementing (23).

G. Other Constraints

The proposed OPF problem is completed with the following
additional constraints,

− π ≤ θn ≤ π, ∀n ∈ N , (27)

θref = 0. (28)

Equation (27) is included to reduce the feasibility region,thus
speeding generally up the convergence of the OPF problem.

H. Problem Formulation

The formulation of the OPF problem is summarized below:

Minimize (5) or (6)

subject to

1) Power flow equations (9)-(10)

2) Technical limits (13)-(16)

3) Initial values of machine rotor angles and emf
magnitudes (17)-(19)

4) Discrete swing equations (20)-(21)

5) Transient stability limit (23)

6) Other constraints (27)-(28).

The above formulation can be easily extended to the multi-
contingency case by including constraints (20)-(21) and (23)
for each considered contingency.

IV. PROCEDURETO ENSURETRANSIENT STABILITY

Converting the whole time domain simulation of the system
transient stability model into a set of algebraic equations
results in a very large number of equations to be included in
an OPF. Solving such non-linear OPF problem may require
prohibitive computing times and prohibitive memory size,
and may lead to convergence issues. To reduce the number
of constraints, we use the reduced admittance matrix and
constrain the OMIB equivalent trajectory only during the first
swing of the system. The latter allows including the discretized
transient stability equations (20)-(21) and (23) only for afew
seconds after the fault occurrence.

The proposed procedure is as follows.

1) Base Case Solution. The base case solution can be
obtained from an OPF problem that consists of mini-
mizing (5) subjected to power flow equations (9)-(10),
technical limits (13)-(16) and constraints (27)-(28). If
the procedure is used as a redispatching tool, the base
case corresponds to a dispatching solution obtained by
any suitable technique.

2) Contingency analysis. The contingency analysis consists
in identifying, from a set of credible contingencies,
the ones that lead the system to instability. This iden-
tification is carried out by means of a time domain
simulation complemented by SIME using a technique
similar to the one in [24]. For first-swing unstable con-
tingencies, SIME provides the sets of critical and non-
critical machines and the instability limit(δu) for the
OMIB equivalent. Equations (23) and (25) incorporate
this information.

3) Solve the TSC-OPF problem. The OPF problem de-
scribed in Section III-H is solved and the new generating
powers and bus voltages are computed.

4) Check the new solution. A time domain simulation that
includes SIME is solved for the new operating point
obtained at step 3. This simulation is necessary to check
the transient stability of the new operating point. Three
different cases can be encountered:

a) The system is stable and the procedure stops.
b) The system is first-swing unstable. This is due to

the fact that the reduced admittanceYbus used in
the optimization problem has been calculated for
the initial solution that exhibits different voltage
values than the solution obtained at step 3 (see
equation (3)). Thus, the reduced admittance matrix
is updated and the transient stability limitδmax

is fixed to the new value ofδu. The procedure
continues at step 3.

c) The system is multi-swing unstable. In this case,
the OMIB equivalent has a return angleδr in the
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first swing. However, after some cycles, the system
loses synchronism. The return angle valueδr is
used to define the new transient stability limitδmax.
In order to avoid multi-swing phenomena,δmax is
set toδr−∆δ, i.e.,δmax is fixed to a value smaller
thanδr. The value of the decrement∆δ is defined
based on a heuristic criterion. Finally, the reduced
admittance matrixYbus is updated. The procedure
continues at step 3.

The flowchart depicted in Fig. 1 illustrates the proposed
procedure.

Note that in the first iteration, the TSC-OPF problem is
initialized with the base case solution while in the following
iterations the TSC-OPF problem is initialized with the solution
of the previous iteration. Since the OPF problem is non-
convex, the solution for each iteration can be double-checked
by starting from several different initial guesses. Starting
points are obtained by randomly perturbing (using a normal
distribution within a20% range) the base-case solution or the
solution of the previous OPF solved. In our simulations, we
did not observe convexity problems, mainly due to the fact
that the initial guess is close to the optimum.

