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Greatest Achievements in Engineering
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Electrical Engineering

• Electrical Engineering is the branch of engineering that deals with:

1. Energy Conversion to and from electrical energy (Generators and Motors)

2. Transmission of Energy from generators to the loads (Lines, Cables and

Transformers)
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Mission of Power Systems

• The mission of power systems (or electricity networks in general) is to provide

electrical energy with the following contradictory requirements:

1. Adequate, reliable and secure supply

2. Economical and rational use of energy (including environmental concerns)

• These requirements are contradictory because to meet requirement 1, one might

endanger requirement 2.

◦ Example 1: two parallel transmission lines are more reliable than one (requirement

1), but twice more expensive (requirement 2)

◦ Example 2: if all renewable sources are exhausted, one might have to fire up a gas

power plant to satisfy 1 (adequacy), and therefore not fully satisfying 2

(enviromental concerns)
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Redundancy with Renewables

• Redundancy is particularly important when renewables are involved . . .
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Instantaneous Power Balance

• The energy produced by the generators is consumed by the loads and losses in

transformers and transmission lines instantaneously

• Production and consumption must be balanced in real time!

• The best indicator (so far!) to define the power balance is the frequency
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Complications...
• No ideal voltage source exists

• Loads are seldom constant

• The transmission system has resistance, inductance, ca-

pacitance and flow limitations

• Simple systems has no redundancy so the grid will not work

if any component fails

• In a complex system it is difficult to determine the outcome

of a failure

• Blackouts have country-wide consequences and impact on

millions of people!
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Brief history of Power Systems – I
• Early 1880’s – Edison introduced Pearl Street dc sys-

tem in Manhattan supplying 59 customers

• 1883 – The power plant of Santa Redegonda in Milan,

Italy, was the first in Europe.

• 1884 – Sprague produces practical dc motors

• 1885 – Invention of the transformer

• Mid 1880’ – Westinghouse (thanks to Nikola Tesla) introduces rival

ac systems

• Late 1880’s – Tesla patents ac induction motor

• 1893 – First 3-phase transmission line operating at 2.3 kV

• there was an historic battle between ac and dc technologies...
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Brief history of Power Systems – II

• 1896 – AC lines deliver electricity form hydro generation

at Niagara Falls to Buffalo, 20 miles away

• Early 1900’s – Private utilities supply all customers in

area (city); recognized as a natural monopoly; states

step in to begin regulation

• 1920’s – Large interstate holding companies control

most electricity systems
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Brief history of Power Systems – III

• In the USA:

◦ 1935 – US Congress passes Public Utility Holding Company Act to establish

national regulation, breaking up large interstate utilities (repealed 2005)

◦ 1935/6 – Rural electrification Act brought electricity to rural areas

◦ 1930’s – Electric utilities established as vertical monopolies

• In Europe:

◦ Electric utilities were developed in a similar fashion than in the US, in every country

until 1990’s

◦ Both in the US and in Europe, this stayed largely unchanged until the 1990’s with

the introduction of electricity markets concepts.
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Vertical Monopolies
• Until the 90’s, within a particular geographic market, the

electric utility had an exclusive franchise

• In return for this, the utility had the obligation to serve all

existing and future customers at rates determined jointly by

utility and regulators

• It was a “cost plus” business

• Neighboring utilities functioned more as colleagues than

competitors

• Interconnections among utilities started in the 70’s in US

and in the 90’s in Europe

• This system resulted in decreasing rates, so mostly every-

one was happy
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Brief history of Power Systems – IV

• In USA...

◦ 1992 – Major opening of industry to competition occurred as a result of US National

Energy Policy Act of 1992

◦ This act mandated that utilities provide “nondiscriminatory” access to high voltage

transmission

◦ Goal was to set up true competition in generation

◦ Result over the last few years has been a dramatic restructuring of electric utility

industry (for better or worse!)
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Brief history of Power Systems – V

• ... meanwhile in Europe ...

◦ Until the 90’s, in most European countries, generation

and transmission were organized as monopolies

◦ During the 90’s, regional associations formed to both en-

hance security of supply and enable competition through

generation

◦ In June 2008, 26 European electricity transmission sys-

tem operators (TSOs) signed in Prague a declaration of

intent to create the ENTSO-E, which was established in

December 2008 by 42 TSOs
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Why is electrical energy more important today than ever before?
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Challenges for the 21th Century

• Electricity markets and deregulation (no generation monopoly)

• From few large power plants to many small ones

• Environmental constraints led to the boom of renewable resources...

• ... but, renewables often introduce high uncertainty

• Load demand response and flexibility

• Telecommuncations and IoT (smartgrids)

• Resilience (microgrids)

• Long distance dc connections (supergrids)

• Ubiquitous power electronics (no inertia!)

• Electric vehicles

• Sustainability
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What is a Smart Grid?

• A smart grid can be defined as:

Smart Grids = Cyber-Physical Power Systems

• The future energy system will be a complex cyber-physical system comprised by

different domains interacting with interconnected electrical power apparatus,

through the cyber-system used to manage it.
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What is a Supergrid?

• A supergrid is a wide-area transmission network, generally trans-continental or

multinational, that is intended to make possible the trade of high volumes of electricity

across great distances.

source: UCD Energy Institute
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What is a Microgrid?

• A microgrid is a group of interconnected loads and distributed energy resources with

clearly defined electrical boundaries that acts as a single controllable entity with

respect to the grid and can connect and disconnect from the grid to enable it to operate

in both grid-connected or island mode (from DoE, US).
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Interaction between Power Systems and ICT

• Cyber-physical system:

source: SmartGrids.eu
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Example: Wide-area control systems (WACS)

• WACS include an ICT platform that merges the input measurement data and

transforms it to a useful input signal for controllable devices to perform a given function.

• WACS consists of:

◦ a number of synchronized phasor measurements units (PMUs);

◦ a communication network;

◦ a computer system termed phasor data concentrator (aggregates and time-aligns

data from different sensors);

◦ a real-time computer system where control functions are implemented;

◦ a physical component that varies electrical quantities following the control function;

and

◦ using the GPS system for timing.
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Sustainability

• Sustainability is a societal goal that relates to the ability of people to safely co-exist on

Earth over a long time (source: Wikipedia).

• Some suggest to add a fourth dimension: cultural sustainability
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Weak and Strong Sustainability

• Weak sustainability assumes that the sustainability problem can be solved through

technological progress (human capital). Weak sustainability is generally the one

addressed by governments and businesses.

• Strong sustainability states that nature (or natural capital) provides resources and

ecosystems that cannot be replaced by technology. For example: biodiversity,

pollination, fertile soils, assimilation capacity, clean air, clean water, and climate

regulation.
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Carbon and Climate Neutrality

• Carbon Neutrality is a state of net-zero carbon dioxide emissions (source: Wikipedia).

• Climate Neutrality reflects the broader inclusiveness of other greenhouse gases in

climate change (source: Wikipedia).

• the ultimate goal is to reduce global warming, which is caused by greenhouse gases

(GHGs).
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Net Zero

• Net zero means achieving a balance between the greenhouse gases put into the

atmosphere and those taken out (source: NationalGrid).

• Net zero has a broader scope than reducing the carbon footprint and targets all GHGs

(e.g., methane or sulphur dioxide) not only carbon dioxide.

• Differently from the carbon neutrality, net-zero aims at achieving specific targets, e.g.,

the Paris Agreement of 2015 set that the warming of the earth must be limited to a well

below 2◦C increase and ideally not more than 1.5◦C above pre-industrial levels.

• Real zero refers to sectors (such as the energy sector) aiming to completely eliminate

carbon emissions from their operations.
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The Road to Net Zero

• The Paris agreements established a process for: all countries to set out their plans to

reduce emissions (Nationally Determined Contributions or NDC).

• Governments are also setting incremental targets and measures for the public and

private sectors.

• We need not only to reduce emissions (e.g., use of renewable energy) but also remove

existing GHGs (carbon sequestration or carbon capture and storage, CCS).
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Net Zero in Ireland

• The Minister for the Environment, Climate and Communications, Eamon Ryan TD, has

welcomed the signature by the President on the 23rd of July 2021 the Climate Action

and Low Carbon Development (Amendment) Act 2021.

• Ireland is now on a legally binding path to net-Zero emissions no later than 2050, and

to a 51% reduction in emissions by the end of this decade.

• The Act provides the framework for Ireland to meet its international and EU climate

commitments and to become a leader in addressing climate change. (source: gov.ie)

Outlines – 25



Can We Make it?

• Many reports from international and national institutions (see, e.g., Intergovernmental

Panel on Climate Change or IPCC) have already indicated that we are running out of

time.

• The Glasgow Climate Pact has established that there is urgent need to:

◦ reduce CO2 emissions by 45%

◦ move away from coal power and fossil-fuel subsidies

◦ developed countries have to invest more money (US$ 100bn)

◦ define a clear guidance on how to reach the targets
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Contents of This Module

• Phasors and AC circuit analysis

• Electrical machines

• Power systems
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AC Circuit Analysis

• Circuit theory of steady-state ac circuits

• Magnetic circuits

• Concepts and analysis of:

◦ Single-phase circuits

◦ Three-phase circuits
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Electrical Machines

• Modelling, analysis and applications of:

• Transformers

• Induction Machines

• Synchronous machines
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Power Systems

• Power system analysis

• Power flow analysis (basics)
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Methodologies

• Three fundamental and conceptually different methodologies:

• Circuit theory

• Electrical machine modelling

• System analysis

• This module is challenging!
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Chronological Sequence

• Single-phase AC circuits

• Magnetic Circuits

• Transformers

• Energy Conversion

• Three-phase AC circuits

• Induction Motors

• Synchronous Generators

• Power System Analysis

• Power Flow Analysis (basics)
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Interdependencies

AC Electric

Modelling / Electric Machines

System Analysis

Magnetic Energy
ConversionCircuits

Lines
Transmission

Transformers
Induction

Motors
Synchronous

Generators

Power System
Analysis

Power Flow
Analysis

Circuits

Circuit Theory / Physics
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Objectives

• Analysis of ac electrical circuits, incorporating electrical circuit models for various

power system components

• Introduction to real and reactive power concepts

• Analysis of 3-phase circuits consisting of balanced and unbalanced star /delta

connected loads

• Development of electrical equivalent circuit models of transformers, induction and

synchronous machines: analysis of such models and interpretation of obtained results

• Introduction to power system analysis tools, including network models and power flow

analysis
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Relevant Modules – Past

• Stage 1

◦ Electronic and Electrical Engineering – EEEN 10010

◦ Energy Engineering – MEEN 10050

◦ Energy Challenges – MEEN 10070

• Stage 2

◦ Electrical and Electronic Circuits – EEEN 20020

◦ Engineering Electromagnetics – EEEN 20030
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Relevant Modules – Future

• Stage 3

◦ Power Systems Engineering – EEEN 30070

◦ Electrical Machines – EEEN 30090

• Stage 4

◦ Power System Operation – EEEN 40080

◦ Power System Design – EEEN 40090

◦ Power System Dynamics & Control – EEEN 40550
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Course Outline

• Lectures will be given by Prof. Federico Milano

• TA Pablo Federico Prystupczuk will run the tutorials and the on-line labs

• Contacts:

◦ Federico Milano: federico.milano@ucd.ie

◦ Pablo Federico Prystupczuk: pablo.prystupczuk@ucdconnect.ie

◦ Cathal O’Loughlin: oloughlin.cathal@ucd.ie
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Module Structure & Assessment

• 30× 1 hour lectures and worked problems (in person and recorded)

• 8 virtual labs based on Jupyter Notebooks (on-line, about 30 minutes each)

• 2 electrical machine labs (in person, about 2 hours each)

• 6× 1 hour tutorials (in person)

• 64 hours autonomous learning

Component % Final Grade

Examination 60

Midterm class test 20

Labs 20
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Lectures

• 3 timetabled lectures a week

◦ Monday @ 10:00am: Room VIL-Aud

◦ Tuesday @ 2:00pm: Room VIL-Aud

◦ Wednesday @ 10:00am: Room Q043
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Proposed Problems

• Proposed problems on each topic of the module are available on the module webpage

• Strongly recommended that you complete them!
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Mid-Term Class Test

• The mid-term test will be on Wednesday 8th of March 2023

• The test consists in three questions on AC circuits, magnetic circuits and single-phase

transformers.

• Students are required to solve any two of the three questions.
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Jupyter Notebooks

• Quizzes → Jupyter Notebooks & Google forms

◦ Complex numbers (not evaluated)

◦ Electrical and magnetic circuits

◦ Transformers

◦ Energy conversion

◦ Three-phase AC circuits

◦ Induction machines

◦ Synchronous machines

◦ Electrical energy systems
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Jupyter Notebooks

• Jupyter Notebooks can be completed through any web browser.

• You will received the Jupyter Notebook files (extensions “.ipynb”) by e-mail.

• Upload the Jupyter Notebook to a public server, i.e.:

https://colab.research.google.com/

• After uploading to google colab. Click File > Save a copy in Drive.

• You will receive the message:

• Click “Open in new tab” and then work on that file.

Outlines – 43



Bibliography – Basic

James L. Kirtley

Electric Power Principles Second Edition

Wiley
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Bibliography – Advanced

• Electric Power Systems, B.M. Weedy, B.J. Cory, N. Jenkins, J.B. Ekanayake, G. Strbac

(Wiley, 5th Edition)

• Power Systems Analysis and Design, J.D. Glover, M. Sarma, T. Overbye (PWS

Publishing, 5th Edition)

• Electric Energy: An Introduction, M.A. El-Sharkawi (CRC Press, 3rd Edition)

• Electric Machines – Theory, Operation, Applications, Adjustment, and Control,

C.I. Hubert (Prentice Hall, 6th Edition)
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Links

• Website of the module:

http://faraday1.ucd.ie/modules/systems.html

• Brightspace:

https://brightspace.ucd.ie
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Diagnostic Test

• This diagnostic test is comprised of 5 questions checking your understanding of

different topics.

• You should use only tour previous knowledge to respond to the questions (no internet!).

• The test is available at the following Google Form:

https://goo.gl/forms/NVjGb4SB3DMaECFq1
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Question 1

• Aejθ can be rerwitten as:

1. A cos(θ) +A sin(θ)

2. A cos(θ) + jA sin(θ)

3. A cos(θ)− jA sin(θ)

4. A cos(θ)

5. jA sin(θ)

6. All the above
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Question 2

• Consider an electrical socket as the one shown in

this slide. Indicate which of the following statements

is false.

1. The voltage is imposed

2. The frequency is imposed

3. The current is imposed

4. The power is imposed
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Question 3

• Consider an European electrical socket. Indicate

which of the following statements is false.

1. The peak voltage is about 311 V

2. The average voltage is 0.

3. The magnitude of the voltage is positive.

4. The voltage is constant.
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Question 4

• Indicate which of the following statements is true.

1. Electric energy can be transmitted only through

overhead transmission lines

2. Energy can be transmitted only as electric en-

ergy

3. Electric energy can be utilized as such, without

any energy conversion

4. Electric energy is found in nature and can be

thus be produced without any energy conversion

5. None of the above
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Question 5

• Indicate which of the following statements is false.

1. It would take only around 0.3% of the world’s land

area to supply all of our electricity needs via solar

power

2. Solar panels can still work in cloudy conditions

3. Wind turbines that can generate up to 5·106 Watts

are common nowadays

4. To substitute 1 MW of installed capacity of con-

ventional fossil fuel-based generation, one needs

to install 10 MW of wind-based generation

5. None of the above
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Question 6

• Indicate which of the following statements is false.

1. A supergrid is a large smart grid

2. A microgrid is a tiny smart grid

3. Supergrids and microgrids cannot coexist in the

same network

4. Supergrids are expected to improve sustainabil-

ity

5. Conventional power systems differ from smart

grids because they do not include communica-

tion systems
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Question 7

• Net Zero differs from Carbon Neutral because:

1. It has a narrower scope

2. It fixes precise deadlines for the achieve-

ment of the objectives

3. It focuses on economy not technology

4. It considers all greenhouse gases

5. They are substantially the same thing and

are the preliminary step to “real zero”
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Question 8

• Which one of the following methods

to prepare 280 millilitres of coffee

has the biggest carbon footprint?

1. Encapsulated coffee

2. Brewed coffee

3. Soluble coffee

4. Traditional filter coffee

5. Italian moka
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Question 9

• Choose a country (for example, the country where you were born or the country where

you live) and indicate if it has set an official plan, law, or act to achieve net zero. If so,

list the key points of such a plan. If not, describe which actions you think that could be

taken by this country to achieve net zero.
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Motivations

ELECTRICAL ENERGY SYSTEMS (EEEN20090)

Prof. Federico Milano

Email: federico.milano@ucd.ie

Tel.: 01 716 1844

Room 157a – Engineering and Materials Science Centre

School of Electrical & Electronic Engineering

University College Dublin

Dublin, Ireland
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Electrical Energy

• Possible to transform raw energy forms available in nature into electric form

(generation)

• Transmit this electric form of energy to the end user (transmission/distribution)

• Transform it back into useful energy of various types (load)

• Different countries, different characteristics
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Energy Sources

• Fossil fuels

◦ Oil

◦ Gas

◦ Coal/Peat

• Nuclear

• Renewables

◦ Hydropower

◦ Wind

◦ Biomass

◦ Solar (Photovoltaic, Thermal)
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Energy Conversion

• Use fuel as heat source boiler or nuclear reactor

• Steam produced passed through turbine

• Rotating turbine acts as prime mover of electric generator

• Mechanical energy converted to electrical energy by generator

• Electricity then distributed to electricity consumers via 3 phase ac circuits
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Electric Power Systems

1. Transmission line

2. Substation

3. Distribution line 3 phases

4. Distribution line 1 phase

5. Transformer
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Irish System

• Voltage - different at

points in system, local

• Frequency - same in all

locations, global
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Need Electrical Machines (I)

• Electric energy is never used as it is. It must be converted into another form of energy.

• An electrical machine converts electrical energy into another form of energy or

converts another form of energy into electrical energy.

Generator Motor

G
T

Ω

ElectricalMechanical

Energy Energy

V, I

M
T

Ω

Electrical Mechanical

EnergyEnergy

V, I
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Need Electrical Machines (II)

• Since electrical energy is never used as it is, we need generators to convert

mechanical energy of primary sources and motors to convert electrical energy again

into mechanical one.

G M

Transmission system

Ω Ω

Pmec
G

Pmec
L

Prime

Mover
Load

Electrical ElectricalMechanical Mechanical

Energy Energy EnergyEnergy

V, I V, I

where:
Pmec
L

Pmec
G

< 1

• So, why don’t we connect the prime mover directly to the mechanical load?
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Mechanical Power Transmission (I)

• Rope transmission doesn’t involve any conversion of energy.

• Rope transmission started in the 1840s as an element of millwork, using fast-spinning

fibrous ropes as an alternative to belts transmitting power from the prime mover to the

line shafts.

• Source: http://www.lowtechmagazine.com
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Mechanical Power Transmission (II)

• Wire rope transmissions can be quite efficient for distances up to 5 kilometres.

• Wire rope transmission in Schaffhausen, Switzerland, 1896.

• Source: Stadtarchiv Schaffhausen and http://www.lowtechmagazine.com.
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Mechanical Power Transmission (III)

• A schematic of a Pennsylvania jerker line system, showing both geared power and

bandwheel power system. Drawing by Eric S. Elmer.

• Source: Library of Congress and http://www.lowtechmagazine.com.

Motivations – 10

Mechanical Power Transmission (IV)

• Line shafts are inefficient (up to 50% of losses), hungry for space, costly to install,

troublesome to maintain and adjust, hazardous in use, and inflexible in arrangement.

• A factory interior in Schaffhausen, Germany, 1880. Source:

http://www.lowtechmagazine.com

Motivations – 11



Conclusions on the Need Electrical Machines

• There are three main reasons:

• Distance. The prime mover can be far away (hundreds or even thousands of km)

from the load. An electrical transmission system is more efficient than a mechanical

one.

• Flexibility. There can be several prime movers and several loads. An electrical

system is way more flexible than a mechanical one.

• Control. Regulating electrical quantities is much simpler, cheaper and more

efficient than that of mechanical quantities.

• Note that the security of electrical system is an issue.
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Mechanical Power Transmission (V)

• Still there exist mechanical power transmission systems. . .

• The San Francisco (California) cable cars are pulled by a cable running below the

street, held by a grip that extends from the car through a slit in the street surface,

between the rails.

• Source: http://en.wikipedia.org
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Need of Transformers (I)

• Observe that:

Pmec
G = Pmec

L + PLosses

where:

PLosses ∝ I2

• Since P elec = V · I , we can transmit electrical energy using high voltage and low

current to reduce losses.

• But . . .

◦ Generators cannot work at high voltage (max. 20 kV)

◦ Loads cannot work at high voltage (for security reasons)
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Need of Transformers (II)

• Hence we need a way to change the voltage and current level depending on system

specifications.

• The machine that operates these changes is the transformer.

P elec

V̄1, Ī1 V̄2, Ī2

Transformer

where:

ℜ{V̄1Ī
∗
1} ≈ ℜ{V̄2Ī

∗
2}

• The efficiency of power transformers is generally > 90% (typically around 95%).
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Kind of Transformers

• Power transformers are based on the principle of magnetic coupling of two or more

windings but works only in AC and cannot change the frequency.

V̄1, Ī1 V̄2, Ī2

• Power electronic switches allow obtaining AC/DC as well as DC/DC converters and

can be used to couple non-synchronous systems.

V̄1, Ī1 V̄2, Ī2V̄ , Ī

f1 f2

+

−

f1 6= f2

AC

ACAC DC

DCDC

vdc

idc
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Voltage Sourced Converters (VSC)

• Voltage Sourced Converters (VSC) are very flexible modern AC/DC systems used in

several applications (especially in medium voltage level).

Converterac side dc side

+

−
vdc

idc

CdcLac Rac

md mq

Gsw(idc)

pac + jqac

vac∠θac vt∠θt

• where:

pac + vdcidc −
1

2
Cdc

d(v2dc)

dt
− 3

2
Raci

2
ac −Gsw(idc)v

2
dc = 0
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Generator Types

• From circuit theory, there are two types of generators:

+

−
i v

ICG IVG

Current Source Generator Voltage Source Generator

i

+

−
v
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Current Source Generator

• Advantages:

◦ The current is the same for all loads

◦ No problem if there is a short circuit

• Drawbacks:

◦ Opening the circuit is a big issue

◦ Current control can be complex

◦ Loss of load is an issue (the circuit has to be shortcircuited immediately!)

i
OK
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Voltage Source Generator

• Advantages:

◦ No problem if a load is disconnected

◦ The current can be controlled easily

• Drawbacks:

◦ The voltage level is not constant on the loads due to transmission losses (need to

support and/or control the voltage)

◦ A short-circuit is a big issue

+

−

v

issue!

OK
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Direct or Alternate Current?

• DC systems:

◦ no reactive power and no Ferranti effect

◦ very good for long distances (HVDC)

◦ there is no “cheap” power dc/dc transformer

◦ dc machines are very costly (maintenance!)

◦ dc machines are “easy” to control (but the control is not efficient!)

• AC systems:

◦ synchronous generators (best P/m ratio)

◦ induction motors (industry workhorse!)

◦ transformers are very efficient

◦ difficult to transmit energy on very long distances or under the see

• Tesla defeated Edison a long time ago, but this could change in the future . . .
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50 or 60 Hz?

• General Electric imposed 60 Hz in USA.

• Siemens and ABB imposed 50 Hz in Europe.

• Japan uses both 50 and 60 Hz systems.

• Advantages and drawbacks of the two systems do not allow to define a clear winner.

• Observe that the higher the frequency:

◦ the lower the ratio weight/power; and

◦ the higgher the iron losses and skin effect.

• Airplane electric systems work at high frequency (between 300 and 900 Hz).
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Fundamental Power System Operation

• Cost effective means of storing large amounts of electrical power does not currently

exist

• Electrical power we consume must be generated at the same instant

• Fundamental requirements of a power system

◦ It must supply power wherever the customer demands

◦ Changing loads result in changing power demand which the system must be able to

supply
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Efficiency (I)

• We are interested only in high efficiency electrical machines.

• No need of a good control for low efficiency machines!

• In general, we want that the higher the power rate, the higher the efficiency.

Pin Pout
Elec.
Mach.

• The efficiency η is defined as follows:

η =
Pout

Pin
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Efficiency (II)

• Observe that:

Pout = Pin − PLosses

and

Pin = Pout + PLosses

• Hence:

η =
Pout

Pin
=

Pout

Pout + PLosses

(∗)
=

Pin − PLosses

Pin

(∗∗)

• (∗) depends only on Pout (and on PLosses)

• (∗∗) depends only on Pin (and on PLosses)
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Conventional Efficiency

• If we estimate PLosses, say P̃Losses and:

P̃Losses > 0

then, (∗) and (∗∗) always satisfy the condition η̃ < 1, regardless the errors that can

affect the measures of Pin or Pout and the estimation of P̃Losses.

• P̃Losses are called “conventional losses” and η̃ = Pout

Pout+P̃Losses
or η̃ = Pin−P̃Losses

Pin

are the conventional efficiencies.

