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Abstract—In this paper the dynamic response of the virtual
impedance control loop for power electronic converters is studied
using the recently proposed concept of complex frequency. This
quantity captures bus frequency variations due to changes in
both the phase angle and the amplitude of the voltage and
current. The paper derives analytically the link between complex
power and complex frequency, allowing the incorporation of the
virtual impedance control equations. First, the impact of the
virtual impedance control on the complex frequency is considered
independently of other control loops by simplifying the overall
control structure. Then, the equations are generalised to include
the interaction of the virtual impedance with a proportional-
integral voltage controller. The paper shows that the proposed
theoretical formulation allows identifying the dynamic effect of
the virtual impedance and simplifies its design. These features are
demonstrated by using simulations based on a modified version
of the WSCC 9-bus system.

Index Terms—Complex frequency, virtual impedance, con-
verter control, voltage source converter.

I. INTRODUCTION

A. Motivations

The output impedance has been identified as a critical
parameter for the operation and stability of Voltage Source
Converters (VSCs) [1]. A prominent way for shaping this
impedance is through the Virtual Impedance (VI) control
technique [2]. This method consists of emulating the operation
of an impedance inside the converter control and avoids
the costly manipulation of the converter hardware. Several
implementations and design methods have been proposed in
the literature [3, 4]. Although the operation of the VI loop and
its design trade-offs have been intensely studied, the impact of
VI parameters on the local frequency of the converter bus has
not been discussed so far. In this paper, the recently proposed
concept of Complex Frequency (CF) [5] is utilised to establish
the analytical relationship between the VI control parameters
and the local frequency of the converter connection bus.

B. Literature Review

VI controllers were originally implemented to improve
power sharing in ac microgrids [6]. Then, their application
has been extended to dc microgrids [7]. Other applications of
these controllers include fast current limiting during transient
conditions [8] and harmonic mitigation [9]. A critical property
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of VIs is their ability to improve power-sharing and stability
margins when multiple grid-forming converters operate in
parallel [4, 10]. This property has led to VIs being incorporated
as part of grid-forming, cascaded control configurations [11].

The definition and estimation of the local frequency at
the buses of a power system has been a relevant research
topic, particularly during transient conditions [12]. In [13],
a formula to estimate the frequency at the buses of a lossless
power system was proposed. In [5], the definition of system
frequency was expanded to a complex quantity, capturing
frequency variations caused both from the change of voltage
phase angle but also of voltage magnitude. By using CF, the
assumption of a lossless system was dropped and an analytical
link between the complex power injection at a bus, the rate
of change of said power and the bus frequency was derived.
From then on, CF was used to provide a taxonomy of power
converter control schemes, including grid-following and grid-
forming control structures [14]. The contribution and effect of
VI in these control schemes was, though, omitted. In recent
works, CF was used to introduce the concepts of complex
synchronization and complex droop [15, 16]. Lastly, in [17],
the concept of geometric frequency was proposed, of which
the CF is a special case in two dimensions.

C. Contributions

In this paper, the novel quantity of CF is used to analytically
derive the effect of the VI control loop at the frequency of
the converter connection bus. The operation of the controller
is assessed firstly independently and then also as a part of a
complete, grid-forming control structure. The paper shows that
the proposed theoretical formulation allows the separation of
the VI effects from the rest of the control system and sim-
plifies the selection of its control parameters. The theoretical
contributions are validated by using simulations that include a
grid-forming VSC and a realistic grid benchmark.

D. Paper Organization

The rest of the paper is organized as follows. In Section II,
the VSC connection to the ac bus is explained and the block
diagrams of the controllers studied in this work are presented.
In Section III, some preliminary formulations regarding the
CF are given. Then, in Section IV, the above formulations are
utilised to derive analytically the link between VI parameters
and the CF. A case study that validates the theoretical results
is presented in Section V, providing guidelines in selecting
the VI parameters. Finally, Section VI draws conclusions and
outlines future work.
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II. SYSTEM AND CONTROL OVERVIEW

Figure 1 shows an overview of the VSC connection config-
uration and control, as studied in this work. The converter is
connected to bus h of a larger power system through an LC
filter. The dc part is represented with an ideal voltage source
of voltage vdc. The controller consists of an outer voltage
controller, a VI loop and two PI-based, cascaded voltage
and current inner controllers. For the theoretical derivations
presented in this work, ideal synchronization between the
converter variables and the grid voltage is assumed. The reader
is referred to [14] for understanding the effect of various
synchronization mechanisms on the complex frequency of
the connection bus. The VI loop and its interaction with the
voltage controllers are the main focus of this work.