Base Case 

Contingency Analysis: 

Time Domain Simulation 

SIME

u

max

TSC-OPF

Time Domain Simulation 

SIME

Stable? 

First-swing

unstable? 

End
Yes

Yes

u

max

No

No

Update busY

r

max

Update busY

δ δ

δ δ δ

δ δ

Fig. 1. Flow chart of the proposed procedure.

We consider that one single harmful contingency is found
at step 2. However, as discussed in Subsection III-H, multiple
contingencies can be readily taken into account by including
equations (20)-(21) and (23) for each contingency in the TSC-
OPF problem. In what follows, we are concerned only with

single-contingency scenarios.
There could be situations where the power shifts determined

by the proposed procedure could modify the instability mode,
i.e., change the set of critical/non-critical machines. This re-
quires to include equations (23) and (25) for both the previous
and the new instability mode.

V. CASE STUDIES

In this section we present the result of a variety of case
studies based on the WECC 9-bus, 3-machine system; the
New England 39-bus, 10-machine system; and a 1228-bus,
292-machine system. While the 9-bus and 39-bus systems are
presented for the sake of comparison with existing literature
[10] and [19], the 1228-bus system is used for testing the
proposed transient stability criterion in a real-world large-scale
system. All simulations were carried out using Matlab 7.6 [26]
and GAMS 22.7 [27]. For solving time domain simulations, we
used PSAT [28] that has been modified to include an embedded
SIME algorithm. Finally, the proposed TSC-OPF problem has
been solved using CONOPT [21].

The whole simulation time is5 s for time domain simula-
tions whereas the discretized dynamic equations are included
for the first two seconds in the TSC-OPF problem. Setting
T = [0, 2] s is sufficient to reveal first swing transient
instabilities. However, performing time domain simulation
over 5 seconds guarantees that the system system does not
undergoes multi-swing instability.

A. WECC 9-Bus, 3-Machine System

Figure 2 shows the WECC 3-machine, 9-bus system. The
full dynamic data of this system can be found in [29], while
generator cost data and limits are defined in [10] and [19].
In order to compare results with [10] and [19], we use the
proposed technique as a dispatching TSC-OPF, thus (5) is used
as objective function.

In this case study, we consider the following two cases:
Case A: A three-phase-to-ground fault occurs at bus 7 and
is cleared after0.35 s by tripping line 7-5. This case
corresponds to Case A of [10] and [19].

Case B: A three-phase-to-ground fault occurs at bus 9 and
is cleared after0.30 s by tripping line 9-6. This case
corresponds to Case B of [10] and [19].

The base case solution is first-swing unstable for the con-
tingencies of both cases,A and B. In case of multi-swing
instability, we use∆δ = 1 degree for computing the new
value of δmax. The time step used in these case studies is
∆t = 0.01 s.

Gen 1

2 3

5 6

7 8 9

Gen 2

1 4

Gen 3

Fig. 2. One-line diagram of the WECC 3-machine, 9-bus system.
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Fig. 3. CaseA. OMIB plot and rotor angle trajectories for the WECC
3-machine, 9-bus system: unstable base case.
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Fig. 4. CaseA. OMIB plot and rotor angle trajectories for the WECC 3-
machine, 9-bus system: first iteration of the TSC-OPF procedure. The system
shows first-swing instability.

1) Case A:The equivalent OMIB for the base case solution
is unstable since the rotor angleδ increases beyond the
admissible angleδu = 160.44 degrees aftertu = 0.49 s.
Figure 3 shows the unstable behavior of the base case OMIB
equivalent and of rotor angle trajectories after the occurrence
of the contingency and the subsequent fault clearing. After
carrying out the steps of the procedure described in Section
IV, the system becomes stable. The procedure requires three
iterations to converge, as follows.