• Electrical measures are generally more precise than mechanical ones, so:

• (∗) is more convenient for generators; and

• (∗∗) is more convenient for motors.

• For transformers, it is preferable to measure the power on the low voltage winding.
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Example - Transformer Efficiency

• For a single phase transformer, we have:

+ +

− −

i1

v1

i2

v2

• For power transformers η = v2i2/v1i1 ≈ 95%.

• So, an error of 5% on Pin and on Pout can lead to η > 1!

• However, if we compute P̃Losses = R1i
2
1 +R2i

2
2 + PFe, then:

η̃ =
Pout

Pout + P̃Losses

< 1 always!
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Nominal Quantities

• Definition:

◦ A nominal quantity is a quantity that can be applied to a given part of an electrical

machine during a given time without significantly reducing the life of the machine.

• A considered machine is likely to bear for an indeterminate time nominal quantities.

• Those values lead to a thermal equilibrium corresponding to the maximum temperature

the machine can bear.

• This equilibrium is reached when the cooling devices extract the calorific energy

exactly due to the losses within the machine.

• Nominal quantities can be exceeded during a limited time (e.g., in transients like the

starting of motors).
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Relevant Nominal Quantities

• Current (thermal effect due to Ohm’s law)

• Voltage (insulation issues and iron losses)

• Frequency (iron losses and skin effect)

• Power (S = V I)

• Torque (mechanical stresses)

• Speed (friction, vibrations)
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Current and Heat Transfer (I)

• Let consider the energy balance of an electric machine:

dQe

dQidQp

where:

◦ dQe is the heat transfer with the environment;

◦ dQi is the heat the increases the temperature of the machine;

◦ dQp is the heat produced by the machine (losses).
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Current and Heat Transfer (II)

• We have:

dQp = dQi + dQe

and:

Ppdt = mcsdΘ+KS(Θ−Θa)dt

where:

◦ m is the mass of the machine

◦ cs is the specific heat (assumed uniform and constant)

◦ S is the surface of the machine

◦ K is the convection coefficient

◦ Θa is the ambient temperature (assumed constant)

◦ Pp are the power losses

◦ Θ is the temperature of the machine
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Current and Heat Transfer (III)

• Let define:

∆Θ = Θ−Θa

• Observe that d(∆Θ) = dΘ.

• Hence we have:

Pp = KS∆Θ+mcs
d(∆Θ)

dt

• This is a first-order linear ordinary differential equation (ODE) ⇒ we know the explicit

solution:

∆Θ(t) =
Pp

KS

(
1− e−t/TΘ

)

where

TΘ =
mcs
KS

⇒ thermal time constant

Motivations – 33



Current and Heat Transfer (IV)

• If we assume Θ(0) = Θa, the transient behavior is as follows:

t

Θ

Θa

Pp

KS

TΘ 2TΘ 3TΘ

5%

• The steady-state final condition is:

Θ(∞) = Θa +
Pp

KS

• However, after 3TΘ, we can assume that the system is in steady-state.
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Example - Duty Cycle

• The nominal current refers to the thermal steady-state condition.

• We can apply I > IN provided that the time during which we apply I is < 3TΘ.

• We can take advantage of the thermal time constant if we know the duty cycle of the

machine:

t

Θ(t)

Θmax

Θm

I(t)

• Extreme case: the life of the electrical motor of a torpedo is few tens of minutes. Its

size can be underdesigned as it will never get to the thermal steady-state condition.
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Aims for this Section

• Review basic circuit theory and mathematical concepts

◦ Units and notation

◦ Complex numbers

◦ Ohm’s Law

◦ Kirchhoff’s Laws

◦ Capacitors and inductors

◦ Impedance Z̄ – series and parallel

◦ Admittance Ȳ – series and parallel

◦ Active, reactive and complex powers
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Units

• SI base units: m, kg, s, A, K, mol and cd

frequency Hz = s−1

radian rad = m/m

joule J = N ·m = W · s = kg ·m2 · s−2

power W = J/s = V ·A = kg ·m2 · s−3

electric charge C = As

voltage V = W/A = J/C = kg ·m2 · s−3 ·A−1

electric capacitance F = C/V = kg−1 ·m−2 · s4 ·A2

electric resistance Ω = V/A = kg ·m2 · s−3 ·A−2

magnetic flux Wb = J/A = kg ·m2 · s−2 ·A−1

inductance H = V · s/A = Wb/A = kg ·m2 · s−2 ·A−2
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Notation (I)

• Notation of most common quantities:

instantaneous quantities v(t), i(t)

or, simply, v, i

maximum values VM , IM

RMS values (magnitudes) V , I

phasors V̄ , Ī

• Examples:

v(t) = VM sin(ωt)

V̄ = V ejθ = V (cos θ + j sin θ) = V ∠θ
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Notation (II)

• Notation of most common quantities:

Per unit (p.u.) v, i, p, s̄

Park vectors vd + jvq

Time derivative d
dt or p operator or v̇

Transfer function G(s) = K 1+sT1

1+sT2

Vectors [v] or v

Matrix [A] or A

• Examples:

ẋ = 1
T (v

ref − x)

Ax = b
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Frequency

• The frequency of a signal is defined as the number of cycles per second passing a

given point.

• The angular frequency of a signal is more commonly used and is given by ω, where:

ω = 2πf

• Example: for a 50 Hz voltage, the value of ω can be easily calculated:

f = 50 Hz

ω = 2πf

= 2π · 50 Hz

= 100π rad/s

= 314.16 rad/s
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Sinusoidal Voltage

• Let consider a sinusoidal voltage:

v

t

v(t) = VM sin(ωt)

VM

−VM

T

• where T = 1/f is the period in s; f = ω
2π is the frequency in Hz; and ω is the

angular frequency in rad/s.
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Example: Mean Value and RMS (I)

• What are the mean value and RMS of the sinusoidal voltage v(t)?

• The mean value is:

vmean = vm =
1

T

∫ T

0

v(t)dt = 0

In fact, the mean value of a sinus over a period is always 0.

• The root-mean-square (RMS) is defined as:

V =

√
1

T

∫ T

0

v2(t)dt =

√
1

T

V 2
M

2
T =

VM√
2
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Example: Mean Value and RMS (II)

• Note that the above relation holds for all sinusoidal waveforms, irrespective of their

frequency.

• Assume:

V = 220 V

Then, the maximum amplitude of the signal is:

VM = 220 ·
√
2 = 311 V

AC Electrical Circuits – Phasors & Power – 8

Example: Mean Value and RMS (III)

• In this case, the RMS can be evaluated graphically:

v(t)
v2(t)

tt

V 2
M

V 2
M/2

VM

−VM

T T/2

• Observe that:

sin2 ωt =
1− cos 2ωt

2
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Example: Square Waveform

• Let consider a square waveform:

a(t)

t

AM

−AM
T/2

T/2

• a(t) can be approximated by a Fourier’s series:

a(t) =
4

π
AM

(
sinωt+

1

3
sin 3ωt+

1

5
sin 5ωt+ . . .

)

• Using the graphical method, the mean and the RMS can be determined easily:

am = 0, A = AM

AC Electrical Circuits – Phasors & Power – 10

Ohm’s Law

v(t) = R · i(t)

• Fundamental physical law governing electricity:

Voltage = Resistance × Current

• The blue line in the I vs. V graph at right repre-

sents ohmic devices because current is directly (lin-

early) proportional to the applied voltage.

• The slope of the blue line is 1/R. The graph’s

red line represents a non-ohmic device such as a

lamp filament because as more voltage is applied,

heating the filament, the filament’s resistance rises,

forcing the (magnitude of the) slope to decrease.

• The graph’s yellow line illustrates the I vs. V characteristics of a non-ohmic two

terminal circuit having semi-conductor components (such as paralleled and oppositely

oriented diodes).
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Motivation of RMS Values

• Let’s consider a resistance R:

• The instantneous power disspated in the resistance is:

p(t) = R · i(t)2

• If the current is AC:

i(t) = IM sin(ωt)

• Then:

p(t) = R · I2M
1− cos 2ωt

2

• The average power Pm dissipated in the resistance is thus:

Pm =
1

2
R · I2M = R · I2

• The RMS value of an AC current is thus equivalent to the DC current that dissipates

the same energy as the AC current in the resistance R.
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Kirchhoff Laws
i1

i2

i3

i4

R1

vg

KCL: At any node (junction) in an electrical cir-

cuit, the sum of currents flowing into that node

is equal to the sum of currents flowing out of

that node

0 = −i1 + i2 + i3 − i4
a b

d c

v4 v2R2

R3

v3

R1

v1

R5

v5

KVL: The directed sum of the electrical poten-

tial differences (voltage) around any closed net-

work is zero

0 = v1 + v2 + v3 − v4
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Node vs. Mesh Methods for Solving Circuits

• Equivalent for planar systems and hand solutions

• Computers implementations are based exclusively on the node (or nodal analysis)

method

• The mesh method does not work for non-planar circuits!
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Inductance – I

• An inductor in its basic form is a solenoid

• Tightly wound coil of wire

• Energy stored in the magnetic field

• Deal with flux and inductance later in course

• At this stage we will analyse them in terms of ac circuits
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Inductance – II

• The voltage across an inductance is given by

v(t) = L
di

dt

• Consider a current i(t) flowing through the device, given by

i(t) = IM sin(ωt− π/2)

• The induced voltage (or back e.m.f.) is

v(t) = ωLIM cos(ωt− π/2)

= ωLIM sin(ωt)

• Note that the current is phase-shifted −90◦ w.r.t. the voltage.
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Capacitance – I

• A capacitor in its basic form is two parallel plates and there is a charging effect

between the plates

• Once again there is an energy storage effect

• Can be thought of in terms of ac circuits as the opposite of an inductor
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Capacitance – II

• The current flowing in a capacitance is given by

i(t) = C
dv

dt

• Appying a sinusoidal voltage v(t) across a capacitance

v(t) = VM sin(ωt)

• The current flowing in it is

i(t) = ωCVM cos(ωt)

= ωCVM sin(ωt+ π/2)

• Note that the current is phase-shifted +90◦ w.r.t. the voltage.
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Complex Numbers

• A complex number z̄ can be written in:

◦ rectangular coordinates: z̄ = a+ jb

◦ polar coordinates: z̄ = zejφ
z

z̄

φ

a

b

ℑ

ℜ

• where:

◦ a = ℜ{z̄} = z cos(φ) is the real part of z̄

◦ b = ℑ{z̄} = z sin(φ) is the imaginary part of z̄

◦ z = |z̄| =
√
a2 + b2 is the amplitude of z̄

◦ φ = ∠z̄ = arctan(b/a) is the phase angle of z̄

• The complex conjugate of z̄ is denoted as z̄∗ = a− jb = ze−jφ

AC Electrical Circuits – Phasors & Power – 19



Complex Arithmetic

• Let z̄1 = a+ jb and z̄2 = c+ jd, then:

◦ z̄1 + z̄2 = (a+ c) + j(b+ d)

◦ z̄1 − z̄2 = (a− c) + j(b− d)

◦ z̄1z̄2 = (a+ jb)(c+ jd) = ac− bd+ j(ad+ bc)

◦ z̄1
z̄2

=
a+ jb

c+ jd
=

a+ jb

c+ jd
· c− jd

c− jd
=

ac+ bd

c2 + d2
+ j

bc− ad

c2 + d2

• Let z̄1 = z1e
jφ1 and z̄2 = z2e

jφ2 , then:

◦ z̄1z̄2 = z1e
jφ1 · z2ejφ2 = z1z2e

j(φ1+φ2)

◦ z̄1
z̄2

=
z1e

jφ1

z2ejφ2
=

z1
z2

ej(φ1−φ2)
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Phasors

• Sinusoidal quantities are identified by their amplitude, phase and frequency:

v(t) = VM sin(ωt+ φ)

• In a system where the frequency is the same everywhere, a convenient way to

represent sinusoidal quantities is through phasors.

• A convenient way of representing phasor quantities is using complex numbers which

are univocally identified by the amplitude and phase (the frequency is assumed to be

known and constant).

• The complex number corresponding to v(t) is denoted V̄ :

V̄ =
VM√
2
ejφ = V cosφ+ jV sinφ = Vr + jVi
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Phase of Phasors

• Two phasors may have identical amplitudes and frequencies, but different in phase.

• The phase of a periodic signal is the angular difference between a point on the signal

and a corresponding point on a reference signal.
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Phasor Diagram

• The Argand diagram depicting phasors is called a phasor diagram.
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Complex Impedance

• Can simplify phasor analysis by:

• admitting complex numbers into our circuit calculations, and

• assuming that every quantity in the system varies at one frequency only

• To find the impedence of any component, we find the relationship between the voltage

across its terminals and the current flowing through it (Ohm’s Law)
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Time vs. Phasor Domains

Resistance Inductance Capacitance

Time Domain v(t) = Ri(t) v(t) = L
di(t)

dt
i(t) = C

dv(t)

dt

Phasor Domain V̄ = RĪ V̄ = jωLĪ = jXĪ Ī = jωCV̄ = jBV̄

current through

inductance is said to

lag the voltage

current through

capacitance is said to

lead the voltage

Phasor diagram

(CIVIL mnemonic)
Ī V̄

Ī

V̄
Ī

V̄
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Impedance & Admittance

• Impedance, Z̄ , is the phasor domain equivalent of resistance

• The impedance of a capacitance C is 1/jωC , while the impedance of an inductance

L is jωL, where ω is the supply angular frequency (rad/s)

Ī = jωCV̄ and V̄ = jωLĪ

• The reciprocal of impedance, Ȳ , is called admittance

Z̄ = R+ jX and Ȳ = G+ jB

where X is the reactance and B is the susceptance
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Impedance in Series & Parallel

• Z̄1 and Z̄2 connected in series are equivalent to a single impedance, Z̄s, such that:

Z̄s = Z̄1 + Z̄2

Rs + jXs = (R1 +R2) + j(X1 +X2)

• Z̄1 and Z̄2 connected in parallel are equivalent to a single impedance, Z̄p, such that:

1

Z̄p
=

1

Z̄1
+

1

Z̄2

Z̄p =
Z̄1Z̄2

Z̄1 + Z̄2

Z̄p =
(R1R2 −X1X2) + j(R1X2 +R2X1)

(R1 +R2) + j(X1 +X2)
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Average Power

• If the voltage and current for a circuit element are

v(t) = VM sin(ωt+ φv) and i(t) = IM sin(ωt+ φi)

where VM and IM are the peak values of the sinewaves

→ the associated instantaneous power at time t is

p(t) = v(t)i(t) = VMIM sin(ωt+ φv) sin(ωt+ φi)

=
VMIM

2
[cos(φv − φi)− cos(2ωt+ φv + φi)]

• The average power follows as

P =
1

2
VMIM cos(φv − φi) = V I cosφ

• cos(φv − φi) = cosφ is called the power factor
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Phasor Representation

• The rms value of the sinusoid

VM sin(ωt+ φv) is V =
VM√
2

• Then the average power

◦ for a resistor, V̄ = RĪ

φ = 0 ⇒ P = V I =
V 2

R
= I2R

◦ for an inductor, V̄ = jωLĪ

φ = 90◦ ⇒ P = 0

◦ for a capacitor, V̄ = Ī/jωC

φ = −90◦ ⇒ P = 0

AC Electrical Circuits – Phasors & Power – 29



Example – I

• Determine the currents flowing in the following circuit

Ī

Ī2

Ī1

V̄

+

L
C

R2
R1

• Data: V = 220 V, f = 50 Hz, R1 = 300 Ω, R2 = 100 Ω, L = 795 mH, and

C = 21.22 µF.
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Example – II

• The current Ī can be obtained as follows.

Z̄1 = 300− j

100 · π · 21.22 · 10−6

Z̄2 = 100 + j79.5 · π

Z̄ =
Z̄1Z̄2

Z̄1 + Z̄2
=

(300− j150)(100 + j79.5 · π)
300− j150 + 100 + j79.5 · π

Z̄ =
67, 463 + j59, 926.98

400− j99.75
=

67, 463 + j59, 927

400− j100

Z̄ = 193.95 + j101.44 Ω

Ī =
220

193.95 + j101.44
= 0.89− j0.466 A

• Determine Ī1 and Ī2 for exercise.
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Active, Reactive, Apparent & Complex Power

• The average (active) power, P , is given as

P = V · I cosφ [W]

• The reactive power, Q, is given as

Q = V · I sinφ [VAr]

• The apparent power (measure of the loading), S, is given as

S = V · I =
√
P 2 +Q2 [VA]

• The complex power, S̄, is given as

S̄ = P + jQ

• Equipment ratings are expressed in terms of their apparent power (kVA or MVA)
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Reactive Power – I

• The reactive power Q (kVAr or MVAr) is sometimes (unfortunately) called the

imaginary power, but is very real.

• Reactive power is exchanged back and forth between inductive and capacitive parts of

a reactive load (one containing inductors and capacitors) during each ac cycle of the

supply, and does no work
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Reactive Power – II

• Reactive power refers to the energy storage part of a load

• Inductors store energy in their magnetic field while capacitors store energy in their

electric field

• There is no net transfer of energy – no work is done

• Loads are generally made up of two components

• Energy dissipated (active power)

• Energy stored (reactive power)
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Reactive Power Analogy – I

Riders at the back

are passengers

Riders at the front

are drivers

Loads Generators
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Reactive Power Analogy – II

Effort required to drive bike

is unaffected

. . . BUT bike might fall over

(A reactive load)

Riders at front must compensate

(reactive generation)

Pedalling becomes more difficult

(reduced capability)

Bicycle drag increases

(more losses)
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Alternative Reactive Power Analogy

• This is an alternative analogy to explain reactive power. . .
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Power Triangles

Lagging (inductive) load Leading (capacitive) load

Circuit element

Phasor diagram φ

Ī

V̄ φ

Ī

V̄

Power triangle φ

P

jQ
S̄

φ

P

jQ
S̄
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S, P , and Q

• From early equations,

P = S cosφ

• P should usually be as close to S as possible, i.e., a power factor near unity

cosφ ≈ 1

• Thus minimising the reactive power, Q, i.e., sinφ ≈ 0
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Power Factor (p.f.)

• Inductive loads have lagging power factors

• Capacitive loads have leading power factors

• Most industrial & residential applications are inductive

• Some industries operate a tariff for p.f. < 1

• Economic sense to correct p.f.

• done by adding capacitances or synchronous motors in parallel the with rest of load
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Example – I

• What is the power factor for this circuit?

Ī

V̄

L

R+

• Current drawn:

Ī =
V̄

R+ jωL
=

V R− jV ωL

R2 + ω2L2
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Example – II

• In polar form:

Ī = I∠φ

• Where the magnitude is:

I =
V√

R2 + ω2L2

• And the phase angle:

φ = tan−1 −ωL

R

• Power factor:

cosφ =
R√

R2 + ω2L2

• Is this power factor leading or lagging?

• Draw the phasor diagram

AC Electrical Circuits – Phasors & Power – 42

Power Factor Correction – I

• The current absorbed from the feeder can be made to be in phase with V̄ .

Ī ′′

Ī ′

Ī

V̄

L

C

R+

• This is possible through careful choice of capacitor C

• Then P ≡ S, i.e., cosφ = 1, φ = 0
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Power Factor Correction – II

• Unity power factor can be achieved, if Ī ′ which is purely imaginary is equal in

magnitude, but opposite in sign to the imaginary component of Ī .

Ī ′ = jωCV

Ī

Ī ′′ = Re{Ī} = V R
R2+ω2L2

Im{Ī} = −jV ωL
R2+ω2L2

V̄

φ

• Hence:

C =
L

R2 + ω2L2
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Worked Example on PFC

• 10 kW load connected across a 220 V 50 Hz source draws a mean power factor of

0.7 lagging.

• Represent the load by the parallel combination of a resistor and either an inductor or

capacitor (as appropriate).

• Calculate the inductance/capacitance of a compensating branch to correct the power

factor to unity.
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Worked Example on PFC

• Apparent power:

S = P/ cosφ = 10/0.7 = 14.3 kVA

• Reactive power:

Q = S sinφ = S
√

1− 0.72 ≈ 10 kVAr

• Reactance (certainly inductive):

X = V 2/Q = 4.84 Ω

• Capacitance:

C =
1

ωX
=

1

2πfX
=

1

314.16 · 4.84 = 0.658 mF
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Exercise

• Repeat question with pf of 0.7 leading instead of lagging.
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Magnetic Circuit Analysis

• A knowledge of magnetism & electromagnetism is fundamental for studying electrical

machines & transformers.

• It is fundamental to how we transform mechanical energy into electricity

• Large variety of electrical machines – all exploit the effects discovered by Oersted &

Faraday.

• Magnetic materials form an essential part of an electromagnetic machine.
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History of Magnetism

• 900 BC – Cretan shepherd Magnés. Found lodestones (lode means to lead or to

attract) which contain magnetite, a natural magnetic material Fe3O4.

• 1269 – Petrus Peregrinus, Italy, discovered that lodestones align needles with lines of

longitude pointing between two pole positions on the stone.

• 1600 – William Gilbert, court physician to Queen Elizabeth I, discovered that the earth

is a giant magnet just like lodestones, explaining how compasses work. He wrote the

first scientific book on magnetism.

• 1820 – Hans Christian Oersted discovered the magnetic effect of an electric

current. The first primative electric motor was built the following year.

• 1831 – Faraday showed that changing currents in one circuit induce currents in a

neighboring circuit. Introduces the concept of electromagnetic induction. Thus

completing the foundation of electromagnetism.
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What is a Magnet?

• Magnet – a body that possesses the property of magnetism. Applied to bodies that

can produce an appreciable external magnetic field.

• Magnetism – the phenomenon associated with regions containing magnetic flux.

• Magnets – either temporary or permanent.

• Some magnets are found naturally while others must be manufactured.
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Magnets – I

• All atoms comprise protons, neutrons, and electrons.

• The electrons, which orbit about the nucleus, are a fundamental source of magnetism.

• Each electron has a magnetic moment, i.e., they each behave like a little magnet –

this magnetic moment can act in either of two opposing directions.
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Magnetic Moment

• Magnetism is a result of electrons spinning

on their own axis around the nucleus.

• Each electron has a magnetic moment.

• The figure shows the magnetic field lines

generated by the spin of an electron around

the nucleous.

• Normally, these little electron orbits all point

in more or less random directions.

• But in the presence of a strong enough ex-

ternal magnetic field, the electron orbit will

tend to get aligned.
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Magnets – II

• As matter is made up of atoms containing one or more electrons we might expect all

matter to be magnetic but in most matter the the magnetic moment of adjacent

electrons cancel each other out. Resulting in there being no net magnetic effect; the

substance is diamagnetic and is actually very weakly repelled by a magnet.

• If a magnetised bar of steel is cut in half, two magnets are created each with its own

N and S poles. No matter how finely divided, the N and S poles cannot be isolated.

Poles are always paired.
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Ferromagnets – I

• Most common: iron, nickel, & cobalt.

• High susceptibility to magnetisation.

• Exhibit hysteresis – a certain amount of magnetisation is retained when the

magnetising field is removed.

• Hard vs. Soft ferromagnets – ease of magnetisation & demagnetisation.
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Ferromagnets – II

• Every material responds to a magnetic field in some way, but in the vast majority the

effect is small.

• Large positive susceptibility – very large values of magnetization are produced by

relatively small magnetic fields, the magnetization (magnetic saturation) varies

non-linearly with field strength ( ~H).
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Ferromagnets – III

• In Ferromagnets, the little magnets (1017 to 1020 molecules) align themselves in

same direction, [NS] [NS] [NS] [NS] etc., in tiny chunks (10−12 to 10−8 m3) of the

material known as a magnetic domains – these substances are strongly attracted to a

magnetic field because each domain rotates to align itself with the magnetic field.

• In an unmagnetised sample, the domains are randomly orientated so that the

magnetization of the specimen as a whole is zero.

• Ferromagnetic material can be magnetised by (i) placing it in a magnetic field or (ii)

by repeatedly rubbing it in the same direction with the same pole of a permanent

magnet or (iii) by placing it in the centre of a coil (or solenoid) carrying an electric

current to give an electromagnet.
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Types

• HARD – low relative permeability, very high coercive force, and are difficult to

magnetize and demagnetise - used to make permanent magnets

• SOFT – high relative permeability, low coercive force, and are easily magnetised &

demagnetised. E.g., pure iron, does not retain magnetism when removed from

magnetic influence. Useful in areas involving changing magnetic flux, e.g.

electromagnets, electric motors, generators, and transformers.
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Magnetic Parameters

• Magnetic field (symbol: ~H , unit: Ampere/meter (A/m)) – the space surrounding a

magnet or a current-carrying conductor and containing magnetic flux.

• Magnetic flux (symbol: φ, unit: Weber (Wb)) – the flux through any area of the

medium surrounding a magnet or current-carrying conductor.

• Magnetic flux density (symbol: ~B, unit: Tesla (T, Wb/m2)) – density of magnetic flux,

or magnetic induction.
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Fundamental Magnetic Phenomena

• A magnetic field, ~H , is produced in the presence of a magnet or current-carrying

conductor

• When a conductor moves in a magnetic field, an e.m.f. is generated.