Fig. 1. VSC connection configuration and control overview.

Figure 2 shows the control scheme of the VI controller used
throughout this work. Its implementation is based on the quasi-
stationary approach, in which only the fundamental frequency
is used for the reactance part [2]. This option is often pre-
ferred in practical applications to avoid high-frequency noise
amplification via the emulation of the impedance across the
full frequency spectrum [4, 18].

Fig. 2. Control scheme of VI control loop.

Figure 3 shows the structure of the internal voltage con-
troller. It is based on two Proportional Integral (PI) controllers,
one for each of the dq channels, that introduce the internal
states xdq. It expands upon the voltage controller studied
in [14] by including additional Feed-Forward (FF) terms for
current and voltage.

III. PRELIMINARIES

This section presents some preliminary formulations that
will be later used to assess the impact of the VI on the CF.

Fig. 3. Control scheme of an inner voltage controller with decoupling and
feed-forward terms for current and voltage.

More information regarding CF and its application on the
analysis of the control systems of power converters can be
found in [5, 14]. A complex quantity u can be expressed in
polar or rectangular form, as in:

u = ud + ȷ uq = u exp(ȷφ) ,

= exp
(
ln(u) + ȷφ

)
, u ̸= 0 .

(1)

where u =
√

u2
d + u2

q and φ = arctan(uq/ud). Taking the
time derivative of (1) results in:

u̇ = (u̇/u+ ȷφ̇) u = (ρu + ȷωu)u = ηu u . (2)

The quantity ηu has been defined in [5] as the CF of time-
dependent Park vectors of the voltage and of the injected
current at bus h, as follows:

v̇h = ηv vh , ı̇h = ηı ıh . (3)

The CF includes a real and an imaginary part, with each one
depending exclusively on the magnitude and phase angle of
the Park vector, respectively. One should note that the use of
CF as a derivative operator is general for any control signal,
not limited only to voltages and currents [14]. It is noted also
that, during transients, ηv ̸= ηı [5]. Using Park vectors, the
instantaneous power injected at a bus h can be written as a
complex quantity, as follows:

sh = vh ı
∗
h , (4)

where ∗ denotes the complex conjugate operator. The rate of
change of complex power is:

ṡh = v̇h ı
∗
h + vh ı̇

∗
h

= ηv vh ı
∗
h + vh η

∗
ı ı

∗
h

= (ηv + η∗ı ) sh .

(5)

The above equation will be used in the following section to
derive the effect of the VI controller on the CF.

IV. COMPLEX FREQUENCY DERIVATIONS

A. Virtual Impedance Effect on Complex Frequency

The equation that describes the VI loop is [11]:

vref = vQ − Zvıh, (6)
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where Zv = Rv + ȷXv is the virtual impedance and vQ is the
input of the VI, calculated from an outer voltage controller [10,
14]. By assuming ideal voltage control (vref ≈ vh) and taking
the derivative of (6), one derives:

ηvvh = ηvQvQ − Zvηııh. (7)

By assuming constant (or slowly changing) vQ, ηvQvQ = 0
and thus, one derives:

ηvvh = −Zvηıιh. (8)

By multiplying both sides of (8) by ı∗, one derives:

ηvvhı
∗
h = ηvsh = −Zvηıι

2
h = −ηısZ , (9)

where sZ is the power “consumed” by the virtual impedance.
By solving (9) for ηı and then by applying the conjugate
operator and substituting the result in (5), the contribution of
the VI to the complex frequency of the voltage is derived:

ṡh = ηvsh − η∗v
s2h

Z
∗
vι

2
h

. (10)

Equation (10) shows that the VI causes a “complex modu-
lation” to the CF. This equation captures the specific contri-
bution of the VI control to the bus frequency, something im-
possible to evaluate when using standard system formulations.
Furthermore, this equation also assumes a non-zero value of
Zv . If Zv = 0, the result is an ideal voltage controller. In
that case, it can be concluded from (6) that : vQ = vref ≈ vh
and thus, the frequency at the bus exclusively depends on the
dynamics of the outer voltage controller.