1) In the first iteration, the TSC-OPF solution is first-swing
unstable, as shown in Fig. 4. The equivalent OMIB
trajectory reaches the instability conditions attu = 0.79
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Fig. 5. CaseA. OMIB plot and rotor angle trajectories for the WECC
3-machine, 9-bus system: second iteration of the TSC-OPF procedure. The
system shows multi-swing instability.
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Fig. 6. CaseA. OMIB plot and rotor angle trajectories for the WECC 3-
machine, 9-bus system: third and final iteration of the TSC-OPFprocedure.
The system is stable.

s with an unstable angleδu = 152.28 degrees.
2) In the second iteration, the TSC-OPF solution is multi-

swing unstable: the equivalent OMIB trajectory shows
a return angleδr = 150.55 degrees in the first swing at
tr = 0.74 s but the system loses synchronism attu =
2.63 s. Figure 5 confirms that this is a multi-swing case.

3) Finally, in the third iteration, the TSC-OPF solution is
stable. Figure 6 shows that the equivalent OMIB and
rotor angle trajectories remain stable during the whole
time domain simulation. The OMIB return angle isδr =
149.51 degrees in the first-swing attr = 0.72 s.
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TABLE II
OPTIMAL SOLUTIONS FOR THE9-BUS, 3-MACHINE SYSTEM

Generator Base Case CaseA CaseB

(MW) (MW) (MW)

G1 105.94 117.85 120.01

G2 113.04 103.50 121.13

G3 99.24 96.66 76.84

Cost ($/h) 1132.18 1134.01 1137.82

TABLE III
COMPARISON OFTOTAL COSTS FOR9-BUS, 3-MACHINE SYSTEM

Case TSC-OPF Ref. [19] Ref. [10]

($/h) ($/h) ($/h)

Base Case 1132.18 1132.30 1132.59

CaseA 1134.01 1140.06 1191.56

CaseB 1137.82 1147.77 1179.95

2) Case B:The OMIB equivalent for the base case solution
is unstable after the occurrence of the contingency and the
subsequent fault clearing. Attu = 0.32 s, the rotor angleδ
increases beyond the admissible angleδu = 171.16 degrees
and thus the system loses synchronism. By applying the pro-
cedure described in Section IV, the resulting system recovers
stability. In this case, the procedure requires two iterations to
converge, as follows.

1) In the first iteration, the TSC-OPF solution is multi-
swing unstable. The equivalent OMIB trajectory reaches
the first-swing stability conditions attr = 0.48 s with a
return angleδr = 166.19 degrees but the system loses
synchronism attu = 1.45 s.

2) In the second iteration, the TSC-OPF solution is stable.
The equivalent OMIB trajectory remains stable during
the whole time domain simulation with a return angle
δr = 165.14 degrees in the first swing attr = 0.49 s.

The results of the case studies solved for the WECC system
are summarized in Table II. This table shows the generated
active powers for the base case and for casesA and B

as obtained by implementing the proposed TSC-OPF-based
procedure. Table II also shows the resulting total cost of the
base case and casesA and B. As expected, the solutions of
casesA andB are more expensive than the one pertaining to
the base case.

For the sake of comparison, Table III provides the results
obtained by means of the proposed TSC-OPF and the results
obtained in [10] and [19]. In particular Table III shows the
total costs for the base case and for casesA and B. The
proposed technique provides overall better or similar results
than the other ones. The differences in the base case solutions
are mainly due to truncation errors of the solvers and rounding
of input data.

B. New England 39-Bus, 10-Machine System

Figure 7 shows the New England 10-machine, 39-bus sys-
tem. The full dynamic data of this system can be found in
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Fig. 7. One-line diagram of the New England 10-machine, 39-bus system.

[14], while generator cost data and limits are defined in [10]
and [19]. As in the case of the WECC system, (5) is used as
objective function in order to compare results with [10] and
[19].