• When a current-carrying conductor moves in a magnetic field, a force is produced.
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Ampere’s Law

• Ampere circuital law states that the line integral of ~H around any closed path is equal

to the current enclosed by that path.
∮

~H · d~ℓ =
∑

ij

• Line integral of ~H around closed paths a

and b gives total current I .

• Integral over path c only gives portion of

current that lies within c.

• Practical use requires knowledge of sym-

metry of path.
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Magnetomotive Force

• We know from electric circuit theory that the electromotive force (emf) or voltage

between two points A and B is defined by

vab =

∫ b

a

~E · d~ℓ

• Similarly for magnetic circuits, the quantity is known as magnetomotive force (mmf).

mmf =

∫ b

a

~H · d~ℓ

• From Ampere’s law above we see that mmf has units of Ampere-turns (At): 10 A

flowing through a coil comprised of five turns produces an mmf of 50 At across the

coil.
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Biot-Savart Law – I

• Let’s compute the magnetic field in air about a long straight

wire of circular cross section.

• Wire is carrying current I and the three components of the

magnetic field are to be found

• Apply Ampere’s Law
∮

L

~H · d~ℓ = I
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Biot-Savart Law – II

• Call the component that is tangent to the circular path Hθ

• Since at a constant radius r, Hθ is constant, this becomes:

Hθ2πr = I

• Hence:

Hθ =
I

2πr
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Biot-Savart Law – III

• Call the component that is parallel to the wire Hz

• If this component exists it must be constant as it is at a constant distance from the wire

• Call the component that is perpendicular to the wire Hr

• Imagine a closed surface around the section of the wire, in the shape of a tin can

• Surface is a closed surface composed of a cylindrical section and two circular plane

sections
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Biot-Savart Law – IV

• Wish to find φ =
∫
~B · d ~A over this surface

• Hz the axial component contributes nothing to the flux, as it is equal at equal

distances from conductor

• Hθ does not intersect the surface so it also contributes nothing

• We have that φ = 0 over any closed surface, i.e.,
∫
~B · d ~A

• Therefore, although Hr intersects the surface, it must be zero

• It is left to evaluate Hz
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Biot-Savart Law – V

• Consider a new path of integration in the shape of a rectangle, with the short sides

parallel to the wire and therefore also parallel to Hz

• We know Hr = 0, Hθ contributes nothing to this integral

• Total integral around path is zero as the path doesn’t link any current

• Therefore contribution of Hz must be zero, which is only possible if Hz = 0
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Biot-Savart Law – VI

• In summary, we have that Hz = 0, Hz =

0.

• Then

H = Hθ =
I

2πr
• The magnetic induction is:

B = µH =
µI

2πr

• This also illustrates the right hand rule
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The Right Hand Rule

• With the right hand, grasp the coil with fingers pointing in the direction of the current;

the thumb then points in the direction of the magnetic field.
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Magnetic Flux Density and Magnetic Flux – I

• The magnetic flux density is defined as:

~B = µ ~H = µ0µr
~H

where µ is called the magnetic permeability of the material, which is a scalar constant

for a particular physical medium, µ0 = 4π · 10−7 H/m is the permability of air and

µr = µ/µ0 is the relative permeability.

• The magnetic flux is defined as:

φ =

∫

A

~B · d ~A

• If the flux is uniform over c.s.a. then φ = BA.
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Flux Density and Magnetic Flux – II

• ~B = flux density (or magnetic induction) is measured in tesla (T)

• φ is measured in Weber (Wb)

• A cross-sectional area of the iron core (m2) and its direction is the normal to the area

itself.

• Note: φ = 0 over any closed surface, i.e., magnetic flux lines have no beginning or

end, every one is a closed loop.
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Magnetisation

• Magnetisation ~M is the number of magnetic dipole moments per unit volume

• We can define the magnetic saturation as:

B = µ0(H +M)

• Then:

µ =
B

H
= µ0(1 +

M

H
) = µ0µr

• Hence:

µr = 1 +
M

H
, M = H(µr − 1)

• Another way of expressing B = µrµ0H , with account taken for the alignment of the

magnetic dipoles within the material

• µr is not constant but depends on the region of operation
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Summary of Concepts seen so far

• Ampere’s law: ∮

ℓ

~H · d~ℓ = ienclosed

• Mangetic flux density:

B = µH

• Magnetic flux:

φ =

∫

A

~B · d ~A

• Magnetization:

M =
B

µ0
−H
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Magnetic Circuits

• Analyse the operation of electromagnetic devices using magnetic equivalent circuits

• Assumptions

◦ That there is a mean path for the magnetic flux, which is confined within the

structure i.e. no leakage flux

◦ The magnetic flux density is approx. constant over the c.s.a.
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Magnetic Fields

• Let’s consider a coil of N turns wrapped around an iron core.

• What is the magnitude of the magnetic

field?

H =
Ni

ℓ
where:

◦ H is the magnitude of the magnetic field

◦ N is the total number of turns

◦ i is the current through the coil

◦ ℓ is the path length of the magnetic flux
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Magnetic Equivalent Circuit

• It is possible to define an electrical equivalent of a magnetic circuit

• R is the reluctance: opposi-

tion to the production of flux in

a material, analogous to resis-

tance. Reluctances add in se-

ries similarly to resistances in

series.

• Note that the reluctance can be

defined only if the relation be-

tween B and H is linear, i.e.,

µ is constant.
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Derivation of Reluctance R
• Magnetomotive force:

mmf = Hℓ = Ni

• Then:

Ni =
Bℓ

µ

• Magnetic flux:

φ = BA

• Which leads to:

Ni =
BAℓ

µA
= φ

ℓ

µA

• Hence:

mmf = Rφ ⇒ R =
ℓ

µA
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Combining Reluctances

• Using Amepre’s law and the definition of magnetic flux, it is simple to show that:

◦ The series of two reluctances R1 and R2 is given by:

Rseries = R1 +R2

◦ The parallel of two reluctances R1 and R2 is given by:

Rparallel =
R1R2

R1 +R2
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Electrical & Magnetic Equivalent Quantities

Electric field ~E, V/m Magnetic field intensity ~H , At/m

Voltage v, V mmf F , At

Current i, A Magnetic flux φ, Wb

Current density J , A/m2 Magnetic flux density B, T

Resistance R, Ω Reluctance R, At/Wb

• Note that the Ohm’s law has no equivalent in magnetic circuits, i.e., the reluctance

does not dissipate energy
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Air Gap – I

• Consider an iron core, with a gap of length

x and an N -turn coil carrying current i

wound about it as shown, giving rise to a

magnetic field H and flux φ in and around

the core.

• Calculate the reluctance R. What effect

does the air gap have on the properties of

the core?
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Air Gap – II

• Let x = ℓi/100

• The reluctance in the air is:

Rair =
x

µ0A

• The reluctance in the iron is:

Riron =
ℓi
µA

where:

µ = µrµ0 ≈ 1000µ0 [H/m]

• The total reluctance is:

Rtotal = Riron +Rair =
ℓi

103µ0A
+

x

µ0A
≈ x

µ0A
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Air Gap – III

• The air gap increases the reluctance (1 mm of air is equivalent to 1 m of iron)

• Air gaps are generally unintended and due to construction

• Help to avoid saturation

• If the air gap is short we can ig-

nore the fringing field outside the air

gap. The flux passing through the

air gap is the same as that through

the core, i.e., φ is constant
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Example 1 – I

• Toroidal Core

• Coil carries 2 A of current

• 500 Cu turns

• Path length is 0.3π m

• Cross Sectional Area (C.S.A.) = 0.003 m2

• Relative permeability is 750

• Find Magnetic Field (H) , Magnetic Flux Density (B), Magnetisation (M ), and

Magnetic flux (φ)
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Example 1 – II

• Magnetic field:

H =
N

ℓ
i =

500

0.3π
2 = 1, 061 A/m

• Magnetic flux density:

B = µH = µrµ0H = 750 · 4π · 10−7 · 1, 061 = 1 T

This is a typical operating flux density of iron-silicon alloys

• Magnetisation:

M =
B

µ0
−H =

1

4π · 10−7
− 1, 061 = 794.7 kA/m

• Magnetic flux:

φ = BA = 1 · 3 · 10−3 = 3 mWb
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Example 2 – I

• Let’s introduce an airgap of g = 1 mm

Riron =
ℓ

µrµ0A
=

0.3π

µ0 · 750 · 3 · 10−3
=

0.419

µ0

Rair =
g

µ0A
=

1 · 10−3

µ0 · 3 · 10−3
=

0.333

µ0

Rtotal = Riron +Rair =
0.419 + 0.333

µ0
=

0.752

µ0

Ni = φRtotal = φ
0.752

µ0

φ =
Niµ0

0.752
=

500 · 2 · µ0

0.752
= 1.671 mWb

⇒ B =
1.671 · 10−3

3 · 10−3
= 0.577 T
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Example 2 – II

• Comments:

◦ H is the same in both cases (1, 061 A/m)

◦ As stated before, introducing airgap helps avoid saturation

◦ Therefore, flux density B and relative permeability are reduced
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Non-linear B-H curve for Iron

• However, we must take into

account the non-linear B-

H relationship for iron
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Hysteresis – I
• The hysteresis loop shows

the history dependent na-

ture of magnetisation of a

ferromagnetic material

• Once the material has been

driven into saturation, the

magnetising field can then

be dropped to zero and

the material will retain most

of its magnetisation (it re-

members its history)
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Hysteresis – II

• When an unmagnetised bar of iron is placed in a magnetic field whose strength H is

increased from zero up to a sufficiently large value, its magnetisation eventually

reaches a maximum value, the saturation induction, Bs.

• Bs is a constant for a particular material and temperature.

• For high permeability iron alloys, Bs ∈ (1.6, 2.2) T.

• When H reduces, B decreases but not fast enough to retrace the magnetisation

curve. At H = 0, B = Bc (remanence)

• H must be reversed for B → 0.

• Hysteresis: a delay in the change of an observed effect in response to a change in the

mechanism producing the effect. Best known example is the magnetic hysteresis.
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Magnetic Saturation

• If devices are operated in the linear region of B-H characteristic B & H can be taken

as proportional, the permeability can be taken as constant

• If devices is driven into saturation region all the magnetic dipoles align with the H and

relative permeability µr decreases due to saturation

• At saturation:

◦ H and hence the current in the coil, has to increase considerably to increase B →
not efficient!

◦ A small increase of B driven by a the voltage applied to the coil, lead to current

peaks → dangerous!
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Worked Example – I
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Worked Example – II

• The core c.s.a is 1.6a on the right hand side and a on all other sides

◦ Calculate the mmf so as the flux density in the air gap is 0.8 T

◦ The maximum mmf such that the iron doesn’t saturate

◦ The maximum mmf so all the iron saturates
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Worked Example – III

Ni = φ(R1 +R2 +R3 +Rg)

= φ

(
ℓ1

µ1A1
+

ℓ2
µ2A2

+
ℓ3

µ3A3
+

ℓg
µgAg

)

φ = BgAg = 0.8(1.6a) = 1.28a Wb

⇒ µ1, µ2, µ3, µg =?

µg = µ0 = 4π · 10−7 H/m

µ1 = µr1µ0 =
B

H
=

φ

Ha

From graph µr1µ0 =
1.28a/a

0.9
600µ0

+ 0.38
300µ0

⇒ µr1 = 462.65
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Worked Example – IV

µ2 = µr2µ0 =
0.8
0.8

600µ0

⇒ µr2 = 600

µ3 = µr3µ0 =
1.28

1
800µ0

+ 0.28
400µ0

⇒ µr3 = 655.4

Ni = 1.28a

(
0.9

462.65µ0a
+

0.37

600µ01.6a
+

0.5

655.4µ0a
+

0.03

µ01.6a

)

=
1.28a

µ0a
· 0.02184

⇒ Ni = 22, 249 At
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Worked Example – V

• Iron saturates at 1.8 T, hence: B1 = 1.8 T, and φ1 = BA = 1.8a Wb

• Recalculate µ1, µ2, and µ3:

µ1 = µr1µ0 =
1.8

0.9
600µ0

+ 0.9
300µ0

= 400µ0

µ2 = µr2µ0 =
1.8/1.6

0.9
600µ0

+ 0.225
300µ0

= 500µ0

µ3 = µr3µ0 =
1.8

1
800µ0

+ 0.8
400µ0

= 553.8µ0

Ni =
1.28a

µ0a

(
0.9

400
+

0.37

600 · 1.6 +
0.5

553.8
+

0.03

1.6

)

=
1.28

µ0
· 0.02229

⇒ Ni = 22, 704 At
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Worked Example – VI

• All saturates, i.e., all three regions are saturated.

• Which one saturates last?

B1sat = 1.8 T φ1 = 1.8a Wb

B2sat = 1.8 T φ2 = 1.8 · 1.6a = 2.88 Wb

B3sat = 2 T φ3 = 2a Wb

• Region 2 saturates last.

• Let’s neglect fringing flux and assuming constant flux over c.s.a.

• We need φ = 2.88a Wb around core:

B1 = B3 = 2.88 T

Magnetic Circuit Analysis – 48

Worked Example – VII

• Recalculate µ1, µ2, and µ3:

µ2 = µr1µ0 =
2.88

0.9
600µ0

+ 0.9
300µ0

+ 1.08
µ0

= 2.7µ0

µ2 = µr2µ0 =
1.8

0.9
600µ0

+ 0.9
300µ0

= 400µ0

µ3 = µr3µ0 =
2.88

1
800µ0

+ 1
400µ0

+ 0.88
µ0

= 3.26µ0

Ni =
2.88a

µ0a

(
0.9

2.7
+

0.37

400 · 1.6 +
0.5

3.3
+

0.03

1.6

)

=
2.88

µ0
· 0.5041

⇒ Ni = 1.155 · 106 At

Magnetic Circuit Analysis – 49



Faraday’s Law

• Faraday’s law states that if a conductor cuts a magnetic flux, φ, the induced potential,

v, is proportional to the rate of change (dφ/dt) of flux, i.e., is related to the flux linked

by the coil.

• Faraday’s law states:

emf = v = N
dφ

dt
=

dλ

dt

• Then:

λ = Nφ = Li

v = L
di

dt

• λ is often call “total magnetic flux.”
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Power of a Magnetic Circuit

• Let assume that we apply an alternate voltage to a coil:

v(t) =
√
2V cos(ωt)

• Neglecting losses in the wire and assuming N turns:

v = N
dφ

dt
⇒ φ =

1

N

∫
v(t)dt =

√
2V

Nω
sin(ωt) = φmax sin(ωt)

• Let φmax = BmaxA, then:

V =
2π√
2
fNBmaxA = 4.44fNBmaxA

• The power is:

P = V I = 4.44fNBmaxAI = 4.44fNBmaxA
Hℓ

N
= 4.44fBmaxHVol
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Inductance – I

• The inductance (or more properly, self inductance) L of a coil is defined by

v = L
di

dt

where

◦ v is the voltage across the ends of the coil

◦ i is the current flowing through the coil

• We may calculate L in terms of the magnetic field in the coil.
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Inductance – II

• A coil with N turns carrying a current i gives rise to a flux φ as shown. The associated

average flux density over the coil cross-sectional area A is

B =
φ

A

• Each turn of the coil is in the presence of a flux φ: we say that each turn links a flux φ.

The total flux linked by the coil (denoted λ) is

λ = Nφ

= NBA = NµHA

= Nµ
Ni

ℓ
A =

N2µA

ℓ
i

⇒ λ = Li
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Inductor

• air-cored

µ = µ0 → very small L

• iron-cored

µ = µrµ0 ≫ µ0 → µ ≈ 1000µ0 → very large L
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Mutual Inductance

• Consider two current-carrying coils close together as shown.

• The flux linked by each coil depends not only on its current, but also on the current and

geometry of its neighbour.

• That is:

λ1 = L1i1 +M12i2

λ2 = L2i2 +M21i1

• The inductances M12 and M21 are known as the mutual inductances of the coils

w.r.t. each other.

• This effect is especially prevalent in electric transformers, which often feature very

large coils very close together.
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Example on Mutual Inductances (1)

• The permeability of the iron core is

µ → ∞.

• There are three air gaps, whose

lengths are 1 mm, 2 mm, and 3

mm, respectively.

• The section of the magnetic circuit

is A = 10 cm2 and the windings

have N1 = 200 and N2 = 100

turns.

• Determine the self-inductances L1 and L2.

• Determine the mutual inductances M12 and M21.
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Example on Mutual Inductances (2)

• Let’s calculate the reluctances of the three air gaps first:

R1 =
g1
µ0A

=
1 · 10−3

4π · 10−7 10 10−1
= 795.8 · 103 H−1

R2 =
g2
µ0A

=
2 · 10−3

4π · 10−7 10 10−1
= 1591.5 · 103 H−1

R3 =
g3
µ0A

=
3 · 10−3

4π · 10−7 10 10−1
= 2387.3 · 103 H−1

• And the equivalent reluctances as seen from coil 1 and coil 2, respectively:

Req1 = R1 +
R2R3

R2 +R3

Req2 = R2 +
R1R3

R1 +R3
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Example on Mutual Inductances (3)

• The self-inductances are defined as the total magnetic flux in a coil divided by the

current of the coil itself assuming that the current in all other coils is null.

• For the magnetic circuit of this example, one has:

L1 =
λ1

i1
=

N1φ1

i1
=

N2
1 i1

Req1
· 1

i1
=

N2
1

Req1
= 22.84 mH

• and

L2 =
λ2

i2
=

N2φ2

i2
=

N2
2 i2

Req2
· 1

i2
=

N2
2

Req1
= 4.57 mH
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Example on Mutual Inductances (4)

• The mutual inductances are defined as the total magnetic flux in the i-th coil divided by

the current of the j-th coil assuming that only the current in the j-th coil is not null.

• For the magnetic circuit of this example, one has:

M12 = N1φ2 ·
R3

R1 +R3
· 1

i2
=

N1N2

Req2
· R3

R1 +R3
= 6.85 mH

• and

M21 = N2φ1 ·
R3

R2 +R3
· 1

i1
=

N1N2

Req1
· R3

R2 +R3
= 6.85 mH

• Since we have assumed that there is no flux leakage, then:

M12 = M21
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Hysteresis Losses

• When a material is taken through a hysteresis cycle, there is energy lost in the form of

heat

• Energy lost is dependent on the area of the hysteresis loop

• In fact, we have:

v =
dλ

dt
= NA

dB

dt
, i =

Hℓ

N

• Hence:

p = vi = AℓH
dB

dt
= VolH

dB

dt

• At every cycle we do not follow the same pattern on the hysteresis curve: the area of

the hysteresis region is a loss per unit volume.
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Eddy Currents

• In the same way as a coil placed in a changing magnetic field has a voltage induced in

it

• A core within a changing magnetic field will have an induced voltage within it, leading

to circulating currents within the core

• Leading to an energy loss
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Transformer – 1

Transformer

• The minimal configuration that leads to a transformer is an iron core with two windings

i1(t)

v1(t)

i2(t)

v2(t)

N1

N2
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Ideal Transformer – I

• Properties of an ideal transformer

◦ Primary and secondary windings have negligible resistance

◦ The iron core has “high” permeability, hence flux leakages are negligible

◦ 100% efficiency

• The total fluxes of the two coils are:

λ1 = L11i1 −Mi2

λ2 = Mi1 − L22i2

where

L11 =
N2

1

R , L22 =
N2

2

R , M =
N1N2

R
where R is the reluctance of the iron core
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Ideal Transformer – II

• The emfs can be obtained by the Faraday’s law:

e1 =
dλ1

dt
= L11

di1
dt

−M
di2
dt

e2 =
dλ2

dt
= M

di1
dt

− L22
di2
dt

• In steady-state ac:

Ē1 = jωL11Ī1 − jωMĪ2

Ē2 = jωMĪ1 − jωL22Ī2

where ω = 2πf , and f is the fundamental frequency of the ac system
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Ideal Transformer – III

• Substituting the expressions of the self- and mutual inductances:

Ē1 = N1

(
jω

N1

R Ī1 − jω
N2

R Ī2

)

Ē2 = N2

(
jω

N1

R Ī1 − jω
N2

R Ī2

)

• Then, one has:

e1(t)

e2(t)
=

i2(t)

i1(t)
=

Ē1

Ē2
=

E1

E2
=

N1

N2
= kT

where kT is the tap ratio (or turns ratio) of the transformer

• Note that ∠Ē1 = ∠Ē2
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Real Transformer

• Primary and secondary windings have resistance

• The two windings occupy different positions

• Iron core required to conduct flux from one winding to the other winding

• Not all of the primary flux links the secondary winding, and vice versa

• The leakage flux does not contribute to energy transfer

• Iron core exhibits hysteresis and eddy current losses
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Equivalent Circuit - I

• Let assume that the primary is supplied by a sinusoidal voltage, V̄1, and the secondary

is connected to a load.

M

V̄1
Ē1

Ī1

R1jX1

Ē2

Ī2

R2jX2

V̄2

• Coil resistances (R1, R2) and leakage reactances (X1 = ωL1, X2 = ωL2) are

removed outside the windings, and since magnetic path has non-zero reluctance, a

magnetising current is required.
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Equivalent Circuit - II

• Winding self-inductances (L11, L22) are related to the mutual inductance (M )

between windings

M =
√

L11L22; L11 = k2TL22

• Applying KVL to the primary and secondary circuits:

V̄1 = (R1 + jX1)Ī1 + Ē1

V̄2 = −(R2 + jX2)Ī2 + Ē2

where

Ē1 = jωkTMĪ1 − jωMĪ2

Ē2 = −jωM/kT Ī2 + jωMĪ1

where L11 = kTM and L22 = M/kT .
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Equivalent Circuit - III

• The secondary voltages may be referred to the primary by multiplying secondary circuit

equation by kT , the turns ratio

kT V̄2 = −kT (R2 + jX2)Ī2 − jωMĪ2 + jωkTMĪ1

= −kT (R2 + jX2)Ī2 + Ē1

• We define:

V̄ ′
2 = kT V̄2

• It is also possible to introduce a primary current Ī ′2 which is equivalent to Ī2, when

referred to the primary.

• For an ideal transformer there is an mmf balance between the primary and secondary:

N1Ī
′
2 = N2Ī2 ⇒ Ī2 =

N1

N2
Ī ′2 = kT Ī

′
2
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Equivalent Circuit - IV

• It then follows that:

V̄1 = (R1 + jX1)Ī1 + Ē1

V̄ ′
2 = −k2T (R2 + jX2)Ī

′
2 + Ē1

and

Ē1 = jωkTM(Ī1 − Ī ′2) = jXµĪµ

where Īµ is the magnetizing current and Xµ is the magnetizing reactance.

• We then define:

◦ R′
2 = k2TR2, secondary resistance referred to primary;

◦ X ′
2 = k2TX2, secondary reactance referred to primary.
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Equivalent Circuit - V

• Modified equivalent circuit:

V̄1 V̄ ′
2

Ī1

R1jX1
Īµ

jXµ V̄2

Ī2Ī ′2

R′
2

Z̄L

jX ′
2

Ē1

• Note that any impedance on the secondary (e.g., load) can be referred to primary:

Z̄ ′
L = k2T Z̄L
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Equivalent Circuit - VI

• An almost final version of the equivalent circuit can now be presented, which

represents the above equations:

V̄1 V̄ ′
2

Ī1

R1jX1
Īµ

jXµ

Ī ′2

R′
2

Z̄ ′
L

jX ′
2

Ē1
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Magnetic Losses – Hysteresis

• The response to a driving force in one direction is different from the response to a force

in the opposite direction.

• Energy required to accomplish domain alignment reversals, such that heat dissipated

∝ area under hysteresis loop.

Transformer – 12

Magnetic Losses – Eddy Currents

• Fe conductivity is of same magnitude as Cu and Al

• If currents are induced in the windings then currents are

also induced in the iron core/

• Eddy (Faucault) currents produce losses and heating in

the iron

◦ insert insulation in the core to break up eddy current

paths, while providing high permeance to flow of flux

• Hence, build the core from thin sheets of iron alloy

◦ laminations are insulated from each other by iron ox-

ide or special coatings
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Magnetic Losses – Empirical Formula

• Losses due to hysteresis are propotional to the volume of the iron core and the area of

the hysteresis loop:

Whysteresis = Volume

∮

c

HcdBc

• The losses due to eddy currents are ∝ e2

r , where e is the induced voltage in the iron

core and r the resistance of the path where the eddy current flows: very difficult to

compute...

• Empirical formula:

pFe = αfBβ
M

W

kg

where α and β (β ∈ [1.6, 2.5]) are coefficient that depend on the material, f is the

frequency and BM the maximum induction field (BM ≈ 1.5 T).

• Good material: pFe ∈ [0.3, 0.4] W/kg; Bad material: pFe ∈ [5, 6] W/kg.
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Example on Iron Losses

• An iron core with cross section A = 25 cm2 and average length ℓ = 80 cm, has

pFe = 5 W/kg. The density of the iron core is ρ = 7.8 kg/dm3 and the nominal

voltage of the coil wound on the iron core is VN = 220 V.

• Determine the equivalent resistance of the iron core RFe.