B. Virtual Impedance with Voltage Controller

The equations of a PI-based, voltage controller (includ-
ing FF) are [19]:

ẋ = vref − vh,

ıref = Kp(vref − vh) +Kix+ ȷCfωovh + ιh,
(11)

where x is the internal state of the PI, Kp and Ki are the
proportional and integral gains, respectively, and Cf is the
capacitance of the LC filter. By applying Kirchhoff’s current
law to the output node of the LC filter (see Figure 1), the
current injected in h is obtained as a function of the inductor
current ıL and the capacitor current ıC :

ıh = ıL − ıC = ıL − Cf v̇h = ıL − Cfηvvh. (12)

By neglecting the electromagnetic transient effects of the
capacitor (Cfηvvh ≈ Cf ȷωovh), assuming an ideal current
controller (ıref ≈ ıL) and substituting (6), (12), equation (11)
becomes:

ẋ = vQ − Zvıh − vh,

0 = Kp(vQ − Zvıh − vh) +Kix

= vQ − Zvıh − vh + κPIx,

(13)

where κPI = Ki/Kp. Equation (13) represents the dual
expression of a current controller with decoupling and voltage
FF, presented in [14], for a voltage controller. Through the
cancellation of the opposite terms in (13), the dq-channel

TABLE I
HARDWARE AND CONTROL PARAMETERS FOR THE VSC.

Parameter Value [pu] Parameter Value [pu]
Cf 0.01 Lf 0.08
P/f droop 1 Q/V droop 1
P/f Ts 0.001 s Q/V Ts 0.001 s
Kp voltage 0.59 Ki voltage 10
Kp current 1.27 Ki current 14.3

decoupling and the disturbance rejection capability of the
controller is improved. By taking the derivative of the second
equation of (13), the following is obtained:

(ηv + κPI)vh = (ηvQ + κPI)vQ − (ηı + κPI)Zvıh. (14)

One should note that (14) is a generalised form of (7) that
takes into consideration the effect of the voltage controller.
By multiplying both sides of the equation with ı∗, the above
relation is expressed in terms of complex power:

(ηv + κPI)vhı
∗ = (ηvQ + κPI)vQı

∗ − (ηı + κPI)Zvı
2
h,

⇒ (ηv + κPI)sh = (ηvQ + κPI)sQ − (ηı + κPI)sZ .
(15)

By solving for ηı, applying the conjugate operator and substi-
tuting in (5), the contribution of each separate controller to the
CF of the voltage is analytically derived. This facilitates the
understanding of the cascaded control structure and simplifies
the controller gain selection.

V. SIMULATION RESULTS

To validate the theoretical developments, a case study con-
sidering a modified version of the well-known, WSCC 9-bus
system is presented in this section. Compared to the standard
system, a VSC-interfaced energy storage system is additionally
connected at bus 5 of the network. It is shown in Figure 1 and
modeled as in [20]. The grid-forming operation of the VSC
is achieved through P/f and Q/V droop controllers as in
[21, 22]. The dynamics of the LC filter and the inner voltage
and current control loops are considered for the simulations.
The control and hardware parameters that were used for the
VSC are presented in Table I. The CF components ρv and
ωv are calculated as in [5]. The synchronous generators are
modeled using standard fourth order models. All simulations
were carried out with the Dome software tool [23]. The
contingency that is used for all examples is a disconnection of
the load at bus 5 at t = 0.1 s. The active power injection for the
VSC was set to 0.7 pu for all cases. With the adopted current
convention for the VSC, negative active power signifies power
injection to the grid while positive reactive power signifies
inductive operation. All frequencies in this section refer to
deviations from the nominal values (ρv = 0 and ωv = 1 pu).