In this case study, we consider the following two cases:

Case C: A three-phase-to-ground fault occurs at bus 4 and
is cleared after0.25 s by tripping line 4-5. This case
corresponds to Case C of [19] and Case E of [10].

Case D: A three-phase-to-ground fault occurs at bus 21
and is cleared after0.16 s by tripping line 21-22. This
case corresponds to Case D of [19].

Both casesC and D lead to a first-swing unstable base
case solution and it is thus necessary to modify the initial
dispatching to stabilize the system. The time step used in these
case studies is∆t = 0.01 s.

1) Case C:The equivalent OMIB for the base case solution
is unstable after the occurrence of the contingency and the
following fault clearing, since the rotor angleδ increases
beyond the admissible angleδu = 145.26 degrees after
tu = 1.07 s. The proposed TSC-OPF procedure stabilizes the
system, as confirmed by Fig. 8.

2) Case D: This case is similar to the previous caseC.
The base case OMIB equivalent is unstable since the rotor
angle δ increases beyond the admissible angleδu = 123.10
degrees which is reached attu = 1.05 s. After processing
the system through the proposed TSC-OPF methodology the
system recovers stability. The resulting stable trajectories of
the machine rotor angles are depicted in Fig. 9.

In both casesC andD, after some iterations of the proposed
technique, a multi-swing instability occurs. This instability is
detected by the time domain simulation. To avoid the multi-
swing instability further iterations are needed.

Table IV shows the generated active powers as well as the
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Fig. 9. CaseD. Stable trajectories of generator rotor angles for the New
England 39-bus system.

resulting total costs for the base case and for casesC andD as
obtained by solving the proposed TSC-OPF-based procedure.
The results confirm that the adjustments of the generated
powers needed to stabilize the system make the solutions of
casesC andD more expensive than that of the base case.

For comparison and completeness, Table V shows the total
costs for the base case and casesC andD as obtained by using
the proposed TSC-OPF procedure and the ones presented in
[10] and [19]. Also in this case study, the proposed technique
provides overall better or similar results than the other ones.
As in the case of the WECC system, the differences in the
base case solutions are due to numerical approximations.

TABLE IV
OPTIMAL SOLUTIONS FOR39-BUS, 10-MACHINE SYSTEM

Generator Base Case CaseC CaseD

(MW) (MW) (MW)

G1 242.39 245.38 245.94

G2 566.94 554.57 572.56

G3 642.73 630.71 648.11

G4 629.50 626.14 627.56

G5 507.90 506.08 505.91

G6 650.38 646.92 628.12

G7 557.99 554.49 539.01

G8 534.76 537.93 539.94

G9 829.37 829.28 833.38

G10 977.56 1007.89 998.56

Cost ($/h) 60918.66 60934.82 60937.85

TABLE V
COMPARISON OFCOSTS FOR39-BUS, 10-MACHINE SYSTEM

Case TSC-OPF Ref. [19] Ref. [10]

($/h) ($/h) ($/h)

Base Case 60918.66 60936.51 60992.88

CaseC 60934.82 61021.04 61826.53

CaseD 60937.85 60988.25 -
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Fig. 10. Unstable trajectories of generator rotor angles for the 1228-bus
system.

C. 1228-Bus, 292-Machine System

A 1228-bus, 1903-line/transformer and 292-machine system
is considered in this subsection to show that the proposed
technique can be applied to a real-world power system. All
machines are modeled using a second order model. We assume
that the initial power flow solution is the result of a market
clearing procedure that does not include transient stability
constraints. Figure 10 shows the loss of synchronism of 11
machines following a three-phase short circuit cleared after0.2
s. The base case OMIB equivalent is unstable since the rotor
angle δ increases beyond the admissible angleδu = 157.75
degrees which is reached attu = 0.4375 s.