◦ Let’s compute first the mass of the iron core:

m = A · ℓ · ρ = 25 · 10−4 · 0.8 · 7, 800 = 2 · 10−3 · 7, 800 = 15.6 kg

◦ The iron losses are:

PFe = pFe ·m = 5 · 15.6 = 78 W

◦ Finally, the equivalent resistance of the iron core is:

RFe =
V 2
N

PFe
=

2202

78
= 620.5 Ω
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Equivalent Circuit - VII

• Final exact equivalent circuit of a single phase transformer:

V̄1 V̄ ′
2

Ī1

R1jX1 Ī10

RFe jXµ

Ī ′2

R′
2

Z̄ ′
L

jX ′
2

Ē1

• The current Ī10 is the current flowing in the transformer if the secondary winding is

open circuit.

Ī10 = ĪFe + Īµ, with ĪFe ⊥ Īµ

Ī1 = Ī10 + Ī ′2

Ē1 = RFeĪFe + jXµĪµ, with Ē1||ĪFe, Ē1 ⊥ Īµ

Transformer – 16

Phasor Diagram of the Exact Equivalent Circuit

• Phasor diagram of the exact equivalent circuit:

V̄1

Ē1

V̄ ′
2

Ī1

Ī′2

Ī10

ĪFe

Īµ

R1Ī1

jX1Ī1

R′
2Ī

′
2

jX′
2Ī

′
2
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Proposed Exercise 1

• A 16.67 kVA, 7200/120 V, 50 Hz transformer has the following equivalent circuit

impedances:

◦ RFe = 311 kΩ, Xµ = 54.8 kΩ,

◦ R1 = 18.7 Ω, X1 = 77.8 Ω,

◦ R′
2 = 18.684 Ω, X ′

2 = 77.76 Ω.

• The primary voltage is adjusted so that the secondary terminal voltage is 120 V when

the load is 16.67 kVA at unity power factor.

• Find the primary current and the required primary terminal voltage.

• Calculate the iron and copper losses, and the transformer’s efficiency under these

conditions.
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Approximated Equivalent Circuits - I

• A typical approximated equivalent circuit of a single phase transformer is the following:

V̄1 V̄ ′
2

Ī1

Ī10

RFe jXµ

Ī ′2

R1 +R′
2

Z̄ ′
L

j(X1 +X ′
2)

• The quantities R1 +R′
2 and X1 +X ′

2 are called shortcircuit resistance and

reactance, respectively:

R′
sc = R1 +R′

2

X ′
sc = X1 +X ′

2
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Phasor Diagram of the Approximated Circuit

• Phasor diagram of the approximated equivalent circuit:

V̄1

V̄ ′
2

Ī1

Ī′2

Ī10

ĪFe

Īµ

(R1 +R′
2)Ī

′
2

j(X1 +X′
2)Ī

′
2
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Approximated Equivalent Circuits - II

• Another common approximated equivalent circuit utilized for power transformers is:

V̄1 V̄ ′
2

Ī ′2

R1 +R′
2

Z̄ ′
L

j(X1 +X ′
2)

• This circuit is based on the observation that:

RFe ≫ R1 +R′
2

Xµ ≫ X1 +X ′
2
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Phasor Diagram of the Power Transformer Circuit

• Phasor diagram of the power transformer equivalent circuit:

V̄1

V̄ ′
2Ī′2

(R1 +R′
2)Ī

′
2

j(X1 +X′
2)Ī

′
2
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Voltage Regulation

• Voltage regulation is defined as fall in secondary voltage between no load and full load

- at a given power factor

ǫV =
|V̄1| − |V̄ ′

2 |
|V̄1|

=
V1 − V ′

2

V1

• In practice, the internal voltage

drop across R′
sc and X ′

sc is so

small that δ = ∠(V̄1 − V̄ ′
2) ≈ 0.

• Consequently:

V ′
2 = V1 − I ′2(R

′
sc cos(φ) +X ′

sc sin(φ))

• This is known as Kapp’s formula.

δ φ

φφ

V̄1

V̄ ′
2

Ī ′2
R′

scĪ
′
2

jX ′
scĪ

′
2
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Maximum Efficiency Condition

• Efficiency is defined as:

η =
Output

Input
=

Output

Output + Losses
=

V1I
′
2 cosφ

V1I ′2 cosφ+ PFe +R′
scI

′
2
2

• The current of which the efficiency is maximum satisfies the condition:

0 =
dη

dI ′2
=

(V1I
′
2 cosφ+ PFe +R′

scI
′
2
2
)V1 cosφ− V1I

′
2 cosφ(V1 cosφ+ 2R′

scI
′
2)

(V1I ′2 cosφ+ PFe +R′
scI

′
2
2)2

which is satisfied for:

V1I
′
2 cosφ+ PFe +R′

scI
′
2
2
= I ′2(V1 cosφ+ 2R′

scI
′
2)

⇒PFe = R′
scI

′
2
2
,

• i.e., iron losses = copper losses for maximum efficiency.
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Determination of Parameters

• The transformer parameters can be deduced either by:

◦ calculations based on device dimensions and design details

◦ tests conducted on the transformer after manufacture

• The impedances of the equivalent circuit model may be determined by:

◦ an open-circuit test, and

◦ a short-circuit test.
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Open-Circuit Test - I

• Open-circuiting the secondary (Ī1 = Ī10), and assuming that RFe and Xµ ≫ R′
sc

and X ′
sc results in a simplified equivalent circuit:

ĪFe

ĪFe

Īµ

Īµ
Ī10

Ī10

φ10

V̄10

V̄10 RFe Xµ

• Note that if V10 ≈ V1N , then V10 ≈ E1 and I10 ≪ I1N .

• Measures: V10, I10 and P10.
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Open-Circuit Test - II

• From the open-circuit test, we can determine RFe and Xµ.

• We proceed as follows:

⇒ RFe =
V 2
10

P10

IFe =
V10

RFe

Iµ =
√
I210 − I2Fe

⇒ Xµ =
V10

Iµ
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Short-Circuit Test - I

• Short-circuiting the secondary, and assuming that RFe and Xµ ≫ R′
sc and X ′

sc

results in a simplified equivalent circuit where Īsc = Ī1 ≈ Ī ′2:

Īsc

Īsc

R′
scjX ′

sc

φsc

V̄sc

V̄sc

• Note that if Isc ≈ I1N , then Vsc ≪ V1N , then PFe ≪ PFeN .

• Measures: Vsc, Isc and Psc.
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Short-Circuit Test - II

• From the short-circuit test, we can determine R′
sc and X ′

sc.

• We proceed as follows:

⇒ R′
sc =

Psc

I2sc

Z ′
sc =

Vsc

Isc

⇒ X ′
sc =

√
Z ′
sc

2 −R′
sc

2
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Proposed Exercise 2

• A 3.3 kV / 240 V, 50 Hz, 16.5 kVA, single-phase transformer is subject to open-circuit

and short-circuit tests.

• The results are presented below:

◦ Open-circuit test: Vinput = 3300 V , Iinput = 0.24 A , Pinput = 145 W

◦ Short-circuit test: Vinput = 50 V , Iinput = 5.0 A , Pinput = 170 W

• Calculate the parameters R1 +R′
2, X1 +X ′

2 , RFe , and Xµ of the equivalent

circuit.

• Assume that V1 = 3.3 kV and that the transformer feeds a load with S2 = 16.5 kVA

and cosφ2 = 0.9 lagging. Estimate:

◦ Voltage regulation

◦ Efficiency (indicate also if the efficiency is the maximum possible)
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Solution – I

• Let’s consider the Open-Circuit test first.

• The parameters of the shunt branch of the transformer are:

RFe =
V 2
10

P10
=

3, 3002

145
= 75.1 kΩ

IFe =
V10

RFe
=

3, 300

75, 100
= 0.044 A

Iµ =
√

I210 − I2Fe =
√

0.242 − 0.0442 =
√
0.0557 = 0.236 A

Xµ =
V10

Iµ
= 13.99 kΩ

Transformer – 31



Solution – II

• Let’s now consider the Short-Circuit test.

• The parameters of the series branch of the transformer are:

R′
sc =

Psc

I2sc
=

170

52
= 6.8 Ω

Z ′
sc =

Vsc

Isc
=

50

5
= 10 Ω

X ′
sc =

√
Z ′
sc

2 −R′
sc

2 =
√
100− 46.24 =

√
53.76 = 7.33 Ω

Transformer – 32

Solution – III

• Voltage regulation

• The Kapp’s formula is:

V ′
2 = V1 − I ′2(R

′
sc cos(φ) +X ′

sc sin(φ))

• We do not know V1.

• An approximation is to take V1 ≈ V1N = 3, 300 V.

• This approximation is justified by the assumption that the voltage drop on the

secondary is small and that the load comsumes the nominal power.
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Solution – IV

• With this approximation, we can apply the Kapp’s formula directly:

V ′
2 = 3, 300− 5(6.8 · 0.9 + 7.33 · 0.436) = 3253 V

where sinφ2 =
√

1− cos2 φ2 = 0.436.

• Finally, the voltage regulation is:

ǫv = 100 · V1 − V ′
2

V1
= 100 · 3, 300− 3, 253

3, 300
= 1.41%

• The voltage variation is small. Thus the assumption V1 ≈ V1N is reasonable.

• If the voltage variation were big, then one can iterate the procedure above or find the

exact solution (Power Flow Analysis).
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Solution – V

• Efficiency.

• The expression of the efficiency is:

η =
P2

P2 + PFe + Pj

• We have to compute P2, PFe and Pj :

P2 = S2 cosφ2 = 16.5 · 0.9 = 14, 850 W

PFe ≈
V 2
1N

RFe
=

3, 3002

75, 100
= 145 W

Pj ≈ R′
scI

′
2N

2
= 6.8 · 52 = 170 W

• Note that the expressions of PFe and Pj are approximated as E1 6= V1N and

I ′2 6= I ′2N but, again, differences are negligible.
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Solution – VI

• Finally, the estimated efficiency is:

η =
14, 850

14, 850 + 145 + 170
=

14, 850

15, 165
= 0.979 ≈ 98%

• The maximum efficiency is obtained when PFe = Pj .

• Assuming V1 = V1N , we have that the condition Pj = PFe is satisfied if:

145 = R′
scI

′
2
2 ⇒ I ′2 =

√
145

6.8
= 4.62 A

• Hence, the maximum efficiency of the transformer is obtained for:

α = 100 · I ′2
I ′2N

= 100 · 4.62
5

= 92%

where α indicates the percentage of loading with respect to full load.
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Transformer Core Construction

• Successful transformer design requires good flux linkage + ease of construction + easy

to cool windings

• Core type: each limb carries half the secondary and half the primary windings, so that

they can be closely coupled magnetically with low leakage

Transformer – 37



Transformer Shell Construction

• Shell type: Instead of the windings being split, the core is divided.

• Normally, two parallel magnetic paths are used with flux totally encircling the single

group of coils
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Three-Phase Transformer Construction

• For 3-phase operation, 3 single-phase transformers can be connected together, or, a

3-phase device may be constructed
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Three-Phase Core Transformer

• Example of 3-phase core transformer
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Three-Phase Transformers

• 3-phase transformers are lighter, take up less space, cheaper, involve much less

external wiring, and their efficiency is slightly better

• If a transformer serving one phase fails, only that one transformer need be replaced

• It is probable that a 3-phase device damaged in one of the phases would have to be

completely removed from service

• Improved construction and better means of protection from overvoltages and short

circuits have made failure very rare

• Banks of 3 × single-phase transformers are seldom used
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Three Single-Phase Transformers

• Example of 3 single-phase transformers
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Transformer Cooling - I

• Transformer losses in the windings and iron core generate heat which must be removed

to prevent deterioration of the insulation and the magnetic properties of the core

• Since losses ∝ volume, while heat dissipation ∝ surface area larger transformers are

more difficult to cool

◦ Cooling by natural convection of air only used for small transformers

◦ Transformers > 10 kVA are likely oil-cooled, with the transformer contained in a

tank of oil

◦ In very large devices, pumps may force circulate oil through the windings and

external radiators
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Transformer Cooling - II

• Example of transformer cooling system
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Transformer Cooling - III

• Example of transformer cooling system
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Energy Conversion – 1

Energy Conversion in Magnetic Circuits

• Lorentz force

• Energy balance

• Energy and coenergy

• Examples:

◦ Homopolar machine

◦ Electromagnet

◦ Reluctance motor
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Linear Motor
• Consider a conductor (e.g. a cop-

per rod) of length L resting on

wires, carrying a current I , in

the presence of a magnetic field

whose flux density is in the direc-

tion shown, normal to the plane of

the conductor.

• Current leads to moving charges in the conductor, which experience an

electromagnetic force, which is transmitted to the conductor itself.

• The conductor thus experiences a force (Lorentz force), given by the vector product

~F = i~ℓ× ~B

• In this example F has magnitude BLI

Energy Conversion – 2

Linear Generator
• The system considered in the pre-

vious slide can also be used as a

generator. If the bar moves with

constant speed ~v, then the area

spanned by the coil varies, which

leads to a variation of magnetic flux:

dφ = BdA = BLdx

⇒ dφ
dt = BLdx

dt = BLv

• This is a very simple example of electric machine which can work either as a motor or

as a generator.

• The linear structure is impractical: how can such an uniform ~B be generated?

• That’s why most electrical machines are rotating machines.

Energy Conversion – 3



Homopolar Machine – I

• It is possible though to im-

plement the machine seen

previously using an cycli-

cal structure (known as ho-

mopolar machine, which is

a modern version of the

Faraday’s disk).

• The Faraday’s disk is illus-

trated in the figure.
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Homopolar Machine – II

• The magnetic induction ~B

is radial and time-invariant.

While rotating, the coil

spanned area changes its

relative position with re-

spect to the magnetic in-

duction:

e =
dφ

dt
= Bℓωr = Bℓv

ωr

ℓ

~B
~B

+ −

• The homopolar machine is characterized by a continuous (low) voltage and extremely

high currents (order of kA).
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Motivation of Coils with High N

• The homopolar machine has no relevant practical applications.

• This is mainly because the coil on the rotor has just one turn ⇒ inefficient!

i

i

i

i

i

i

i ~H~H

H = i/2πr H = Ni/2πr

• The advange of using N turns is an easy way to increase the magnetic field ~H while

keeping relatively small the current of the winding.
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Force in Magnetic Field - I

• The power balance of a coil:

p = vi = ri2 + i
dλ

dt

• Neglecting losses for simplicity, but without loss of generality:

pdt = idλ

• The total energy absorbed when the flux linkage changes from 0 to λ is:

We =

∫
pdt =

∫ λ

0

idλ
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Force in Magnetic Field – II

• In the case of movable parts, the current is a function of λ and the position x:

i = i(λ, x)

• Then also the magnetic field energy Wf depends on λ and x:

Wf = Wf (λ, x)

• The incremental change of magnetic field energy gives:

dWf (λ, x) =
∂Wf

∂λ
dλ+

∂Wf

∂x
dx

Energy Conversion – 8

Force in Magnetic Field – III

• On the other hand, neglecting losses, the variation of electric energy has to be equal to

the variation of magnetic energy plus the variation of mechanical energy:

dWe = dWf + fdx = idλ dWf = idλ− fdx

• Hence, we have:

i =
∂Wf

∂λ
|dx=0 f = −∂Wf

∂x
|dλ=0
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Motivation
• Let’s consider the variation of Wf

from (0, 0) to (xe, λe).

• If there are no losses, any path can

be used:

∆Wf = ∆W a
f = ∆W b1

f +∆W b2
f

• However, path b1-b2 is much sim-

pler.

a

b1

b2

0

λ

x

λe

xe

• Along b1, λ = 0 and dλ = 0, hence i = 0 and f = 0, hence: ∆W b1
f = 0

• Along b2, x = xe = const., dx = 0, hence:

∆Wf = ∆W b2
f =

∫ λe

0

i(xe, λ)dλ
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Coenergy

• For fixed x, the field energy is the area of the upper side of the λ-i curve:

Wf =
∫ λ

0
idλ

• Alternatively, for fixed x, one can define coenergy as the area of the lower side:

W ′
f =

∫ i

0
λdi
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Mechanical Force in terms of Coenergy

• Remember that:

dWe = dWf + dWm = idλ

• Then, by definition of coenergy:

Wf +W ′
f = iλ dWf + dW ′

f = idλ+ λdi

• Subsitituing into the expression of the energy balance:

idλ+ λdi− dW ′
f + dWm = idλ

⇒ dW ′
f = λdi+ dWm = λdi+ fdx

• Which leads to:

f =
∂W ′

f

∂x
|di=0
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Linear Case with Time-invariant Inductance

• Let’s assume the linear case (constant inductance):

λ = Li

• Then, the field energy is:

Wf =

∫ λ

0

idλ =

∫ λ

0

λ

L
dλ =

1

2

λ2

L
=

1

2
Li2

• The coenergy is:

W ′
f =

∫ i

0

λdi =

∫ i

0

Lidi =
1

2
Li2 =

1

2

λ2

L

• Hence, Wf = W ′
f , as it can be deduced straightforwardly from the curve on the λ-i

plane.
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Alternative Expressions

• The inductance can be expressed as:

L = N
φ

i

• Then, taking into account the Hopkinson law (F = Rφ, the inductance can be

rewritten as:

L = N2 φ

Ni
= N2 φ

Rφ
=

N2

R = N2P

where P is the permeance, P = 1/R

• So, in the linear case, one has:

Wf = W ′
f =

1

2
Fφ =

1

2
Rφ2 =

1

2

φ2

P =
1

2

F2

R =
1

2
PF2

Energy Conversion – 14

Special Case 1: Constant Flux

• The assumption is that the movement of the movable iron core parts is sufficiently fast

to prevent the magnetic flux to vary.

• In this case, the energy absorbed from the feeder is zero:

dWe = idλ = 0 ⇒ 0 = dWf + dWm

• Hence:

dWm = −dWf ⇒ f = −dWf

dx
|dλ=0

i.e., the mechanical work is obtained by varying the stored magnetic energy.
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Special Case 2: Constant Current

• The assumption is that the movement of the movable iron core parts is sufficiently slow

to prevent the current in the coil to vary.

• In this case, we have:

dWe = idλ = dWf + dWm = idλ+ λdi− dW ′
f + dWm

• Hence:

dWm = dW ′
f ⇒ f =

dW ′
f

dx
|di=0

i.e., the mechanical work is obtained by varying the coenergy of the magnetic circuit.
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Summary

• ENERGY (Wf ) is useful if we know the function i(x, λ):

Wf =

∫

λ

i(x, λ)dλ

• COENERGY (W ′
f ) is useful if we know the function λ(x, i):

W ′
f =

∫

i

λ(x, i)di

Energy Conversion – 17



Expressions of Mechanical Force (or Torque)

• From the differentiation of the energy, we obtain:

dWf = idλ− fdx =
∂Wf

∂λ

∣∣∣∣
x=const.

· dλ+
∂Wf

∂x

∣∣∣∣
λ=const.

· dx

• From the differentiation of the coenergy, we obtain:

dW ′
f = λdi+ fdx =

∂W ′
f

∂i

∣∣∣∣
x=const.

· di+
∂W ′

f

∂x

∣∣∣∣
i=const.

· dx

• Hence, there two expressions of the force (torque):

f = − ∂Wf

∂x

∣∣∣∣
λ=const.

=
∂W ′

f

∂x

∣∣∣∣
i=const.
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Example

• An electromechanical system has the following relation between the total magnetic flux

and the current:

λ =
4 · 10−4

x2
· i1/3

• Determine the mechanical force.
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Example - Coenergy-based Solution

• We determine W ′
f first and the we calculate f =

∂W ′
f

∂x .

• Since the function λ(x, i) is given, we have:

W ′
f =

∫
λ(x, i)di =

∫
4 · 10−4

x2
· i1/3di

=
3 · 10−4

x2
i4/3

• Then, the force is obtained as:

f =
∂W ′

f

∂x

∣∣∣∣
i=const.

= −2 · 3 · 10−4

x3
· i4/3 = −6 · 10−4

x3
· i4/3
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Example - Energy-based Solution

• We determine Wf first and the we calculate f = −∂Wf

∂x .

• We first compute i(x, λ), then we have:

Wf =

∫
i(x, λ)dλ =

∫
x6

(4 · 10−4)3
· λ3dλ

=
x6

(4 · 10−4)3
· 1
4
· λ4

• Then, the force is obtained as:

f = − ∂Wf

∂x

∣∣∣∣
λ=const.

= −6 · x5

(4 · 10−4)3
· 1
4
· λ4 ,

• which, substituting back the original expression of λ(x, i), gives the same solution

obtained with the coenergy approach.
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Linear System with Two Windings – I

• Let us consider a linear system with two mutually coupled windings.

• The links between total fluxes and currents are as follows:

λ1 = L1(α) i1 +M(γ) i2

λ2 = M(γ) i1 + L2(β) i2

where the self and mutual inducatnces are assumed to be a function of linear or

angular positions α, β and γ.

• We are interested in determining the total magnetic energy and the forces (torques)

originated by the systems.
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Linear System with Two Windings – II

• We already know that the forces are null for

zero current if there are no permanent mag-

nets.

• Let’s then consider the variation of energy

from (0, 0) to (i1, i2).

• If there are no losses, any path can be

used:

Wf = W a1
f +W a2

f

a1

a2

0

i2

i1

• Since the system is linear, the magnetic energy is equal to the coenergy:

Wf = W ′
f =

∫

a1

λ1di1 +

∫

a1

λ2di2 +

∫

a2

λ1di1 +

∫

a2

λ2di2
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Linear System with Two Windings – III

• Along a1, i2 = di2 = 0, hence:

W a1
f =

∫ i1

0

λ1di1 =
1

2
L1(α) i

2
1

• Along a2, i1 = const., di1 = 0, hence:

W a2
f =

∫ i2

0

λ2di2 = M(γ) i1i2 +
1

2
L2(β) i

2
2

• The total energy is thus:

Wf =
1

2
L1(α) i

2
1 +

1

2
L2(β) i

2
2 +M(γ) i1i2

• There are thus three forces:

fα =
1

2

∂L1(α)

∂α
i21, fβ =

1

2

∂L2(β)

∂β
i22, fγ =

∂M(γ)

∂γ
i1i2
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Electromagnet - I

• Let consider a simple electro-mechanical system: the electromagnet (on the right,

industrial electromagnet lifting scrap iron, 1914).

x

m

v(t)

i(t)

~g

µ

µo

N

• What is the force acting on the armature?
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Electromagnet – II

• The electrical equation is:

v = Ri+ e

where R is the resistance of the coil and e is the mmf induced by the magnetic circuit:

e =
dλ

dt

and φ is the magnetic flux in the iron core, which depends on the current and on the

position x:

λ(x, i) = L(x)i =
N2i

RFe +R0(x)
≈ µ0

N2Ai

x

where L is the inductance of the coil, A is the iron core section area and we have

assumed that the reluctance in the iron core is negligible with respect to the one in the

air gap (RFe ≪ R0).
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Electromagnet – III

• The time derivative of the magnetic flux gives:

dλ

dt
= L(x)

di

dt
+

∂L

∂x

dx

dt
i

• The mechanical equation is:

m
d2x

dt2
= f(x) + b

dx

dt
+mg

where b is a viscous friction coefficient, f(x) is the force generated by the magnetic

circuit:

f(x) =
1

2

∂L(x)

∂x
i2 = −1

2

N2

x2
µ0Ai2
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Electromagnet – IV

• The function of the force is not valid for all values of x.

f(x)

x

a

b

• In region a, the force does not become infinite due to the iron core reluctance.

• In region b, the force goes to zero as the magnetic flux field disperses in the air.
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Electromagnet – V

• If the current is ac, we have:

f = −1

2

∂L

∂x
i2(t) = −1

2

∂L

∂x
I2M sin2(ωt)

• Since sin2 α = 0.5(1− cos(2α)), the previous expression can be rewritten as:

f = −1

2

∂L

∂x
I2 +

1

2

∂L

∂x
I2 cos(2ωt)

where I = IM/
√
2 is the rms value of the current.

|f(t)|

t
i(t)
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Electromagnet – VI

• For the particular case of ac voltage, stationary conditions can be described by static

phasors:

I =
V√

R2 +X2

where I and V are the rms values of the current and the voltage, respectively, and X

is the system reactance:

X = ωL(x) = ωµ0
N2A

x

• Assuming R ≪ X :

I ≈ V

X
=

V x

µ0ωN2A
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Electromagnet – VII

• Note that the term that depends on the angular frequency ω is filtered by the inertia of

the mobile iron core, i.e., the mobile iron core does not oscillate!

• Observe also that, assuming ac stationary conditions, i.e., no dynamic interactions

between electromagnetic and mechanic dynamics, the electromagnetic force becomes:

f ≈ −1

2

∂L

∂x
I2 = −1

2

AN2

x2
I2 ≈ −1

2

V 2

µ0ω2N2A

• The force is only a function of the voltage RMS value, not of the position of the mobile

iron core.
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Reluctance Machine

• Let’s consider the following magnetic circuit:

N
g

r

i(t)

θ

v(t)+
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Steady-State Reluctance Machine

• The reluctance of the two airgaps is:

R =
1

µ0
· 2g

rθℓ

where ℓ is the width of the magnetic core and we have neglected the reluctances of the

fixed and mobile iron cores.