A. Effect of Virtual Resistance

Figure 4 shows the real and imaginary parts of the CF at
bus 5 for different values of virtual resistance Rv . For these
simulations, the value for the virtual reactance was set to
Xv = 0. The value of Rv affects both components of the CF,
as predicted by (10). Moreover, for higher values of Rv , the
system damping improves and the system recuperates faster
from the contingency. Figure 5 shows the active and reactive
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Fig. 4. Real (top) and imaginary (bottom) parts of the CF as seen at bus 5
of the WSCC 9-bus system during the disconnection at t = 0.1 s of the load
at bus 5. Simulation for different values of virtual resistance Rv .
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Fig. 5. Active (top) and reactive (bottom) power injected by the VSC at bus 5
of the WSCC 9-bus system during the disconnection at t = 0.1 s of the load
at bus 5. Simulation for different values of virtual resistance Rv .
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Fig. 6. Real (top) and imaginary (bottom) parts of the CF as seen at bus 5
of the WSCC 9-bus system during the disconnection at t = 0.1 s of the load
at bus 5. Simulation for different values of virtual reactance Xv .
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Fig. 7. Active (top) and reactive (bottom) power injected by the VSC at bus 5
of the WSCC 9-bus system during the disconnection at t = 0.1 s of the load
at bus 5. Simulation for different values of virtual reactance Xv .

power injection of the VSC. It is confirmed that Rv has a
stabilizing effect on the system, reducing the post-contingency
oscillations. Lastly, the observed deviation in the steady-state
values of qh correspond to the power “consumed” by the
virtual impedance, as noted in (9).

B. Effect of Virtual Reactance

Figure 6 shows the real and imaginary parts of the CF at bus
5 for different values of virtual reactance Xv . The value for the
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Fig. 8. Real (top) and imaginary (bottom) parts of the CF as seen at bus 5 of
the WSCC 9-bus system during the disconnection at t = 0.1 s of the load at
bus 5. Simulation with and without the FF applied to the voltage controller.
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Fig. 9. Voltage magnitude at bus 5 of the WSCC 9-bus system during the
disconnection at t = 0.1 s of the load at bus 5. Simulation with and without
the FF applied to the voltage controller.

virtual resistance was set to Rv = 0.25. Similar to the previous
case, the different values of Xv impact both components of the
CF. However, higher values of Xv exacerbate the oscillations
after the contingency. The difference in varying the VI through
its real or imaginary part is accounted in (10). The use of
CF allows studying the effect of the virtual reactance on
frequency caused by the change of both voltage magnitude
and phase angle. The selected parameter range for Xv was
small because stability was lost for larger values. Figure 7
shows the active and reactive power delivered by the VSC,
which confirms the deteriorating trend of the system state with
the increase of Xv . It is concluded from this case that, while
virtual reactance can improve the stability margin of multiple
converters connected in parallel, it can have adverse effects on
the transient operation of the VSC.

C. Effect of FFs

Figure 8 shows the complex frequency components while
Figure 9 shows the voltage magnitude at bus 5. Initially, the

full control diagram as shown in Figure 3 was used. Then, both
the decoupling and current FF were disabled. The simulation
results confirmed that the FF affects the transient response of
the VSC, justifying their inclusion in the equations (11), (13).
Furthermore, it is shown that the effect of the FF is bene-
ficial for the operation of the system, slightly mitigating the
oscillations that appear after the load disconnection. This is
consistent with equation (13) that illustrates the benefits of
the FF.

VI. CONCLUSION

In this paper, the concept of CF has been used to derive
the analytical relation between the VI control parameters and
the frequency at the connection bus of a grid-forming VSC.
First, the effect of the VI on the CF at the connection bus
has been calculated by simplifying the rest of the control
system dynamics. Then, the expressions have been generalised
to include the effects of the PI-based, cascaded voltage control
and the decoupling and current FF. Theoretical results have
been validated by using a case study based on a modified
model of the WSCC 9-bus system. In the study, a set of
recommended actions for the design of VI has been outlined.

Results show that the VI parameters affect the transient
operation of the system through both the magnitude- and
phase angle-dependent components of the CF. In particular, the
system is shown to be robust against variations of the virtual
resistance. Higher values of Rv , in fact, are shown to improve
the system damping and, in general, its transient operation. On
the other hand, higher values of the virtual reactance parameter
Xv deteriorate the system transient response, increasing the
magnitude of the frequency oscillations after a contingency.
Finally, the decoupling and current FF are shown to improve
the performance of the system by damping the frequency
oscillations post-contingency. Future work will focus on the
study of more complex implementations of the VI controller
as well as on the impact on the CF of multiple grid-forming
VSCs with VI operating in parallel.
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