We use the proposed technique as a redispatching tool,
i.e., we use (6) as objective function. This way, the TSC-
OPF problem minimizes the cost of shifting generation with
respect to the initial operating point. The time step used in
this case is∆t = 0.1 s. The whole procedure converges in
just one iteration (no multi-swing shows up in this case).
Assuming as a CPU time base the time necessary to solve
one OPF problem without stability constraints (i.e., problem
(6), (9)-(10), (13)-(16) and (27)-(28)) plus one time domain
simulation, the per unit CPU time required to solve this case
study is 11.4. The resulting trajectories of generator rotor
angles after redispatching are shown in Fig. 11.

D. Concluding Remarks

As any stability constrained OPF procedure, the proposed
TSC-OPF problem includes a variety of parameters that can
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Fig. 11. Stable trajectories of generator rotor angles for the 1228-bus system.

TABLE VI
EFFECT OF∆δ PARAMETER ON SIMULATION TIMES AND COSTS FOR THE

39-BUS, 10-MACHINE SYSTEM

CaseC CaseD

∆δ Iter. CPU Cost Iter. CPU Cost

(deg.) # (p.u.) ($/h) # (p.u.) ($/h)

1 31 41.84 60934.82 37 57.39 60937.85

3 14 16.83 60939.03 13 20.39 60939.21

5 9 11.99 60937.37 8 13.05 60938.50

be adjusted to improve computational performance, especially
in terms of computing time. In this subsection we focus on
two parameters, i.e., the variation∆δ that is used at each
iteration in case of multi-swing instability, and the time step
∆t used for the numerical time integration embedded in the
OPF problem. For the sake of illustration, in the following
paragraphs we consider the WSCC case studiesC andD.

Effect of varying∆δ. Table VI provides number of itera-
tions, per unit CPU times and total costs obtained for∆δ = 1,
3 and5 degrees, respectively. CPU times are normalized with
respect to the time necessary to solve one OPF problem with-
out stability constraints plus one time domain simulation.Each
iteration involves steps 3 and 4 of the procedure described in
Section IV. The results show that decreasing∆δ does not
improve notably the total cost of the dispatching procedure
while significantly increases the computational time.

Effect of varying∆t. Table VII shows that different time
steps ∆t can lead to similar total costs with significantly
different simulation times. From our experience, we conclude
that time steps up to0.1 s provide an appropriate trade-off
between accuracy and efficiency for the model used and the
technique proposed.

Finally, note that the SIME-based transient stability con-
straint is compatible with any OPF formulation.

VI. CONCLUSIONS

This paper provides a methodology to ensure transient
stability. It relies on an OPF model with embedded transient

TABLE VII
EFFECT OF∆t PARAMETER ON SIMULATION TIMES AND COSTS FOR THE

39-BUS, 10-MACHINE SYSTEM

CaseC CaseD

∆t Iter. CPU Cost Iter. CPU Cost

(s) # (p.u.) ($/h) # (p.u.) ($/h)

0.01 31 41.84 60934.82 37 57.39 60937.85

0.025 27 21.19 60935.40 32 24.01 60936.93

0.05 20 11.38 60935.72 23 13.38 60938.68

0.1 9 5.19 60937.73 11 6.34 60938.48

stability constraints. These constraints are based on SIME
method and ensure transient stability of the system against
major disturbances, e.g., faults and/or line outages. In addition
to power flow constraints and bounds, the resulting OPF model
includes discrete time equations describing the time evolution
of all machines in the system and a stability constraint on the
OMIB defined by SIME. The proposed technique is suited for
both dispatching or redispatching procedures. The time domain
integration is solved for a limited time interval, which allows
ensuring a high accuracy of the solution.

The variety of case studies that are discussed in the paper
show that the proposed TSC-OPF procedure is reliable and
generally provides more economical results than other existing
techniques.

An advantage of the proposed technique is the fact that
additional details can be incorporated by taking into account
alternative device models and/or adding different transient
stability constraints. These modifications and their effects on
the accuracy of the results will be investigated in future work
on this topic.
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