• The resulting torque is:

T =
1

2

∂L

∂θ
i2 =

1

2

µ0rℓ

2g
N2i2

• If the circuit is AC and in steady state:

T ≈ 1

2

µ0rℓ

2g
N2I2 = const.

• The torque is thus constant for a given current.
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Galvanometer

• This electro-magnetic circuit is the base for instruments to measure the current,

voltage and power. For example, the figure below shows a galvanometer.
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Rotating Reluctance Machine - I

• The inductance of the machine changes as the rotor changes position.

a b

c d

• Position a: Lmax; Position c: Lmin
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Rotating Reluctance Machine - II

• The inductance L varies periodically as a function of the position θ.

a

b

c

d

L

θ
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Rotating Reluctance Machine - III

• It is possible to shape the rotor so that the inductance L varies sinusoidally:

L(θ) =
Lmax + Lmin

2
+

Lmax − Lmin

2
sin(2θ)

a

b

c

d

L

θ
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Rotating Reluctance Machine - IV

• The resulting torque is:

T = −1

2
· i2 · ∂L

∂θ
= −1

2
· i2 · Lmax − Lmin

2
· 2 · cos(2θ)

• If i(t) =
√
2I sin(ωt), then:

T = −1

2
· 2I2 · sin2(ωt) · Lmax − Lmin

2
· 2 · cos(2θ)

= −1

2
· 2I2 · 1

2
(1− cos(2ωt)) ·∆L · cos(2θ)

= −1

2
· I2 ·∆L · cos(2θ)

︸ ︷︷ ︸
A

+
1

2
· I2 · cos(2ωt) ·∆L · cos(2θ)

︸ ︷︷ ︸
B

where ∆L = Lmax − Lmin.
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Rotating Reluctance Machine - V

• The term A has null average as θ varies.

• The term B has non-null average only if θ = ωmt = ωt.

• In other words, this machine has non-null average torque only if it rotates

synchronously with the electrical ac system.

• If ωm = ω:

T =
1

2
I2∆L cos2(2ωt)
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Phase Voltages

• 3 Phases: ABC (RST ) (UVW )

eA(t) =
√
2E cosωt

eB(t) =
√
2E cos(ωt− 2π

3 )

eC(t) =
√
2E cos(ωt+ 2π

3 )

120◦

120◦
120◦

A

B

C

N

120◦ = 2π
3 rad

• Phase Voltages or Phase-to-Neutral (N ) Voltages: EA, EB , EC

• If the system is symmetrical: |EA| = |EB | = |EC | = E

EA = E∠0◦

EB = E∠− 120◦

EC = E∠+ 120◦





⇒ EA + EB + EC = 0
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Phase-to-Phase Voltages

• It is possible to define a set of phase-to-phase voltages (also called ”line voltages”):

V AB = EA − EB

V BC = EB − EC

V CA = EC − EA

◦ We have:

V AB = EA − EB = E − E∠− 120◦ = E(1− ∠− 120◦)

= E(1− (cos 120◦ − j sin 120◦)) = E( 32 + j
√
3
2 ) =

√
3E(

√
3
2 + j 1

2 )

=
√
3E∠30◦)

◦ Similarly, we can obtain V BC and V CA.
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Graphical Method

• We can also use a graphical method:

EB

V AB

V AB

EA

30◦

30◦

30◦60◦

E

√
3

2

E

√
3

2

⇒ |V AB | =
√
3E

∠V AB = 30◦

−EB

V AB

EA

120◦ ⇒ V AB = EA − EB

Three Phase Systems – 3



Star and Delta Connections

• We can also define 3-phase currents. There are two possible connections:

◦ Star Connection (Y)

Line Currents:

IA, IB , IC

IA + IB + IC = 0

◦ Delta or Triangle Connection (∆)

Phase Currents:

IAB , IBC , ICA

IA

IA

IB

IB
IC

IC

IAB

IAB IBC

IBC

ICAICA

NN

A

A

A

A

B

B

B

B

C

C

C

C
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Line and Phase Currents

• If the impedances of each phase are equal and the voltages are symmetrical, the

currents are balanced:

IA = IL∠− ϕ

IB = IL∠− ϕ− 120◦

IC = IL∠− ϕ+ 120◦
IA

IB

IC

EA

EB

EC

ϕ

ϕ

ϕ
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Line and Phase Currents

• Relationship between line and phase currents:

IAB

IBC

ICA

IA

IB

IC

A

BC

IA = IAB − ICA

IB = IBC − IAB

IC = ICA − IBC





⇒




1 0 −1

−1 1 0

0 −1 1


 ·




IAB

IBC

ICA


 =




IA

IB

IC




⇒ |IAB | = 1√
3
|IA| = 1√

3
IL = If
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Equivalent Y −∆ Connection

• Equivalent connection means that the 3-phase power is the same:

S = 3zY I
2
L

= 3z∆I
2
f

= 3z∆
I2
L

3

• Thus:

z∆ = 3zY

or

zY = 1
3z∆
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Power in Single Phase Systems

• For a single phase system, one has:

p = vi = VMIM sin(ωt) sin(ωt− ϕ)

= 1
2VMIM (cosϕ− cos(2ωt− ϕ))

= V I cosϕ︸ ︷︷ ︸
constant

−V I cos(2ωt− ϕ)︸ ︷︷ ︸
zero-average term

Three Phase Systems – 8

Power in Three Phase Systems

• For a three phase system, one has:

p = eAiA + eBiB + eCiC

= EMIM sin(ωt) sin(ωt− ϕ)+

EMIM sin(ωt− 120◦) sin(ωt− ϕ− 120◦)+

EMIM sin(ωt+ 120◦) sin(ωt− ϕ+ 120◦)

= 3
EMIM

2
cosϕ

︸ ︷︷ ︸
only constant term

• In fact:

cos(2ωt− ϕ) + cos(2ωt− ϕ− 120◦) + cos(2ωt− ϕ+ 120◦) = 0
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Three-Phase Power

• The relation above applies to:

◦ phase-to-neutral voltages and line currents.

◦ phase-to-phase voltages and phase currents.

• There are various ways to calculate the active power:

P = 3EIL cosϕ = 3
V√
3
IL cosϕ =

√
3V IL cosϕ = 3V If cosϕ

Three Phase Systems – 10

Nominal Quantities in Three Phase Systems

• Nominal quantities are always defined as follows:

◦ SN : three phase power (MVA)

◦ VN : phase to phase voltage (kV)

◦ IN : line current (kA)

• Hence,

SN =
√
3VNIN

• Tip: To solve circuits, use phase-to-ground voltage and line current quantities:

S = 3E I
∗
L
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Comparison of three-phase and single-phase systems

• Three phase systems are better than single phase ones for both technical and

economical reasons.

• A relevant issue is related to losses: Plosses ∝ RI2

• We cannot reduce R, mainly for economical reasons:

R = ρ ℓ
A

◦ ρ (resistivity): Depends on the material. Only copper and aluminum are

economically viable. Hence ρ is basically assigned.

◦ ℓ : Depends on the distances-nothing to do.

◦ A : Cross section. It can be increased to reduce R, but the bigger A is, the higher

the cost of transmission lines, the weight etc. Thus, increasing A is not viable.

• Then, the only way is to decrease I by increasing V . However, V cannot be high in

distribution systems (for safety reasons).
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Comparison of three-phase and single-phase systems

• Assume that the two systems feed the same load PL, cosϕL.

• V is also the same for both systems.

1-phase AC system 3-phase AC system

Is =
PL

V cosϕL
It =

PL√
3V cosϕL

Plosses = 2RsI
2
s = 2ρ l

As
( PL

V cosϕL
)2 Plosses = 3RtI

2
t = 3ρ l

At
( PL√

3V cosϕL
)2

• If we impose that the two systems have same losses, we obtain: As = 2At

• In the single-phase, we need 2 conductors: As,tot = 2As

• In the three-phase, we need 3 conductors: At,tot = 3At

• Hence, As,tot = 2As = 4At =
4
3At,tot which means that the three-phase

system requires 25% less material to feed the same load and have the same losses

with the single-phase system.
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Comparison between DC and three-phase AC systems

• Let’s assume again same load PL and same V for both systems.

DC system 3-phase AC system

IDC = PL

V It =
PL√

3V cosϕL

Plosses = 2RDCI
2
DC = 2ρ l

ADC
(PL

V )2 Plosses = 3RtI
2
t = 3ρ l

St
( PL√

3V cosϕL
)2

• If we impose that the two systems have same losses, we obtain: 2
ADC

= 1
At cos2 ϕL

ADC,tot = 2ADC

At,tot = 3At



 ⇒ ADC,tot = 2SDC = 4Atcos

2ϕL =
4

3
cos2 ϕLAt,tot

• Hence, ADC,tot < At,tot only if cosϕL ≤
√
3
2 = 0.866

• Thus, in AC systems cosϕL is bounded. Typically, loads must satisfy the condition:

1 ≥ cosϕL ≥ 0.9 (lagging)
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Single-phase equivalent of a three-phase system

• It is possible to study symmetrical and balanced 3-phase systems using an equivalent

single-phase circuit.

• Let’s consider the following circuit:

+

+

+

EA

EB

EC

IA

IB

IC

IN

ZC

ZA

ZB

ZN

EA = ZAIA + ZNIN

EB = ZBIB + ZNIN

EC = ZCIC + ZNIN
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Single-phase equivalent of a three-phase system

• If the voltages are symmetrical:

EA + EB + EC = 0 ⇒ ZAIA + ZBIB + ZCIC + 3ZNIN = 0

• If the system is also balanced, (i.e. ZA = ZB = ZC = Z) :

Z(IA + IB + IC) = −3ZNIN

IA + IB + IC = 0 ⇒ IN = 0

• If the system is not balanced, (i.e. ZA 6= ZB 6= ZC ) :

IA =
EA − V N

ZA

, IB =
EB − V N

ZB

, IC =
EC − V N

ZC

where: V N = ZNIN
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Single-phase equivalent of a three-phase system

• Let:

Y A =
1

ZA

, Y B =
1

ZB

, Y C =
1

ZC

, Y N =
1

ZN

• The following condition holds (LKC):

IA + IB + IC = IN

⇒ Y A(EA − V N ) + Y B(EB − V N ) + Y C(EC − V N ) = Y NV N

⇒ V N =
Y AEA + Y BEB + Y CEC

Y A + Y B + Y C + Y N

• If ZN = 0 (i.e., neutral connection with negligible impedance):

◦ Y N → ∞
◦ V N = 0
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Single-phase equivalent of a three-phase system

• If ZN → ∞ (i.e., no neutral connection):

◦ Y N = 0

◦ V N = Y AEA+Y BEB+Y CEC

Y A+Y B+Y C

• If the system is balanced (Y A = Y B = Y C = Y ), we obtain again:

V N =
Y (EA + EB + EC)

3Y + Y N

= 0

• Hence, for a symmetrical and balanced system, all neutral points have same

potential.
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Single-phase equivalent of a three-phase system

• Let’s define as single-phase equivalent of a three-phase system the following circuit:

EA

EB

EC

IA

IB

IC

N ′

ZC

ZA

ZB

N

EA + EB + EC = 0

P =
√
3V I cosϕ = 3EI cosϕ

IA + IB + IC = 0
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Single-phase equivalent of a three-phase system

A)

EA
IA

IA N ′

ZA

N

B)

EB

IB

IB

N ′

ZB

N

C)

EC
IC

IC N ′

ZC

N

◦ 3 independent circuits. We can study only one, e.g. circuit A.

◦ Note that: PA = PB = PC = EI cosϕ ⇒ P = 3PA
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Single line diagram

• We can represent single-phase equivalents using a schematic, simplified

representation.

• Since all the neutral points have the same potential, we can omit drawing the neutral

connection and represent neutral points with a symbol.

• For example:

EA

+

jX R

N ′N

⇒ +

EA jX R
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Some Symbols

• Bus (connection among elements of the system)

• Generator

• Impedance (transmission line or cable) Z

• Transformer

• Load
P,Q
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Example

+

E

ZLV G V T V L

Load

LineTransformer P,Q

ZT

• Equivalent single phase circuit:

+

E

ZLV G V T V LZT

ZLoad = P+jQ
3I2

I
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Induction Machine – 1

Outline

• Some historical background

• Construction and working principle of induction motor

• Circuit equivalent

• Power balance

• Maximum torque conditions

• Torque-slip and torque-speed characteristics

• Starting of Induction Motor
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Introduction

• Induction motors are the most widely used electrical motor in industries.

• Advantages:

◦ Simple, rugged construction.

◦ Requires little maintenance.

◦ Highly efficient and reasonably good power factor.

• Disadvantages:

◦ Essentially a constant speed motor, requires special speed control techniques.

• Applications:

◦ Single-phase: Washing machine, fan, dryer, etc.

◦ Three-phase: Electric car, train, bike, ship, plane, etc.
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Historical Background (I)

• 1885 Galileo Ferraris conceived of the idea of the AC motor, worked on it for the next 3

years.

• 1888 April 22 – Published a paper in the Royal Academy of Sciences about the AC

polyphase motor. Turin.

• 1888 Ferraris leads a number of discoveries and writes 10 papers on electromagnetism

• 1888 December 8 – Nikola Tesla publishes his AC motor design. This later leads to a

court case.

• 1891 Ferraris was recognized as the “Father of three-phase current” by all at the

Congress dinner at the Frankfurt Elektrotechnial Exposition.
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Historical Background (II)

• One of Ferraris’s early 2 phase motors (courtesy of the The Physics Museum of

Sardinia)

Induction Machine – 4

Historical Background (III)

• One of the original AC Tesla Induction Motors on display in the British Science

Museum in London (http://www.teslasociety.com).
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Typical Implementations (I)

• Typical implementation of a wound-rotor (or slip-ring) induction machine

Induction Machine – 6

Typical Implementations (II)

• Deatil of the rotor of a slip-ring induction machine
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Typical Implementations (III)

• Typical implementation of a squirrel-cage induction machine

Induction Machine – 8

Typical Implementations (IV)

• Detail of the squirrel cage
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Typical Implementations (V)

• Construction of the squirrel cage and rotor iron core

Induction Machine – 10

Construction

• A simple induction motor:

i1
i1

τp

gµ

µ
µo

+H

−H
θe

stator

rotor

a b

cd

τp

• H = N1i1
2g
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Working Principle

• The magnetic field in the air gap is a periodic function of space and time. Let us

consider only the fundamental harmonic of the spacial square wave:

h(θe, t) = H sin(θe) cos(ω1t) =
Kd1N

√
2I

2g
sin(θe) cos(ω1t)

where Kd1 = distribution factor < 1, θe = p · θm; p is the pairs of poles and θm the

mechanical angle position of the rotor, and i(t) =
√
2I cos(ω1t).

• Then we have:

=
H

2
[sin(θe − ω1t) + sin(θe + ω1t)]

• There are thus two waves with same magnitude and opposite angular speed (±ω1) →
No torque!

Induction Machine – 12

Transformer Equivalence of Induction Motor

• The magnetic field creates an induction field and an emf in the rotor:

→ b(θe, t) = µoh(θe, t)

→ φ =

∫

S

−→
b (t) · d−→S = ℓτpB(t)

→




λ1 = N1Kd1ℓτpB(t)

λ2 = N2Kd2ℓτpB(t)

• where ℓ is the width of the machine air gap. Hence:

e1 =
dλ1

dt
= N1Kd1ℓτp

dB

dt

e2 =
dλ2

dt
= N2Kd2ℓτp

dB

dt

• So, e1
e2 = Kd1

Kd2

N1

N2
⇒ the machine works like a transformer.
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Effect of Pair of Poles

• Pair of poles are equivalent to electrical gear boxes with integer ratios.

p = 1 p = 2

HH

τpτp

θ θ

2πe 2πe

2πm2πm
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Three-Phase Induction Machine

• The main idea by Ferraris and Tesla was to use a polyphase system. Ferrairs utilized

two phases for his demonstration, but the best technical tradeoff is given by

three-phase systems.

A

B

C

A′

B′

C ′

ω1

ωe
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Three-Phase Induction Machine – Magnetic Field

• Let’s see the shape of h(θe, t) =
H
2 [sin(θe − ω1t) + sin(θe + ω1t)]

• Then with the addition of two other windings,

hA(θe, t) = H[sin(θe) cos(ω1t)]

hB(θe, t) = H[sin(θe −
2π

3
) cos(ω1t−

2π

3
)]

hC(θe, t) = H[sin(θe +
2π

3
) cos(ω1t+

2π

3
)]

• Now:

hA(θe, t) =
H

2
[sin(θe − ω1t) + sin(θe + ω1t)]

hB(θe, t) =
H

2
[sin(θe − ω1t) + sin(θe + ω1t−

4π

3
)]

hC(θe, t) =
H

2
[sin(θe − ω!t) + sin(θe + ω1t+

4π

3
)]
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Three Phase Induction Motor

• Then,

htot(θe, t) =
3

2
H[sin (θe − ω1t)]

• The factor 3 is due to the number of phases of the stator and the sign in the argument

of the sin depends on the rotation of the rotor.

• Let’s assume the rotor rotates with mechanical angular speed ωm, then:

θe(t) = ωet = pωmt

Induction Machine – 17



Three Phase Induction Motor

• In the rotor,

ω1t = ωet+ ω2t

θ ± ω2t = constant

θ = ωet = pωmt

where ω2 is the electrical angular speed of the rotor.

• The synchronous speed is imposed by the grid.

• Computing B and φ we obtain:

φ(t) = φM cos(ω1t) ⇒ same for stator and rotor

• The stator always sees ω1 in the air gap and does not know whether rotor is rotating

or not.
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Working as Induction Machine

• There are three scenarios:

1. ω1 = ωe → the machine is rotating at synchronous speed (ω2 = 0, null

torque!).

2. ω1 = ω2 → the rotor does not rotate (ωe = 0, start-up condition).

3. ω1 = ωe + ω2 → with ωe 6= 0 and ω2 6= 0




e2 = dφ2

dt ∝ dB
dt → transformer

e2 = dφ2

dt ∝ Blv → motor where v = ωeR

• Combination of these two → induction machine.
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Equivalent Circuit of the Induction Machine

• The machine is basically a 3-phase transformer but the secondary winding (rotor) is

actually connected to a mechanical shaft and can deliver mechanical power (i.e. active

power).

• The windings of the rotor are short circuited.

• In steady-state:

per phase





V̄1 = Ē1 +R1Ī1 + jX1Ī1

V̄
′
2 = Ē

′
2 −R

′
2Ī

′
2 − jX

′
2Ī

′
2

Ī1 = Ī10 + Ī
′
2

• The main difference with a transformer is that f1 6= f2 and, hence, ω1 6= ω2, in

general.
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Basic Quantities

• Let’s define some quantities:

ω1 = electrical angular frequency in the stator, ω1 = 2πf1

ωs1 =
ω1

p
, primary synchronous speed, p = pairs of poles

ωs2 = ωs1 − ωm, secondary synchronous speed

ω2 = p ωs2, electrical angular frequency in the rotor, ω2 = 2πf2

ωm = mechanical angular frequency in the rotor
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Slip Factor

• The difference between the primary synchronous speed and actual rotor speed is

known as slip.

• Let’s define the following quantities:

SLIP FACTOR: σ =
ωs1 − ωm

ωs1

For motors: σ ∈ [0, 1]




σ = 1, start-up

σ = 0, synchronous speed

Brakes: σ > 1

Generators: σ < 0

Induction Machine – 22

Relation Between Frequencies – I

• Note that,

ω2 = p ωs2 = p (ωs1 − ωm) = p
ω1

ω1
(ωs1 − ωm)

= ω1

(
ωs1 − ωm

ωs1

)
= σω1

Thus ⇒ f2 = σf1

• When the rotor is rotating, the frequency depends on the relative speed or slip.

• If the rotor is stationary, the frequencies are same.
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Relation Between Frequencies – II

• Note also that,

Ê2 = 4.44f2N2Kd2φM = 4.44σf1N2Kd2φM

• So, Ê2 and, hence, X̂ ′
2 are functions of σ.

• Let’s define:

E2 = 4.44f1N2Kd2φM

X ′
2 = ω1L

′
2 (or X2 = ω1L2)

Ê2 = σE2

Then ⇒ X̂ ′
2 = σX ′

2 (or X̂2 = σX2)

• We can define to equivalent circuits.
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Single Phase Equivalent Circuit (A)

• Circuit (A) below has a shortcircuited rotor and mechanical load.

• For ωmech 6= 0, where ̂̄E2 = σĒ2, X̂2 = jσX2.

ωm 6= 0

V̄1
Ē1

Ī1

R1jX1
Ī10

RFeXµ

P1

stator (ω1)

σĒ2

Ī2

R2jσX2

ω2

Ps1

rotor (ω2 = σω1)

• This circuit is unable to represent the mechanical load.
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Single Phase Equivalent Circuit

• Second circuit (B) is shown in the figure, for ωm = 0

ωm = 0

V̄1 Ē1

Ī1

R1jX1
Ī10

RFeXµ

P1

stator (ω1)

Ē2

Ī2

R2

Ru

jX2

Ps1

rotor (ω2 = ω1)

• Ru is a fictitious resistance that models the mechanical load.
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Power Consumption Equivalence

• Ps1 must be the same in the two circuits to have a perfect equivalence.

• Hence we impose:

Ps1 (A) = Ps1 (B)

• This leads to:

I2 (A) = I2 (B)
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Fictitious Variable Resistance Load

• The rotor phase current is given by,

I2 (A) =
σE2√

R2
2 + σ2X2

2

=
E2√

R2
2

σ2 +X2
2

I2 (B) =
E2√

(R2 +Ru)2 +X2
2

• Hence,

R2 +Ru =
R2

σ

⇒ Ru = (
1

σ
− 1)R2 = (

1− σ

σ
)R2

• The mechanical load on an induction motor can be represented by a variable

resistance with expression ( 1σ − 1)R2.
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Resulting Equivalent Circuit

• Resulting equivalent circuit:

−

+

Ī1 Ī′2

V̄1
jXmRFe

R1 R′
2

jX1 jX′
2

R′
2
1−σ
σ

• Alternative equivalent circuit:

−

+

Ī1 Ī′2

V̄1
jXmRFe

R1 jX1 jX′
2

R′
2/σ
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Approximated Equivalent Circuits

• Typical approximated equivalent circuit:

−

+

Ī1 Ī′2

V̄1
jXmRFe

R1 jX′
sc

R′
2/σ

• Oversimplified equivalent circuit:

−

+

Ī′2 Ī′2

V̄1

R1 jX′
sc

R′
2/σ
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Power Balance Equations

• The synchronous power Ps1 is as follows:

Ps1 = P1 − Pj1 − PFe = Pm + Pj2

• where Pj1 and Pj2 are the Ohmic losses in the windings, PFe is the iron losses, Pm

is the total mechanical power output.

• Note that

Pm = 3RuI
2
2 = 3R2

(
1− σ

σ

)
I22

and Pj2 = 3R2I
2
2

• Hence

Ps1 = 3
R2

σ
I22 , but also Pj2 = σPs1

• σ must be small (i.e., close to 0), if we want to reduce losses.
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Open-Circuit Test

• This is also known as no-load test as no mechanical load is connected to the rotor.

• In this condition, the only mechanical load is due to friction, which can be neglected or

provided by the make of the motor.

• Hence:

σ ≈ 0

⇒ ω2 ≈ 0, ωm = ω1/p

• Thus measuring V1, I1, P1, one can obtain RFe and Xµ.

• Note that mechanical losses can be estimated by feeding the machine with different

voltages, e.g., through a variac.
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Short-Circuit Test

• It is also known as blocked-rotor test.

• When the rotor is blocked:

σ = 1

⇒ ω2 = ω1, ωm = 0

• Thus measuring V1, I1, P1, one can obtain R′
sc and X ′

sc.

• Problem: we obtain R′
sc but we need R1 and R′

2 separately.
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DC Test of the Stator

• In DC the windings behave

just as resistances.

• Hence:

Vdc

Idc
= 2R1,dc

R

S
T

Vdc

A

V
N

• Note that, in AC, R1 is slightly bigger than in DC (because of the skin effect), hence:

R1 = (1 + α)R1,dc, α > 0

• Then we can obtain, R′
2 = R′

sc −R1

Induction Machine – 34

Torque Equation

• We have:

Tm =
Pm

ωm
=

Ps1 − Pj2

ωm
(ωm = mechanical angular speed)

=
(1− σ)Ps1

ωm
=

1− (ωs1−ωm

ωs1
)

ωm
Ps1

=
Ps1

ωs1

• Let’s write, ωs1 = ω1

p and Ps1 = 3
R′

2

σ I ′22, where, I ′2 ∼= V1√
(R1+

R′
2

σ )2+X′
sc

2
, hence

Tm =
3p

ω1

V 2
1

(R1 +
R′

2

σ )2 +X ′
sc

2

R′
2

σ

• V1 is the phase-to-neutral voltage.
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Relevant Limit Cases

• When σ ≈ 0 (ωm = ωs1), then
R′

2

σ ≈ ∞, hence

Tm
∼= 3p

ω1

σ

R′
2

V 2
1 ⇒ Linear w.r.t. σ

• Note that, Tm = 0 for σ = 0.

• At start-up, σ = 1 (ωs1 = 0), then
R′

2

σ → R′
2 and R′

2 +R1 ≪ X ′
sc, hence

Tm ≈ 3p

ω1

V 2
1

X ′
sc

2

R′
2

σ

• Note that the start-up current Isu1 is very high, comparable to a shortcircuit current!

Isu1
∼= V1

X ′
sc

→ very big

→ Tm ∝ 1

σ
, for σ → 1
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Relevant Limit Cases

• Finally, for σ → ∞, Tm → 0

• Hence,

Tm

σ

there must be a maximum
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Maximum Torque Conditions

• Let’s find σ∗ for which Tm = Tmax
m

• In order to find the value σ∗ that gives maximum torque under running conditions,

differentiate Tm w.r.t. σ and equate the result to zero i.e. dTm

dσ |σ∗ = 0

• What is the value of
R′

2

σ∗ for which Tm is maximum?

R′
2

σ∗ =

√
R2

1 +X ′
sc

2 (Maximum power transfer theorem)

⇒ R1 ≪ X ′
sc hence, σ∗ ≈ R′

2

X ′
sc

• Thus

Tmax
m =

3p

ω1

V 2
1 X

′
sc

(R1 +X ′
sc)

2 +X ′
sc

2 ≈ 3p

ω1

V 2
1

2X ′
sc
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Torque-Slip Characteristics

• Curve (Tm, σ)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

T
m

σ
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Torque-Speed Characteristics

• Curve (Tm, ωm)

T
m

ωm ωs1

T su
m

Tmax
m

• T su
m is the start up torque.
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Operating Point

• The dynamic of the rotor is given by: J dωm

dt = Tm(ωm)− Tload(ωm)

• A1 and A2 are stable.

• B2 is unstable, TL3 has no equilibrium.

Tm

ωm0 ωs1

start up problem

A1

A2
B2

TL1

TL2

TL3
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Start-up Method I

• Start-up rotor resistance: increase R′
2 using rheostat, i.e., external resistances are

connected in series with each phase of rotor winding during starting.

Motor

Stator Rotor

Rext T
m

ωm ωs1

R′
2
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Start-up Method I

• However, this approach increases losses.

Tm Tm

Pm Pm
ωm ωm

a b

Pj2 Pj2
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Start-up Methods II and III

• Star-delta start-up: The machine is connected in star during the starting period.

• When the machine is up to speed, the connections are changed to delta (△).

For Star Connection → VY =
V√
3
, IY =

IN
3
, Tm =

TmN

3

• Start-up without load:

• → then attach the load.

• → but need a clutch which might be costly and/or can break.
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Start-up Method IV (1)

• Double Squirrel Cage: R′
2A > R′

2B

R1X1
X′

2A

R′
2A
σ

X
′
2B

R′
2B
σ

ωm

R′
2B

R′
2A
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Start-up Method IV (2)

• A and C are stable, B and D are unstable.

• At C the current is very high.

Tm

D ABC

ωm
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Start-up Method V

• Change the number of pairs of poles p: Washing machines.

Tm

ωB
s1 ωA

s1

pB = 4

pA = 2

ωm
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Start-up Method VI (1)

• Regulation:

V/f = constant

• ω1 is varied through the

ac/ac converter.

ωgrid

Grid

AC

AC

ω1

ωm

Induction Motor

• E1 = 4.44f1Kd1N1φM ,

• So, if f1 is varied, E1 is varied to keep φM constant (maximum efficiency).

• E1

f1
≈ constant, except for f1 > f1N , then E1 is constant and the magnetic flux

decreases.
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Start-Up Method VI (2)

• Hence:

T
m

ωm

f1

• This is a perfect solution, however power electronics is expensive and not fully reliable.

• This control can be used to regulate the speed too.
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Synchronous Machine
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Synchronous Machine (1)

Rotor

Stator

dc ac

Īe ωm

Ī

• The electro-motive force(emf) E induced

by Ie is:

E = 4.44fN1kd1ΦM (Ie) = K(Ie),

• It is a non-linear relation!

◦ Īe is dc, but the rotor winding rotates

with speed ωm.

◦ Ī is ac with angular frequency ωs =

pωm.
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Synchronous Machine (2)

Round rotor

A′

B′
C′

A

BC

ωm

• The magnetic field in the air gap is:

h(δ, t) =
3

2
Hmsin(δ + ωst)

where:

◦ δ = pδm is the rotor (electrical)

angular position

◦ δm and ωm are the mechanical

angular speed and position

◦ ωs = pωm is the synchronous

speed

◦ p is the number of pairs of poles
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Synchronous Machine Types

• Round rotor: fast prime mover, gas or steam tur-

bines.

� 2 m; l = 6 - 10 m; 1 pair of poles

• Salient poles: slow prime mover, hydro-turbine.

�20 m or more: very big machines;

3 to 30 pair of poles

• Permanent magnet machines (not considered

here).
Salient−pole rotor
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Typical Implementations (I)

• Typical implementation of a stator for a turbo-alternator (Ansaldo Energia)
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Typical Implementations (II)

• 2-pole round rotor and steam turbine for a turbo-alternator (Ansaldo Energia)
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Typical Implementations (III)

• Typical implementation of a salient-pole rotor for a hydro power plant (Ansaldo Energia)
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Itaipu Binational (I)

• Maintenance of a synchronous machine (Siemens) at Itaipu, Brazil-Paraguay.
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Itaipu Binational (II)

• Itaipu Binational is a world leader in clean

and renewable energy having produced

more than 2.4 billion MWh since it started

operating, in 1984.

• With 20 generating units and 14,000 MW of

installed power, Itaipu provides around 17%

of the energy consumed in Brazil and 76%

of the energy consumed in Paraguay.
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Schematic of the machine

Rotor

Stator

Ie

ωm

Īa

Īb

Īc

Ie

E

• This is the open-circuit E(Ie)

curve.

• It can be measured easily.
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Armature Reaction

• The behaviour of the machine on-load is different w.r.t the induction machine.

◦ for an induction machine, any variation of the voltage is compensated by a variation

of the current.

◦ for a synchronous machine, the voltage decreases if a load is connected.

• The variation of the voltage observed in synchronous machines is called

ARMATURE REACTION.

• ARMATURE REACTION: effect of the stator flux on the flux produced by the rotor.

• It depends on the power factor.
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Machine Model (1)

++
Ī V̄Ē Ra jXs

• |Ē| is a function of Ie (see above).

• Ra = armature (stator) resistance

• Xs = synchronous reactance

δ

ϕ

Ē

V̄
RaĪ

jXsĪ

Ī

• Voltage regulation: ∆V% = E−V
V

• Total mechanical power (for genera-

tors):

◦ Pm = Pe+Pm,losses+Pj+PFe

◦ Pm,losses = mechanical losses

◦ Pj = ohmic losses (on Ra)

◦ PFe = iron losses
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Machine Model (2)

• Pe is the electromechanical power. It is a function of δ (rotor angle).

• Assuming, for simplicity, that Ra ≈ 0, then: Ē = V̄ + jXsĪ

δ

ϕ
ψ

ψ

90◦

Ē

V̄

jXsĪ

Ī
A

B ◦ ψ = ϕ+ δ

◦ ĀB = XsI cosψ = V sin δ

◦ ⇒ I cosψ = V
Xs

sin δ

• Pe = 3V I cosϕ = 3EI cosψ = 3EV
Xs

sin δ (very important expression!)

• δ is also called ”load angle” as Pe ∝ sin δ .

• Electromechanical torque: Te =
Pe

ωm
= 3p

ωs

V E
Xs

sin δ
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Machine Model (3)

• A similar procedure can be utilised to determin the reactive power Qe produced by the

machine.

• Assuming again Ra ≈ 0, then:

δ
ϕ

ϕ
ψ

90◦

Ē

V̄

jXsĪ

Ī

◦ ψ = ϕ+ δ

◦ E cos(δ)− V = XsI sinϕ

◦ ⇒ I sinϕ = E cos(δ)−V
Xs

• Qe = 3V I sinϕ = 3EV
Xs

cos δ − 3V 2

Xs
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Machine model (4)

• Let’s study how the machine works (as “seen” from the network):

Īv

Ē
V̄jXs

• Note:

◦ Īv = −Ī ,

◦ Īv = j Ē−V̄
Xs

,

• Network-machine parallel condition:

◦ Ē = V̄
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Machine Model (5)

• Let’s call Ieo the current for which Ē(Ieo) = V̄

• If Ie > Ieo

→ the machine behaves as a variable condenser: Ē

V̄

Īv

• If Ie < Ieo

→ the machine behaves as a variable inductor:

Ē

V̄

Īv
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Machine Model (6)

→ Let assume that Ie is constant = Ieo, and Tm > 0

⇒ Te = Tm ⇒ δ > 0

Īv

Ē

V̄

δ

It is a generator.

→ the machine produces electricity (active power).

Pe = 3V E
Xs

sin δ
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Machine Model (7)

One can increase Ie so that:

Īv

Ē
V̄

δ

Ē − V̄

Īv is in counter-phase with V̄ .

The machine behaves as a variable negative resistance or syn-

chronous generator.

R < 0
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Machine Model (8)

→ Torque as a function of δ : Te =
3p
ωs

EV
Xs

sin δ

Tmax

Teo

δo
π
2 δ

Tmax =
3p

ωs

EV

Xs

Te δ = π
2

δ = 0

ωωs

→ No start-up torque.
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Machine Model (9)

Dynamic equations: 


δ̇ = (ω − ωs)

Jω̇ = Tm − Te(δ)−D(ω − ωs)

D is the damping coefficient that takes into account friction.

This is a pendulum!

ω

t

If D = 0→ the machine oscillates forever.

In practiceD is small → electromechanical oscillations

can last for a long time if not properly damped through

control.
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Electromechanical Oscillations

• Let’s consider the One-Machine Infinite-Bus (OMIB) system:

E∠δ

Xs XL XTh

V ∠0

Infinite Bus (ωs)

• From machine equations we obtain:
P

A B

Pe

Pm

ππ
2 δ

δ̇ = ω − ωs

Mω̇ = Pm − Pe(δ)

with: Pe =
3EV
Xeq

sin δ

Xeq = Xs +XL +XTh

Synchronous Machine – 20

Stability of the equilibrium points of the OMIB

• let x = (δ, ω)

• Point xA:

Let’s assume a small perturbation ∂δ > 0

Then Pe(δA + ∂δ) > Pm ⇒ ω̇ < 0 ⇒ ω decreases

⇒ ω < ωA = 1 ⇒ δ̇ < 0 ⇒ δ decreases

A similar conclusion can be drawn if ∂δ < 0

Point xA is a “sink” ⇒ Stable equilibrium point

• Point xB :

Let’s assume a small perturbation ∂δ > 0

Then Pe(δB + ∂δ) < Pm ⇒ ω̇ > 0 ⇒ ω increases

⇒ ω > ωB = 1 ⇒ δ̇ > 0 ⇒ δ increases

A similar conclusion can be drawn if ∂δ < 0

Point xB is a “source” ⇒ unstable equilibrium point
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Synchronization

• Synchronous machines connected through a network synchronize naturally (unless

there is a major disturbance or fault)

• This is similar to the synchronization of mechanical pendulums (see video below):

Metronome Synchronization

Synchronous Machine – 22

Power Balance & Frequency

• The synchronous machine links frequency variations with power unbalance in the

systems.

• This is the main principle on which ALL active power control is based!
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Potier Reactance and Potier Model (1)

Only valid for round-rotor machines

+

Ī

RaĒr jXd

|Ē(Ie)|
open-circuit

on-load

Ie

open-circuit 6= on-load characteristic.

Potier ⇒ I know Ī , V̄ , and I want to find Ē and Ie.

Synchronous Machine – 24

Potier Reactance and Potier Model (2)

Īe

Īr

− Ī
Kp φ V̄

Ēr

jXdĪ

jXsĪ

RaĪ

Ī

Ē

Ē = −jωAĪe
Ēr = −jωAĪr
Ēr = V̄ +RaĪ + jXdĪ

−jωAĪr = V̄ +RaĪ + jXdĪ

Īr − Ī
Kp

= Īe

⇒ −jωAĪe − jωA Ī
Kp

= V̄ +RaĪ + jXdĪ

Ē − jωA Ī
Kp

= V̄ +RaĪ + jXdĪ

Ē = V̄ +RaĪ + j(Xd +
ωA
Kp

)Ī

→ Synchronous reactance:

Xs = Xd +
ωA
Kp
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Potier Reactance and Potier Model (3)

Īe

Īr

− Ī
Kp φ V̄

Ēr

jXdĪ

jXsĪ

RĪ

Ī

Ē

→ Note:

Excitation Current:

KeĪr = KeĪe +KĪ ; Īr = Īe +
Ī
Kp

where Kp = Ke

K Kp is the Potier coefficient.
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Two-axis Model (1)

This is also called Blondell’s model or double reaction model.

This is able to describe the behaviour of salient-pole machines.

Let’s assume Ī = Īd + Īq , where:

Īq

Īd
ψ

Ē

Ī

Then:

Ē = V̄ + jXdĪd + jXq Īq
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Two-axis Model (2)

Īq

Īd

ϕ

ψ
δ

Ē

Ī

jXq Īq

V̄

jXdĪd

ψ = ϕ+ δ

Xd and Xq must be measured:

for round-rotor machines: Xd = Xq

for salient-pole machines: Xd > Xq

Let’s find Pe for this model:

Id = I sinψ and

Iq = I cosψ

XqIq = V sin δ

XdId = E − V cos δ
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Two-axis Model (3)

Hence:

I cosψ = V
Xq

sin δ and I sinψ = E
Xd

− V
Xd

cos δ

Then:

Pe = 3V I cosϕ = 3V I cos(ψ − δ) = 3V I[cosψ cos δ + sinψ sin δ]

= 3V 2

Xq
cos δ sin δ + 3V sin δ( E

Xd
− V

Xd
cos δ)

= 3V E
Xd

sin δ + 3V 2

Xq
cos δ sin δ − 3V 2

Xd
sin δ cos δ

= 3V E
Xd

sin δ + 3
2V

2( 1
Xq

− 1
Xd

) sin 2δ

where:

Isotropous Torque = 3V E
Xd

sin δ

Anisotropous Torque = 3
2V

2( 1
Xq

− 1
Xd

)→ this is the same torque we obtain for the

reluctance machine
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Two-axis Model (4)

Let’s consider again the expression:

Ē = V̄ + jXdĪd + jXq Īq

This is same as:

Ē = V̄ + jXdĪd + jXq Īq + (jXq Īd − jXq Īd)

and:

Ē = V̄ + jXq(Īd + Īq) + j(Xd −Xq)Īd

and:

Ē − j(Xd −Xq)Īd = V̄ + jXq(Īd + Īq) = V̄ + jXq Ī

where it has been used the relation: Ī = Īd + Īq
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Two-axis Model (5)

Let’s define the emf behind the Xq reactance as follows:

Ē′ = Ē − j(Xd −Xq)Īd ⇒ Ē′ = V̄ + jXq Īd

Īq

Īd

ϕ ψ

δ

Ē

Ē′

Ī

jXq Ī

V̄

j(Xd −Xq)Īd

Note that: Pe = 3
E′V
Xq

sin δ
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Transmission Line Modelling (I)

• Complex field: a rigorous analysis should be based on partial differential equations

(Maxwell equations).

• However, for power system steady-state analysis as well as for “slow” dynamic analysis

(e.g. electro-mechanical transient), we can use a “lumped” model:

h RL

j
BL

2
j
BL

2

kjXL
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Transmission Line Modelling (II)

• The π model is accurate for “short” overhead transmission lines (d < 250 km).

• For overhead transmission lines, if d < 100 km, then BL ≈ 0.

• Overhead transmission lines are less capacitive than cables (installed underground).

• Note thatunderground cables can be up to 40 km long (otherwise Ferranti’s Effect).

• For high voltage transmission lines RL ≪ XL.

• For low voltage distribution lines RL ≥ XL.
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Transformer Modelling (I)

• We have already seen the transformer model:

+

−

Rh jXhĪh

V̄h V̄ ′
k

jX ′
k

R′
k Ī ′k

Īm

RFe Xµ

+

−

• For transmission system analysis, the model above is often too detailed.
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Transformer Modelling (II)

• In most applications, the following model is adequate:

+

−

RT jXT

V̄h V̄ ′
k

+

−

where

◦ XT = Xh +X ′
k

◦ RT = Rh +R′
k

• Note that the transformer modifies the voltage/current ratios.

• The per unit system solves this issue.
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Properties of High Voltage Transmission Systems

• Let’s prove the following assertions:

◦ Transmitted power is Phk ∝ V 2

◦ Transmission losses are Ploss ∝ 1
V 2

◦ Voltage drop ∆V ∝ 1
V
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Transmitted Power - Phk ∝ V 2 (I)

• Let’s consider a single-phase equivalent of a three-phase system.

h kĪhk

jXL

V̄h V̄k

V̄h = Vh∠θh S̄hk = 3 V̄h Ī∗hk

V̄k = Vk∠θk Īhk =
V̄h − V̄k

jXL

⇒ Ī∗hk =
V̄ ∗
h − V̄ ∗

k

−jXL
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Transmitted Power - Phk ∝ V 2 (II)

• Merging together the expressions of the power and the current:

S̄hk = 3V̄h
V̄ ∗
h − V̄ ∗

k

−jXL

= j 3Vh(cos θh + j sin θh)
Vh(cos θh − j sin θh)− Vk(cos θk − j sin θk)

XL

= j3
V 2
h

XL
− j3

VhVk

XL
(cos θh cos θk + sin θh sin θk)

+ 3
VhVK

XL
(sin θh cos θk − sin θk cos θk)

= 3
VhVk

XL
sin(θh − θk) + j

[
3
V 2
h

XL
− 3

VhVK

XL
cos(θh − θk)

]
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Transmitted Power - Phk ∝ V 2 (III)

• Hence:

Phk = ℜ
{
S̄hk

}

= 3
VhVk

XL
sin(θh − θk)

∝ VhVk

and

Qhk = ℑ
{
S̄hk

}

= 3
V 2
h

XL
− 3

VhVk

XL
cos(θh − θk)

∝ V 2
h

• Note also that Phk ∝ sin(θh − θk)
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Transmission Losses - Ploss ∝ 1
V 2 (I)

• Losses are defined as:

Ploss = 3RL I2hk = 3RL Īhk Ī∗hk

Qloss = 3XL I2hk = 3XL Īhk Ī∗hk

h k

Īhk jXLRL

V̄h V̄k
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Transmission Losses - Ploss ∝ 1
V 2 (II)

• The complex power flowing from h to k is:

S̄hk = 3 V̄h Ī∗hk

⇒ Īhk =
S̄∗
hk

3 V̄ ∗
h

• Assuming V̄h = Vh∠0, we have:

Īhk Ī∗hk =
S̄2
hk

9 V̄ 2
h

=
P̄ 2
hk +Q2

hk

9 V̄ 2
h

• Hence Ploss ∝
1

V 2
h

• We can obtain a similar conclusion for Qloss
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Voltage Drop - ∆V ∝ 1
V

(I)

• Let’s consider again a radial system:

h k

Īhk

jXLRL

V̄h

V̄k

S̄k

• We have:

V̄h = V̄k + (RL + jXL)Īhk

S̄k = 3V̄k Ī
∗
hk
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Voltage Drop - ∆V ∝ 1
V

(II)

• The current can be written as

Īhk =
S̄∗
k

3 V̄ ∗
k

• Then

⇒ V̄h = V̄k + (RL + jXL)
Pk − jQk

3 V̄ ∗
k

= V̄k +
RL Pk +XL Qk

3 V̄ ∗
k

+ j
XL Pk −RL Qk

3 V̄ ∗
k

Power Flow Analysis – 12

Voltage Drop - ∆V ∝ 1
V

(III)

• Let’s assume V̄k = Vk∠0 (phase reference), then

V̄h = Vk +
RL Pk +XL Qk

3Vk
+ j

XL Pk −RL Qk

3Vk

⇒ ∆V̄ = (V̄h − Vk) = ∆VR + j∆VI

where

∆VR =
RL Pk +XL Qk

3Vk
∝ 1

Vk

∆VI =
XL Pk −RL Qk

3Vk
∝ 1

Vk
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Power Flow Analysis

• In circuit analysis, we generally solve the following problem: given circuit parameters

and voltages at the sources, find the current in the branches of the circuit.

++

+

−

−−

0

1 2

3V̄1 V̄2

V̄3

Ī1 Ī2

Ī3

jX12

jX13 jX23

Z̄3
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Example – Power Flow Analysis (II)

• Using the branch current method (nodal), one has:

0 =
V̄1 − V̄2

jX12
+

V̄1 − V̄3

jX13
− Ī1

0 =
V̄2 − V̄1

jX12
+

V̄2 − V̄3

jX23
− Ī2

0 =
V̄3 − V̄1

jX13
+

V̄3 − V̄2

jX23
− Ī3

• In matrix form:


Ī1

Ī2

Ī3


 =




1/jX12 + 1/jX13 −1/jX12 −1/jX13

−1/jX12 1/jX12 + 1/jX23 −1/jX23

−1/jX13 −1/jX23 1/jX13 + 1/jX23







V̄1

V̄2

V̄3




• In compact notation:

Ī = [Ȳ ]V̄
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Example – Power Flow Analysis (III)

• [Ȳ ] is the admittance matrix of the circuit.

• [Ȳ ] is often called [Ybus].

• In this example, the load is linear:

V̄3 = −Z̄3 Ī3

hence one can write the circuit as:



Ī1

Ī2

0


 =


[Ȳ ] +




0 0 0

0 0 0

0 0 1/Z̄3










V̄1

V̄2

V̄3


 = [Ȳ tot]V̄

Power Flow Analysis – 16

Power Flow Analysis (IV)

• In power system analysis, we have the following data:

◦ Loads are typically known as power consumptions, i.e., (P,Q).

◦ Generators are typically known as an active power injection and a voltage

magnitude, i.e., (P, V ).

• Hence, the problem to be solved is: determine the voltage profile at every bus of the

systems given load power consumption and generator active powers and voltage

magnitudes.

• This problem is known as Power Flow Analysis.
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Power Flow Analysis (V)

• The previous circuit becomes:

1 2

3

V̄1 V̄2

V̄3

jX12

jX13 jX23

S̄1 S̄2

S̄3
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Power Flow Analysis (VI)

• We know the following quantities:

◦ Bus 1 : P1 , V1

◦ Bus 2 : P2 , V2

◦ Bus 3 : P3 , Q3

• Actually we need to impose a phase reference.

• Generally one bus is as a reference.

• So, we impose V and θ = ∠V̄ at a bus.
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Power Flow Analysis (VII)

• Hence the data becomes:

◦ Bus 1 : V1 , θ1 = 0 (the reference is arbitrary)

◦ Bus 2 : P2 , V2

◦ Bus 3 : P3 , Q3

• Note that for lossless systems, P1 = P3 − P2, but, in general

P1 = P3 − P2 + Ploss where Ploss is unknown a priori.

• The reference bus is, for this reason, also called SLACK BUS.
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Formulation of the Power Flow Problem (I)

• The vector of currents injected at each node is:

Ī = [Ȳ ]V̄

which leads to write the power flow problem as the complex power injections at buses:

S̄ = 3 V̄ ◦ Ī∗
= 3 V̄ ◦

(
[Ȳ ]∗V̄

∗)

where ◦ is the element-by-element product of two vectors and ∗ indicates the

conjugate of a complex number.
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Formulation of the Power Flow Problem (II)

• For every bus we can write:

Ph = 3Vh

n∑

k=1

Vk(Ghk cos θhk +Bhk sin θhk)

Qh = 3Vh

n∑

k=1

Vk(Ghk sin θhk −Bhk cos θhk)

where

Ȳhk = Ghk + jBhk =
1

Rhk + jXhk

θhk = θh − θk

and

V̄h = Vh∠θh , V̄k = Vk∠θk
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Formulation of the Power Flow Problem (III)

• Then we can write :

◦ for every load bus (PQ bus) the equation of Ph and

◦ for every generator bus (PV bus) the equation of Ph and impose the voltage

magnitude Vh.

◦ for the slack bus (VQ bus), we impose Vh and θh.
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Example

• Hence, the equations of the previous example becomes:

P2 = 3
V2 V1

X12
sin(θ21) + 3

V2 V3

X23
sin(θ23)

P3 = 3
V3 V1

X13
sin(θ31) + 3

V3 V2

X23
sin(θ32)

Q3 = 3
V 2
3

X13
+ 3

V 2
3

X23
− 3

V3 V1

X13
cos(θ31)− 3

V3 V2

X23
cos(θ32)

where

θ21 = θ2 − θ1 = θ2, θ31 = θ3 − θ1 = θ3, θ23 = θ2 − θ3, θ32 = θ3 − θ2,

• Unknowns: V3, θ3, and θ2.

• 3 unknowns and 3 equations ⇒ solvable.

• But, the power flow problem is non-linear. We need to use iterative techniques.
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Summary of Power Flow Problem (I)

• Knowns and unknowns:

◦ Load Buses: we know P and Q, we find V and θ.

◦ Generator Buses: we know P and V , we find θ (and Q).

◦ Slack Bus: we know V and θ, (we find P and Q.

• Equations:

◦ Load Buses: 1 eq. for P -injection and 1 eq. for Q-injection.

◦ Generator Buses: 1 eq. for P -injection.

◦ Slack Bus: no need of writing any equation.
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Summary of Power Flow Problem (II)

• The determination of Q for generator buses and of P and Q for the slack bus can be

done after the solution of the power flow problem.

• If at a bus we have both a load and a generator, the bus is a generator bus with voltage

magnitude and power injection:

Ph = PGh − PLh

Once we have solved the power flow, we know Qh and thus:

QGh = Qh −QLh

• Note: the general power flow problem can be solved only with numerical methods.
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Power Flow Equations of a Lossless Line (I)

• A lossless transmission line has following model:

Ȳ =
j

XC
Ȳ =

j

XC

jXS̄1 S̄2

Ī1 =
S̄∗
1

3 V̄ ∗
1

= Ȳ V̄1 +
V̄1 − V̄2

jX

Ī2 =
S̄∗
2

3 V̄ ∗
2

= Ȳ V̄2 +
V̄2 − V̄1

jX
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Power Flow Equations of a Lossless Line (II)

• Let:

V̄1 = V1 ejθ1 , V̄2 = V2 ejθ2

S̄1 = P1 + jQ1, S̄2 = P2 + jQ2

• Then:

S̄∗
1 = P1 − jQ1 = 3 Ȳ V 2

1 + 3
V 2
1

jX
− 3

V1 V2 e−jθ1 ejθ2

jX

S̄∗
2 = P2 − jQ2 = 3 Ȳ V 2

2 + 3
V 2
2

jX
− 3

V2 V1 e−jθ2 ejθ1

jX
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Power Flow Equations of a Lossless Line - III

• Note that:

ejθ2 e−jθ1 = cos(θ2 − θ1) + j sin(θ2 − θ1)

ejθ1 e−jθ2 = cos(θ1 − θ2) + j sin(θ1 − θ2)

• Hence:

P1 = 3
V1 V2

X
sin(θ1 − θ2)

P2 = 3
V1 V2

X
sin(θ2 − θ1)

Q1 = 3
V 2
1

X
− 3

V 2
1

Xc
− 3

V1 V2

X
cos(θ1 − θ2)

Q2 = 3
V 2
2

X
− 3

V 2
2

Xc
− 3

V1 V2

X
cos(θ2 − θ1)
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Example A

• We know S̄2 and V̄2, then we can compute V̄1.

Ī

V̄2

jX

V̄1

S̄2

• In this case, no need of using power flow equations.

• If we choose as reference angle θ2 = ∠V̄2 = 0, then:

V̄1 = V̄2 + jX Ī = V2 + jXĪ

S̄1 = P1 + jQ1 = 3 V̄1 Ī∗

Ī =
S̄∗
2

3 V̄ ∗
2

=
S̄∗
2

3V2

Power Flow Analysis – 30

Example B (I)

• We know V̄1 = V1∠0 and S̄2 = P2 + jQ2.

• Determine V̄2. In this case, we need to use power flow equations.
V̄2

jX

V̄1

S̄2 = P2 + jQ2

• We have:

−P2 = 3
V2 V1

X
sin θ2 (1)

−Q2 = 3
V 2
2

X
− 3

V2 V1

X
cos θ2 (2)

• Note that we use (−P2) and (−Q2), because powers must be “injected” into the grid,

hence load consumption is a negative power injection.
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Example B (II)

• Let’s solve (1) and (2). Unknowns are θ2 and V2. We can write:

−P2 = 3
V2 V1

X
sin θ2 (3)

−Q2 − 3
V 2
2

X
= −3

V2 V1

X
cos θ2 (4)

• Dividing by 3 and summing the squares of (3) and (4) leads to:

⇒ P 2
2

9
+

(
Q2

3
+

V 2
2

X

)2

=
V 2
2 V 2

1

X2

(
sin2 θ2 + cos2 θ2

)
=

V 2
2 V 2

1

X2
(5)

• Equation (5) is quadratic in V 2
2 :

a V 4
2 + b V 2

2 + c = 0

• Solve for V 2
2 = −b±

√
b2−4ac
2a , then find V2 (only positive solutions close to the

nominal voltage are meaningful) and finally substitute V2 in (1) to determine θ2.
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Example C

• We know V1, θ1 = 0, V2 and P2.

V̄2

jX

V̄1

P2 , V2

• Determine Q1, Q2 and θ2.

• In this case, we need to use power flow equations.

• We have:

P2 = 3
V2 V1

X
sin θ2 ⇒ θ2 = arcsin

(
XP2

3V2 V1

)

• Then we compute directly Q1 and Q2.
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Rationale behind Load Models (I)

• Loads at the high voltage level are never a single device.

• For the transmission system each “load” is generally an entire distribution system,

which connects thousands of small loads.

• While the behaviour of each single appliance is unknown to the transmission system,

the aggregated model of the distribution network and its expected power consumption

can be predicted with a very good approximation.

• Even so, the combination of small loads and the distribution network does not behave

exactly as a constant PQ load.
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Rationale behind Load Models (II)

• In general, the equivalent model, in steady-state, depends on the voltage, as follows:

P = P0 V α

Q = Q0 V β

where coefficients α and β range from 0 to 2.

• Note that:

α = β = 0 constant PQ

α = β = 1 constant current

α = β = 2 constant impedence

• So, why loads (even aggregated loads) are modelled as constant PQ for the power flow

analysis?
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Rationale behind Load Models (III)

• There are two main reasons:

◦ Practical: from the analysis of historical data, weather conditions, etc., the

transmission system can estimate the active and reactive power consumption of

each load for each hour of the day. This estimation is then used to schedule

generator power productions. From the transmission system operator point of view,

it is better to use constant PQ load models.

◦ Technical: each distribution system is connected to HV transmission system

through an under-load tap changer transformer. Such transformers regulate and

keep constant the voltage on the secondary winding, e.g., MV level.

Power Flow Analysis – 36

Rationale behind Load Models (IV)

• In conclusion:

High Voltage Medium Voltage

−

+

Reg

V ref

V

P = P0 V α

Q = Q0 V β

• If V on the MV side is constant, so is the power consumption.

• Note that the voltage is constant only in steady-state.
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Rationale behind Generator Models (I)

• Generators have two roles in power systems:

◦ Provide active power to feed the loads.

◦ Regulate the voltage to compensate reactive power losses of the network and

loads.

• Synchronous machines can do both regulations as they have two inputs (Pm ⇒
mechanical power and Ie ⇒ excitation current).

• In steady-state we can thus assume that a synchronous machine is able to generate a

given amount of active power (P ) and keep a given voltage (V ) at the generator

terminal bus.
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Rationale behind Generator Models (II)

• The votlage magnitude is kept constant only if the reactive power generated by the

machine is within capability limits.

• If not, the machine generates P and Qmax or Qmin. It thus becomes a PQ generator.

• Renewables, so far, have not been designed to do much regulation.

• Their capability to provide reactive power is limited and often operate as PQ

generators, where Q = 0.
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Definitions and Formulæ

EEEN20090 – Electric Energy Systems

1 Trigonometry

• cos2 α+ sin2 α = 1

• tanα = sinα/ cosα

• cos(α± β) = cosα cosβ ∓ sinα sinβ

• sin(α± β) = sinα cosβ ± cosα sinβ

• cos 2α = cos2 α− sin2 α = 2 cos2 α− 1

• sin 2α = 2 sinα cosα

• sinα sinβ = 0.5[cos(α− β)− cos(α+ β)]

• cosα cosβ = 0.5[cos(α− β) + cos(α+ β)]

• sinα cosβ = 0.5[sin(α+ β) + sin(α− β)]

• cosα sinβ = 0.5[sin(α+ β)− sin(α− β)]

2 Complex Numbers

• Imaginary unit:
j =

√
−1

• Euler’s identity:
ejπ = −1

• Complex number notation:

c̄ = a+ jb = c∠α = c · ejα = c(cosα+ j sinα)

• Magnitude:

c = |c̄| =
√
a2 + b2

1



• Phase angle:
α = arctan(b/a)

or, equivalently:

cosα =
a

c
, sinα =

b

c

• Complex conjugate:
c̄∗ = a− jb

3 Magnetic Circuits and Energy Conversion

• Ampere’s law: ∮

ℓ

~H · d~ℓ = Ni ,

where ~H is the magnetic field, ℓ is a closed path, N is the number of turns
and i is the current.

• Magnetic induction in a linear magnetic material:

~B = µrµ0
~H ,

where µr is the relative permeability and µ0 = 4π10−7 H/m is the perme-
ability of vacuum.

• Magnetic flux:

φ =

∫

A

~B · d ~A ,

• Reluctance R and permeance P (only for constant µr, i.e., linear magnetic
material):

R =
1

P =
ℓ

µrµ0A

• One coil, one mesh of the iron core, linear magnetic material:

Ni = Rφ

• Total magnetic flux: λ = Nφ

• Faraday’s law:

v = emf =
dλ

dt

• Inductance:

L =
N2

R = N2P

2



• One coil, one mesh of the iron core, linear magnetic material:

λ = Li

• Faraday’s law for a linear magnetic circuit:

v = L
di

dt

• Lorentz force:
~F = q( ~E + ~u× ~B) = q ~E + i~ℓ× ~B

where q is the electric charge, ~E is the electric field and ~u the speed.

• Magnetic energy Wf :

Wf =

∫

λ

i(x, λ)dλ

• Coenergy W ′
f :

W ′
f = λi−Wf =

∫

i

λ(x, i)di

• Differentiation of the energy:

dWf = idλ− Fdx =
∂Wf

∂λ

∣∣∣∣
x

· dλ+
∂Wf

∂x

∣∣∣∣
λ

· dx

• Differentiation of the coenergy:

dW ′
f = λdi+ Fdx =

∂W ′
f

∂i

∣∣∣∣
x

· di+
∂W ′

f

∂x

∣∣∣∣
i

· dx

• Expressions of the mechanical force (torque):

F = − ∂Wf

∂x

∣∣∣∣
λ

=
∂W ′

f

∂x

∣∣∣∣
i

• Single coil, linear magnetic material:

Wf =W ′
f =

1

2
L(x)i2

F =
1

2

∂L(x)

∂x
i2

• Mutually coupled pair of coils, linear magnetic material:

Wf =
1

2
L1(α)i

2
1 +

1

2
L2(β)i

2
2 +M(γ)i1i2

F =
1

2

∂L1(α)

∂α
i21 +

1

2

∂L2(β)

∂β
i22 +

∂M(γ)

∂γ
i1i2

3



4 AC Circuits

• Angular frequency:
ω = 2πf [rad/s] ,

where f is the frequency in Hz.

• AC voltage:
v(t) =

√
2V sin(ωt+ θ) ,

where V is the RMS value.

• Phasor:
V̄ = V ∠θ = V (cos θ + j sin θ) = V exp(jθ)

• Impedance:
Z̄ = R+ jX ,

where R is the resistance and X is the reactance, both measured in Ohms
(Ω).

• Amdmittance:
Ȳ = G+ jB ,

where G is the conductance and B is the susceptance, both measured in
Siemens or 1/Ohms (Ω−1).

• Relationship between impedance and reactance:

Ȳ =
1

Z̄

• Inductive reactance: X = ωL

• Capacitive susceptance: B = ωC, where C is the capacitance.

• Set of symmetrical phase voltages (three-phase system):

V̄a = VF∠θ
V̄b = VF∠θ − 120◦

V̄c = VF∠θ + 120◦ ,

and, hence, V̄a + V̄b + V̄c = 0.

• Line-to-line voltages:

V̄ab = V̄a − V̄b = VLL∠θ + 30◦

V̄bc = V̄b − V̄c = VLL∠θ − 90◦

V̄ca = V̄c − V̄a = VLL∠θ + 150◦ ,

where VLL =
√
3VF.
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• Relationship between line current magnitude (IL) and phase current mag-
nitude (IF):

IF =
1√
3
IL

• Equivalent Y −∆ connection:

Z̄∆ = 3Z̄Y

• Complex power (S̄), apparent power (S), power factor (cosφ), active
power (P ) and reactive power (Q):

S̄ = S cosφ+ jS sinφ = P + jQ ,

• Sign of the reactive power:

– Power factor lagging : Q > 0 (inductive)

– Power factor leading : Q < 0 (capacitive)

• Apparent power:

S =
√
P 2 +Q2

• Complex power in single-phase systems:

S̄ = V̄ Ī∗

• Active and reactive power in single-phase systems:

P = V I cos(φ)

Q = V I sin(φ) ,

where ∠Ī = ∠V̄ + φ.

• Complex power in three-phase systems:

S̄ = 3V̄FĪ
∗
L

• Active and reactive power in three-phase systems:

P = 3VFIL cosφ =
√
3VLLIL cosφ = 3VLLIF cosφ

Q = 3VFIL sinφ =
√
3VLLIL sinφ = 3VLLIF sinφ ,

where ∠Īa = ∠V̄a + φ.
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5 Transformers

• Tap ratio:

kT =
V1N
V2N

,

where V!N and V2N are the nominal voltages of the primary and secondary
windings, respectively.

• Secondary resistance referred to primary: R′
2 = k2TR2

• Secondary reactance referred to primary: X ′
2 = k2TX2

• Equivalent circuit equations:

V̄1 = (R1 + jX1)Ī1 + Ē1

V̄ ′
2 = −(R′

2 + jX ′
2)Ī

′
2 + Ē1

Ī1 = Ī10 + Ī ′2

Ī10 =
Ē1

RFe
+

Ē1

jXµ

• Short-circuit impedance:

Z̄ ′
sc = R′

sc + jX ′
sc = (R1 +R′

2) + j(X1 +X ′
2)

• Short-circuit voltage:

V̄sc% = 100
Z̄ ′
scI1N
V1N

= 100,
Z̄ ′′
scI2N
V2N

• Voltage regulation:

ǫV =
V1 − V ′

2

V1

• Kapp’s formula:

V ′
2 = V1 − I ′2(R

′
sc cosφ+X ′

sc sinφ)

6 Induction Machine

• Angular frequency at the stator:

ω1 = 2πf1

where f1 is the system frequency, e.g., 50 Hz.

• Number of pair of poles: p

• Synchronous speed: ωs1 = ω1/p

6



• Slip factor:

σ =
ωs1 − ωm

ωs1
,

where ωm is the mechanical rotor angular speed.

• Rotor current:

I ′2 =
V1√

(R1 +R′
2/σ)

2 + (X ′
sc)

2
,

where V1 is the stator phase voltage, and R1, R
′
2 and X ′

sc are the param-
eters of the equivalent circuit of the machine referred to the stator.

• Torque/slip factor characteristic:

Tm =
3p

ω1
I ′2

2R′
2

σ
=

3p

ω1

V 2
1

(R1 +R′
2/σ)

2 + (X ′
sc)

2

R′
2

σ
.

• Equivalent resistance of the mechanical load:

R′
u =

R′
2

σ
−R′

2 =
1− σ

σ
R′

2

• Mechanical power:

Pm = Tmωm = 3R′
uI

′
2
2

7 Synchronous Generator

• Relationship between internal emf E and excitation current (Ie):

E = ψ(Ie)

• Rotor angle: δ

• Phasor of the internal emf: Ē = E∠δ

• Simplified model:
Ē = V̄ + (Ra + jXs)Ī ,

where Ē is the internal emf of the machine, V̄ is the stator voltage; Ī is the
stator current, Ra is the armature resistance, and Xs is the synchronous
reactance (assumed to be constant).

• Active power in the simplified model (if Ra ≈ 0):

P =
3EV

Xs
sin δ ,
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• Dynamic swing equations:

δ̇ = ω − ωs1

Mω̇ = Pm − P (δ) ,

where ω is the rotor angular speed and ωs1 is the synchronous speed. In
steady-state, ω = ωs1 and Pm = P . M is the inertia constant.

• Electro-mechanical torque in the simplified model (if Ra ≈ 0):

T =
3p

ω1

EV

Xs
sin δ

• Potier model:
Ēr = V̄ + (Ra + jXd)Ī

Er = ψ(Ir) and ∠Īr = ∠Ēr − 90◦

Īe = Īr −
Ī

Kp

E = ψ(Ie) and ∠Īe = ∠Ē − 90◦

where Ēr is the emf of the machine neto of the armature reaction, and Kp

is the Potier coefficient.

• Blondell model:

Ē = V̄ + jXdĪd + jXq Īq

Ī = Īd + Īq

XqIq = V sin δ and XdId = E − V cos δ

P = 3
V E

Xd
sin δ +

3

2
V 2

(
1

Xq
− 1

Xd

)
sin 2δ

or, equivalently:

P = 3
E′V
Xq

sin δ

where Ē′ = Ē − j(Xd −Xq)Īd.

8 Power Systems

• Power flow equations for a lossless three-phase branch with reactance Xhk

connecting buses h and k:

Phk = 3
VkVh
Xhk

sin(θh − θk)

Qhk = 3
V 2
h Xhk − 3

VkVh
Xhk

cos(θh − θk)

8



• Classification of buses for power flow analysis:

– Load Bus: knowns P and Q; unknowns V and θ.

– Generator Bus: knowns P and V ; unknowns θ and Q.

– Slack Bus: knowns V and θ; unknowns P and Q.

9
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Exercises on Complex Numbers

EEEN20090 – Electric Energy Systems

Exercises

Section 1

Write the following expressions in the form a+ ib.

Section 2

Compute the absolute value of the following expressions.

1



Section 3

Sum, subtract and multiply the following complex numbers.

Section 4

Write the following expressions in the form a+ ib.

2



Section 5

Write the following expressions in the form ρ(cos(θ) + i sin(θ).

Section 6

Write the following expressions in the form a+ ib.

3



Section 7

Write the following expressions in the form a+ ib.

Section 8

Solve the following equations for x.

4



5



Solutions

Section 1 – Solutions

6



Section 2 – Solutions
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Section 3 – Solutions
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Section 4 – Solutions

Section 5 – Solutions
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Section 6 – Solutions

Section 7 – Solutions
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Section 8 – Solutions
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Worked Problems on AC Circuits

EEEN20090 – Electrical Energy Systems

Problem 1

Given that the current in a given circuit is 3.90− j6.04 mA and the impedance
is 5.16 + j1.14 kΩ, find the magnitude of the voltage.

Problem 2

A resistor, an inductor and a capacitor are connected in series across an ac
voltage source. A voltmeter measures 12.0 V, 15.5 V and 10.5 V respectively,
when placed across each element separately. What is the magnitude of the
voltage of the source?

Problem 3

Calculate the total impedance of the circuit in Figure 1.

Figure 1

Problem 4

Find the Thevenin and Norton equivalents of the circuit shown in Figure 2.

1



Figure 2

Problem 5

Use phasor techniques to find V̄L(t) in the circuit of Figure 3.

Figure 3

2



Solution of Problem 1

Note the units in the question: mA and kΩ. Applying the formula for voltage:

∣∣V̄
∣∣ =

∣∣Ī
∣∣×

∣∣Z̄
∣∣

=
∣∣(3.90− j6.04)× 10−3

∣∣×
∣∣(5.16 + j1.14)× 103

∣∣

We can move the powers of 10 outside the absolute value (magnitude) signs.

= |(3.90− j6.04)| × 10−3 × |(5.16 + j1.14)| × 103

The powers of 10 cancel out.

= |3.90− j6.04| × |5.16 + j1.14|

We now proceed to find the magnitude of each complex number:

=

√
(3.90)

2
+ (−6.04)

2 ×
√

(5.16)
2
+ (1.14)

2

= 7.190× 5.284

= 38.0 V

So the voltage is 38 V.

Solution of Problem 2

The total reactance across a circuit with a resistance, an inductance and a
capacitance in series is given by:

V̄RLC = V̄R + j(V̄L − V̄C)

Now

|VR| = 12 V

|VL| = 15.5 V

|VC | = 10.5 V

Now

V̄RLC = V̄R + j(V̄L − V̄C)

= 12 + j(15.5− 10.5)

= 12 + j5 V

The magnitude of this voltage is:

|12 + j5| = 13 V

3



Solution of Problem 3

Circuit elements form two branch impedances

Z̄1 = R1 + jX1

Z̄2 = R2 + jX2 .

Hence:

Z̄T =
Z̄1Z̄2

Z̄1 + Z̄2
=

(R1 + jX1)(R2 + jX2)

(R1 +R2) + j(X1 +X2)

Z̄T = [(1 + j)(1− j2)/(2− j)] = [(3− j)/(2− j)]

Z̄T = [(3− j)(2 + j)/(22 + 1)] = [(7 + j)/5] = (7/5) + j(14/5) .

In polar coordinates, we have,

Z̄T =
√

(7/5)2 + (1/5)2 · ∠ tan−1 1

7

Z̄T =

√
49

25
+

1

25
· ∠8.1◦

Z̄T =

√
50

25
· ∠8.1◦

Z̄T =
√
2 · ∠8.1◦ .

Solution of Problem 4

Thevenin’s equivalent voltage is the open circuit voltage shown in Figure 2.
If the terminals are open, there will be no current flowing in the capacitive
reactance of −j250 Ω and therefore no voltage drop across it. The open circuit
voltage is equal to the voltage across the 500 Ω resistor R1. Using the voltage
division principle, the source voltage 10∠0◦ V will be divided into the voltages
across two 500 Ω resistors. Therefore the Thevenin equivalent voltage V̄th is
given by:

V̄th = 10∠0◦ · 500

500 + 500
= 5∠0◦ V

The Norton equivalent internal impedance can be obtained by turning off
the 10∠0◦ V source and short circuiting the source terminals. Then the internal
impedance of the network presented across the output terminals is the series
impedance of the capacitive reactance of −j250 Ω, and the parallel resistance
of two 500 Ω resistors. Therefore, the Norton equivalent internal impedance

Z̄no =
500

2
− j250 = 250− j250 = 250(1− j1) = 250∠− 45◦ Ω.
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Solution of Problem 5

The impedance of the R-L branch is

1 + j1 Ω (ω = 1)

and its admittance is, therefore,

[1/(
√
2∠45◦)] = .707∠− 45◦ = (1/2)− j(1/2) Ω−1 .

The capacitor and resistor parallel branches have admittances

ȲC = ωC = 0 + j(1/2) Ω−1

ȲR = (1/2) + j0 Ω−1 .

The equivalent admittance of the parallel branches is

Ȳp = [(1/2) + j0] + [0 + j(1/2)] + [(1/2)− j(1/2)] = 1 + j0 Ω−1 ,

and, consequently, the total impedance driven by the source is

Z̄t = 2 + j0 + (1/Ȳp) = 2 + j0 + 1 + j0 = 3 + j0 Ω .

The current out of the source is

Īt = [(8∠45◦)/(3∠0◦)] = (8/3)∠45◦ A .

This current produces a voltage across the parallel branches of

V̄p = (8/3)∠45◦(1∠0◦) = (8/3)∠45◦ V .

By voltage division, then,

V̄L = [j/(1 + j1)](8/3)∠45◦ = [1∠90◦(8/3)∠45◦/(
√
2∠45◦)]

= [8/(3
√
2)]∠90◦ V .

In the time domain vL(t) = 1.89cos(t+ 90◦) V.
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Worked Problems on Magnetic Circuits

EEEN20090 – Electric Energy Systems

Problem 1

Figure 1 shows an iron core composed of an external magnetic circuit with cross
section S1 and a N1-turn coil, and a shunt branch with cross section S2 and a
N2-turn coil. The external magnetic circuit has an air gap of length ℓ4. The
data of the magnetic circuit are as follows.

ℓ11 + ℓ12 + ℓ13 = 45 cm ℓ4 = 0.1 cm S1 = 150 cm2

ℓ2 = 15 cm ℓ51 + ℓ52 = 22.45 cm S2 = 250 cm2

ℓ31 + ℓ32 = 22.45 cm N1 = 200 N2 = 150

Determine:

a. The current I2 that leads to a 0.5 T magnetic induction in the air gap,
assuming I1 = 2 A and a relative permeability of the iron core µr = 5000.

b. The current I1 that leads to a 0.15 T magnetic induction in the air gap,
assuming I2 = 0.8 A and the magnetization curve shown in Figure 2.

Problem 2

Figure 3 shows the magnetic circuit of a rotaing machine with 2 stator poles.
The rotor is a 200 mm long cylinder. The stator has two poles whose width and
length are 40 mm and 200 mm, respectively. A coil with 360 turns is wound on
each pole. The same current flows in the two coils. Both air gaps are 1.5 mm
long.

a. Determine the reluctance of each air gap.

b. Neglecting the reluctance of the iron core, determine the current required
in the coils to obtain in the air gaps a magnetic induction equal to 0.8 T.

c. Repeat the previous question, considering the reluctances of the air gaps
and of the stator, but neglecting the reluctances of the poles and the rotor.
The average radius of the stator is 200 mm and its cross section is 4, 000
mm2 and the relative permeability of the iron core is 4, 000.

1



I2
I1

ℓ11

ℓ31

ℓ12

ℓ13

ℓ32

ℓ51

ℓ52

ℓ2

ℓ4

S2

S1

N1 N2

Figure 1

M
ag
n
et
ic

in
d
u
ct
io
n
B

[T
]

Magnetic field H [A-turn/m]

10 100 100050 500 5000
0

2.0

1.0

1.2

1.4

1.6

1.8

0.2

0.4

0.6

0.8

Figure 2

2



i i

40 mm

200 mm

1.5 mm

Figure 3

Problem 3

The magnetic circuit shown in Figure 4 has a constant cross section A = 16
cm2, average length ℓ = 70 cm, and α = 45◦. The magnetic induction and
magnetic field in the iron core are linked by the following expression:

B =
2.2H

215 +H
(1)

where B is in T and H in A-turn/m. The coil has N = 600 turns and its current
is 2.5 A. Determine the length of the air gap g that leads to a magnetic flux
equal to φ = 0.8 mWb. Determine also the density of magnetic energy in the
iron core and in the air gap.

αg

A

ℓ

N

i

Figure 4
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Problem 4

Figure 5 shows an iron core whose relative permeability is 2, 000. The dimensions
of the core are shown in the figure. The width of the core is 7 cm. The lengths
of the air gaps are 0.05 cm and 0.07 cm, respectively. The cross section in the
air gaps is 5% bigger than that of the iron core. The coil has 300 turns and its
current is 1.0 A. Determine the magnetic flux in each column of the iron core
and the magnetic induction in the air gaps.

i

7 cm7 cm7 cm

7 cm

7 cm

30 cm30 cm

30 cm
0.05 cm 0.07 cm

300 espiras

Figure 5
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Solution of Problem 1

a. The reluctances of the magnetic circuit are (see Figure 6):

R1 =
ℓ11 + ℓ12 + ℓ13

µ0µS1
= 4775 H−1 (2)

R2 =
ℓ2

µ0µS2
= 955 H−1 (3)

R4 =
ℓ4

µ0S1
= 53052 H−1 (4)

R3 = R5 =
ℓ31 + ℓ32
µ0µS1

= 2382 H−1 (5)

Then:

φ3 = B3S1 = 0.5 · 0.015 = 0.0075 Wb (6)

∆U = (R3 +R4 +R5)φ3 = 433.62 A-turn (7)

∆U = N1I1 −R1φ1 = N2I2 −R2φ2 (8)

φ3 = φ1 + φ2 (9)

φ1 =
N1I1 −∆U

R1
= −0.007 Wb (10)

I2 =
∆U +R2(φ3 − φ1)

N2
= 2.98 A (11)

b. Due to nonlinearity, one cannot define the reluctances.

B3 = 0.15 T ⇒ H3 = 40 A-turn/m (12)

H2 =
N2I2 −H3(ℓ31 + ℓ32 + ℓ51 + ℓ52)−H4ℓ4

ℓ2
(13)

= −115.5 A-turn/m (14)

H2 = −115.5 A-turn/m ⇒ B2 = −0.8 T (15)

B1 =
B3S1 − B2S2

S1
= 1.48 T (16)

F1 = H1(ℓ11 + ℓ12 + ℓ13) +N2I2 −H2ℓ2 = 542 A-turn (17)

I1 =
F1

N1
= 2.71 A (18)

Solution of Problem 2

a. The cross section of the air gap is:

Ag = 0.04 · 0.2 = 8 · 10−3 m2 (19)

The reluctance of each air gap is:

Rg =
g

µ0Ag
=

0.0015

(4π10−7)(8 · 10−3)
= 149207.8 A-turn/Wb (20)
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b. The magnetic flux that flows in the air gap is:

φ = BAg = (0.8)(8 · 10−3) = 6.4 · 10−3 Wb (21)

Neglecting the reluctances on the iron core, the equivalent electrical circuit
consists of two mmfs in series with the reluctances of the two air gaps (see
Figure 7).

− +− +

NiNi
Rg Rg

φ

Figure 7

Applying the KVL the the circuit shown in Figure 7, one obtains:

2Ni = 2φRg (22)

i =
2(6.4 · 10−3)(149207.8)

2 · 360 = 2.65 A (23)

c. The reluctance of each half of the stator is:

Re =
le

µ0µrAe
=

π0.2

(4π10−7)(4000)(4000 · 10−6)
= 31250 A-turn/Wb (24)

Applying the KVL to the upper mesh of the circuit of Figure 8, one
obtains:

2Ni = 2φRg +Re
φ

2
(25)

i =
2(6.4 · 10−3)(149207.8)

2 · 360 +
(3.2 · 10−3)(31250)

2 · 360 = 2.79 A (26)

6
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Re
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φ
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Figure 8

Solution of Problem 3

From Ampere’s law, one obtains:

Ni = Hℓ(ℓ− g) +Hgg (27)

where Hℓ is the magnetic field in the iron core and Hg is the magnetic field in
the air gap. In the air gap:

Hg =
B

µ0
(28)

where B is the magnetic induction of the magnetic circuit. Considering that
φ =

∫
~B · d~S = BA, the magnetic induction does not depend on the angle α.

Hence:

B =
φ

A
=

0.8 · 10−3

16 · 10−4
= 0.5 T (29)

The magnetic field in the iron core is:

Hℓ =
215B

2.2−B
= 63.235 A-turn/m (30)

Hence, the remaining unknwon in equation (27) is g:

g =
Ni−Hℓℓ

Hg −Hℓ
=

1500− 63.235 · 0.7
397 887− 63.235

= 3.76 mm (31)

Finally, the density of the magnetic energy wmag as a function of the flux density
field B can be obtained as follows:

- In the airgap:

wmag(B) =

∫ B

0

B

µ0
dB =

1

2

B2

µ0
(32)

Hence, wmag(0.5) = 9.95 · 104 J/m3.
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- In the air gap:

wmag(B) =

∫ B

0

215B

2.2−B
dB =

[
− 215B − 473 log (|B − 2.2|)

]∣∣∣
0.5

0
(33)

Hence, wmag(0.5) = 14.5 J/m3. Note that log in the equation above
indicates the natural logarithm, i.e., the logarithm with base e.

Solution of Problem 4

Let’s define the following reluctances:

R1 =
ℓ1

µrµ0A1
=

1.11

2000 · 4π · 10−7 · 0.07 · 0.07 = 90.1 kA-turn/Wb (34)

R2 =
ℓ2

µ0A2
=

0.0005

4π · 10−7 · 0.07 · 0.07 · 1.05 = 77.3 kA-turn/Wb (35)

R3 =
ℓ3

µrµ0A3
=

1.11

2000 · 4π · 10−7 · 0.07 · 0.07 = 90.1 kA-turn/Wb (36)

R4 =
ℓ4

µ0A4
=

0.0007

4π · 10−7 · 0.07 · 0.07 · 1.05 = 108.3 kA-turn/Wb (37)

R5 =
ℓ5

µrµ0A5
=

0.37

2000 · 4π · 10−7 · 0.07 · 0.07 = 30.0 kA-turn/Wb (38)

The total reluctance is:

RTOT = R5 +
(R1 +R2)(R3 +R4)

R1 +R2 +R3 +R4
(39)

= 30.0 +
(90.1 + 77.3)(90.1 + 108.3)

90.1 + 77.3 + 90.1 + 108.3
= 120.8 kA-turn/Wb (40)

The total flux in the iron core is equal to the flux in the central column:

φcenter = φTOT =
F

RTOT
=

300 · 1.0
120.8

= 0.00248 Wb (41)

Using the current divider principle, one obtains the fluxes in the other columns:

φleft =
R3 +R4

R1 +R2 +R3 +R4
φTOT = 0.00135 Wb (42)

φright =
R1 +R2

R1 +R2 +R3 +R4
φTOT = 0.00113 Wb (43)

The magnitues of the density flux fields in the air gaps are:

Bleft =
φleft

A2
=

0.00135

0.07 · 0.07 · 1.05 = 0.262 T (44)

Bright =
φright

A4
=

0.00113

0.07 · 0.07 · 1.05 = 0.220 T (45)
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Worked Problems on Transformers

EEEN20090 – Electrical Energy Systems

Problem 1

The tests for a 45 kVA 6000/230 V 50 Hz single phase transformer have given
the following results:

Open-circuit: 2,200 W, 230 V, 45 A, all measures are taken on the low voltage
winding.

Short-circuit: 2,750 W, 130 V, 52 A, all measures are taken on the high voltage
winding.

a. Determine the parameters of the approximated equivalent circuit of the
transformer, with all parameters referred to primary.

b. Assume that aload is connected to the secondary. The load consumes
22.5 kW with power factor. 0.85 lagging. The voltage on the secondary
winding is 230 V. Determine the voltage on the primary winding and the
efficiency of the transformer in such operating conditions.

Problem 2

A single phase transformer has the following nominal data: 22 kVA, 400/200
V, ǫsc = 10%. The primary is fed at 375 V and a 100 A, power factor 1 load is
connected to the secondary. In these conditions, the voltage on the secondary
is 180 V.

Determine the primary voltage that leads to have on the secondary winding
a voltage equal to 160 V when the transformer feeds a load of 14 kW and power
factor 0.8 lagging.

Problem 3

A single phase transformer has the following nominal data: 200 kVA, tap ratio
11,000/380 V, 50 Hz. The tests gave the following results:

Open-circuit: 380 V, 100 A, 4,000W (all measures are taken on the low voltage
winding).

Short-circuit: 750 V, nominal current, 7,000 W (all measures are taken on the
high voltage winding).

1



Determine:

a. Parameters of the equivalent circuit, referred to primary, of the trans-
former.

b. Relative shortcircuit voltages (ǫsc, ǫRcc and ǫXcc).

Problem 4

A single phase transformer has the following nominal data: SN = 60 kVA,
N1/N2 = 1500/700, Z̄1 = 0.22 + j1.2 Ω, Z̄2 = 0.05 + j0.3 Ω and Xµ = 180 Ω.
Iron losses are negligible.

The primary winding id fed by a voltage of 1,200 V. Determine:

a. Open-circuit secondary voltage.

b. Secondary voltage when the transformer feeds a load that consumes 110
A with power factor 0.8 leading.

c. Per unit variation of the magnetic induction of the transformer from open-
circuit to the on-load conditions of the previous point.

Note: Use the exact equivalent circuit of the transformer.
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Solution of Problem 1

a. Parameters of the shunt branch referred to the secondary winding:

R′′
Fe =

V 2
0

P0
= 24.05 Ω (1)

X ′′
µ =

V0

I0i
= 5.23 Ω (2)

where:

I0r =
V0

R′′
Fe

= 9.57 A (3)

I0i =
√

I20 − I20r = 43.97 A (4)

Parameters of the shunt branch referred to the primary winding:

RFe = R′′
Fek

2
T = 16.36 kΩ (5)

Xµ = X ′′
µk

2
T = 3.56 kΩ (6)

where the tap ratio is:

kT =
V1

V2
= 26.1 (7)

Short-circuit impedance:

R′
sc =

Psc

I2sc
= 1.02 Ω (8)

X ′
sc =

√
V 2
sc/I

2
sc −R2

sc = 2.28 Ω (9)

b. The primary voltage is (V2 is assumed to be the reference phase):

S̄2 = P2 + jP2 tanφ2 = (22.50 + j13.94) kVA (10)

Ī ′2 =
S̄∗
2

V2kT
= 3.75− j2.32 A (11)

V̄1 = kTV2 + (R′
sc + jX ′

sc)Ī
′
2 = 6009.1 + j6.2 V (12)

The efficiency is:

Z̄Fe =
jRFeXµ

RFe + jXµ
= 739.3 + j3398.8 Ω (13)

Ī0 =
V̄1

Z̄Fe
= 0.37− j1.69 A (14)

Ī1 = Ī0 + Ī ′2 = 4.12− j4.01 A (15)

P1 = ℜ{V̄1Ī
∗
1} = 24.7 kW (16)

η = 100
P2

P1
= 91.00% (17)
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Solution of Problem 2

First, we obtain the short-circuit impedance of the transformer. We have:

Ī2(R
′′
sc + jX ′′

sc) = V ′′
1 (cos δ1 + j sin δ1)− V̄2 (18)

where:

V ′′
1 =

V1

kT
= 187.5 V (19)

Assuming that V2 is the reference phase, one has:

I2R
′′
sc + V2 = V ′′

1 cos δ1 (20)

I2X
′′
sc = V ′′

1 sin δ1 (21)

Moreover, the following relation holds:

R′′
sc

2
+X ′′

sc
2
= Z ′′

sc
2

(22)

where:

Z ′′
sc = ǫsc

V 2
2N

SN
= 0.1818 Ω (23)

Summing the squares of (20) and (21), one obtains:

I22Z
2
sc + 2I2V2R

′′
sc + V 2

2 = V ′′
1

2
(24)

and finally R′′
sc and X ′′

sc:

R′′
sc = 0.0674 Ω (25)

X ′′
sc = 0.1689 Ω (26)

The primary voltage V1 for the 14 kW load is:

V1 = kT |V2 + (R′′
sc + jX ′′

sc)
S̄∗
2

V2
| = 354.6 V (27)

where we have assumed V̄2 = V2∠0.

Solution of Problem 3

a. Tap ratio:

kT =
V1n

V2n
=

11, 000

380
= 30 (28)

Open-circuit data:

V0 = kT · 380 = 11, 000 V (29)

I0 = 100/kT = 3.33 A

P0 = V0I0 cos(φ0) = 4000 W

cos(φ0) =
P0

V0I0
= 0.11
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Parameters of the shunt branch referred to the secondary winding:

RFe =
V0

I0 · cos(φ0)
=

11, 000

3.33 · 0.11 = 30 kΩ (30)

Xµ =
V0

I0 · sin(φ0)
=

11, 000

3.33 · 0.994 = 3.3 kΩ

Short-circuit parameters:

Vsc = 750 V (31)

Isc = I1n =
Sn

V1n
=

200, 000

·11, 000 = 18.2 A

Psc = VscIsc cosφsc = 7, 000 W

cos(φsc) =
Psc

VscIsc
= 0.51

Parameters of the series branch referred to the secondary winding:

R′
sc =

Vsc

Isc
cos(φsc) =

750

18.2
· 0.51 = 21.0 Ω (32)

X ′
sc =

Vsc

Isc
sin(φsc) =

750

18.2
· 0.86 = 35.4 Ω

b. Per-unit shortcircuit voltages:

ǫsc =
Vsc

V1n
· 100 =

750

11, 000
· 100 = 6.82% (33)

ǫRcc = R′
sc

Isc
V1n

· 100 = 21.0 · 18.2

11, 000
· 100 = 3.5%

ǫXcc = X ′
sc

Isc
V1n

· 100 = 35.4 · 18.2

11, 000
· 100 = 5.86%

Solution of Problem 4

a. The open-circuit voltage on the secondary winding (using the primary
voltage as phase reference):

V̄ ′
20 =

Z̄µ

Z̄µ + Z̄1
V̄1 (34)

⇒ V20 =
V ′
20

kT
= 556.6 V

b. The on-load voltage on the secondary winding (using the secondary voltage
as phase reference):

V̄1 = Z̄1Ī1 + Z̄ ′
2Ī

′
2 + V̄ ′

2 (35)

Ī1 = Ī ′2 +
V̄ ′
2 + Z̄ ′

2Ī
′
2

Z̄µ
(36)
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from where one obtains:

V1(cos θ1 + j sin θ1) = ā+ b̄V ′
2 (37)

where:

ā = ar + jai = (
Z̄ ′
2Z̄1

Z̄µ
+ Z̄1 + Z̄ ′

2)Ī
′
2 (38)

b̄ = br + jbi =
Z̄1

Z̄µ
+ 1 (39)

From the quare of (37), one obtains:

αV ′2
2 + βV ′

2 + γ = 0 (40)

where:

α = b2r + b2i (41)

β = 2(arbr + aibi) (42)

γ = a2r + a2i − V 2
1 (43)

and, finally:

V2 =
V ′
2

kT
= 580.9 V (44)

c. The per unit variation of the magnetic induction of the transformer from
open circuit to on-load conditions detrmined in the previous question is:

∆B =
E2 − V20

V20
= 0.017 (45)

where E2 is the emf induced in the on-load secondary winding:

Ē2 = V̄2 + Z̄2Ī2 (46)
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Worked Problems on Three-Phase Systems

EEEN20090 – Electrical Energy Systems

Problem 1

A 3-phase inductive load is connected in ∆ and in parallel with a capacitor
bank. The load current is K and the phase-to-phase voltage is 1

K . Determine
the value of the line current of the capacitor bank such that the overall power
factor is unity.

Problem 2

The voltages of the three-phase system shown in Figure are:

Ēa = 1 V, Ēb = −1 V, Ēc = j1 V.

Ēa

ĒbĒc

Īa

Īc

Īb

n g

j1 Ω

j1 Ω

j1 Ω

j1 Ω

j1 Ω

j1 Ω

Figure 1

Determine:

a. The currents Īa, Īb and Īc.

b. The voltage V̄ng.

1



Problem 3

A 3-phase cable A feeds a 1000 kW, 6.6 kV load with power factor cosϕ = 0.8
lagging. Another cable B is connected in parallel with cable A. The impedance
of cable B is (3 + j4)Ω per phase. When connected in parallel with cable B,
cable A delivers 600 kW and its current is 68 A. Determine the impedance of
cable A.

Problem 4

Consider the symmetrical, balanced 3-phase system shown in Figure .

N N ′

A

BC

A′

B′
C′

A′′

B′′C′′

R

Z̄

Figure 2

V = 220V, R = 100Ω, V̄C”A” =
√
3V ∠30◦, V̄CN = V ∠0◦

The impedance Z̄ is capacitive and, at nominal voltage (400 V) consumes
2400 VAr.

Determine:

a. The total load power consumed by the parallel of R and Z̄.

b. The magnitude of current IB′A′ .

2



Solution of Problem 1

Let S̄L be the power of the load and S̄C the power of the capacitor bank. Then:

S̄L =
√
3K

1

K
∠ϕ

S̄C = −
√
3

K
IC∠90◦

The total power consumed by the load and the capacitors is:

S̄T =
√
3 cosϕ+ j

√
3 sinϕ− j

√
3IC
K

If we impose that cosϕT = 1, then the imaginary part of S̄T is zero:

Im{S̄T } =
√
3 sinϕ−

√
3IC
K

ImS̄T = 0 ⇒ IC = K sinϕ

Solution of Problem 2

a. KVL gives: {
Ēa − jXĪa + jXĪb − Ēb = 0
Ēa − jXĪa + jXĪc − Ēc = 0

where X = 2 Ω. Then, from KCL: Īa + Īb + Īc = 0. Hence:



−jX jX 0
−jX 0 jX
1 1 1


 ·



Īa
Īb
Īc


 =



Ēb − Ēa

Ēc − Ēa

0




From where we can obtain:




Īa = −0.1667− j0.5 A
Īb = −0.1667 + j0.5 A
Īc = 0.3333 A

b. The voltage V̄ng is obtained as:

V̄ng = jXĪa − Ēa = jX(−0.1667− j0.5)− 1 = −j0.3333 V

Note: An alternative solution is based on the Milligan’s theorem, as follows:

V̄ng = −V̄gn = − ȲaĒa + ȲbĒb + ȲcĒc

Ȳa + Ȳb + Ȳc + Ȳng

= − Ȳ · (Ēa + Ēb + Ēc)

3Ȳ

= −1

3
(Ēa + Ēb + Ēc) = −j0.3333 V ,
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where it has been imposed that Ȳng = 0 and Ȳ = Ȳa = Ȳb = Ȳc. Then currents
can be deduced from the following expressions:

0 = Ēa − jXĪa + V̄gn

0 = Ēb − jXĪb + V̄gn

0 = Ēc − jXĪc + V̄gn .

Solution of Problem 3

The data of the problem lead to the following equations:

IAR + jIAI + IBR + jIBI =
P − jQ

3√
3
V

(1)

z̄A(IAR + jIAI) = z̄B(IBR + jIBI) (2)
√

(I2AR + I2AI) = 68 A (3)

IAR =
600
3√
3
V

A (4)

where

ĪA = IAR + jIAI

ĪB = IBR + jIBI

V = 6.6 kV

P + jQ = (1000 + j750) kVA

Equation (1) imposes that the two cables when connected in parallel feed
the load P + jQ. Equation (2) imposes that the voltage drop on the two cables
when connected in parallel is the same. Equation (3) imposes the magnitude
of the current in cable A. Equation (4) imposes the active power provided by
cable (A) when connected in parallel with cable B. Equations (1)-(4) provide
6 conditions for 6 unknowns (IAR, IAI , IBR, IBI , z̄A = RA + jXA), hence the
problem is well-posed and can be solved.

The resulting values are:

IAR = 52.5 A

IAI = −43.2 A

IBR = 35.0 A

IBI = −22.4 A

Z̄A = (1.53 + j2.65) Ω

4



Solution of Problem 4

The equivalent single-phase circuit is shown in Figure 3, where:

Z̄ = −j
V 2
N

QN
3

= −j3 4002

2400 = −j200Ω

V̄AN = V (∠V̄CN − ∠120◦)

= 220∠−120◦ V

V̄A′′N ′′ = V (∠V̄C′′A′′ − ∠150◦)

= V ∠(30◦ − 150◦)

= 220∠− 120◦ V

V̄AN V̄A′′N ′′

R
Z̄
3

N N ′ N ′′

Figure 3

a. The total power of the parallel of z̄ and R is:

S̄ = 3V 2

R − j3V 2

|z|
3

= 3 2202

100 − j3 2202
200
3

= (1452− j2178)V A

b. The magnitude of current IB′A′ is:

ĪB′A′ =
[

1√
3
V∠−120◦
z
3∠−90◦ ∠30◦∠180◦

]

= 3·220√
3·200 (∠−120◦ + 90◦ + 30◦ + 180◦)

= 1.9∠180◦)A
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Worked Problems on Induction Machines

EEEN20090 – Electrical Energy Systems

Problem 1

A 4-pole, Y-connected, 380 V, 50 Hz, wound-rotor induction machine has the
following equivalent circuit parameters:

Z̄1 = (0.6 + j1.8) Ω/phase = R1 + jX1 (stator)

Z̄2 = (0.2 + j0.5) Ω/phase = R2 + jX2 (rotor)

The stator/rotor tap ratio is kT = 2.

a. Determine the slip factor (σ∗) for which the torque is maximum and the
maximum torque (Tmax

m ).

b. Determine the starting torque (T su
m ).

c. Determine the external resistance (Rext) to connect to the rotor to have
T̃ su
m = Tmax

m .

d. How to calculate (c) if the induction machine is squirrel-cage type?

Problem 2

A 4-pole, Y-connected, 400 V, 53 Hz induction machine has the following data:

Z̄1 = (0.125 + j0.3) Ω

Z̄ ′
2 = (0.125 + j0.2) Ω

Iµ = 18 A

PFe = 1350 W

Pm,losses = 900 W

ωN = 1500 rpm.

At full load, determine:

a. Torque (TmN ).

b. Mechanical power (Pm) and torque (Tm) output.

c. Rotor current (IN ) and power factor (cos(φ)).

d. Efficiency (η).
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Problem 3

A 60 Hz, △ connected induction machine has the following results.

DC Test: Vdc = 21 V, Idc = 72 A.

Open Circuit: ωm = 715 rpm.

Full Load: ωmN = 679 rpm.

Determine:

a. R1 using the results of the DC test.

b. Number of pairs of poles (p).

c. Slip factor (σ) at full load.

d. Mechanical angular frequency (ωm) for a load 25% of full load.

e. Electrical frequency in the rotor (ω2) for a load 25% of full load.

2



Solution of Problem 1

a. The slip factor which for which the torque is maximum is:

σM =
R

′
2√

R2
1 +X ′2

sc

where X ′
sc = X1 +X ′

2 and X1 = 1.8. Now, lets find out X ′
2.

Z̄ ′
2 = R′

2 + jX ′
2 = k2T Z̄2 = (0.8 + j2) Ω

So, X ′
sc = 1.8 + 2 = 3.8. Then, we obtain:

σ∗ = 0.21 (21%)

The torque equation is

Tm =
3p

ω1

E2
1

(R1 +
R′

2

σ )2 +X ′
sc

2

R′
2

σ

where E1 = 380/
√
3. The nominal angular speed of the stator is ω1 =

2πf = 2 · π · 50 = 314.16 rad/s, or ω1 = 3000 rpm. As, p = 4/2 = 2,
ωs1 = 1500 rpm. Moreover, ω∗

m = (1−σ∗)1500 = 1185 rpm. At maximum
torque, the slip is known (σ∗ = 0.21). Then, one has:

Tmax
m =

3 · 2
314.16

E2
1

(R1 +
R′

2

σ∗ )2 +X ′
sc

2

R′
2

σ∗

=
3 · 2

314.16

(380/
√
3)2

(0.6 + 0.8
0.21 )

2 + (3.8)2
0.8

0.21

= 103.4 Nm

b. At start up, the slip, σ = 1. Using the torque equation,

T su
m =

3p

ω1

E2
1

(R1 +R′
2)

2 +X ′
sc

2R
′
2

= 44.84 Nm

c. We have to impose R′
2 +R′

ext =
√

R2
1 +X ′

sc
2. Hence,

R′
ext =

√
R2

1 +X ′
sc

2 −R′
2

= 3.05 Ω

The actual resistance to be connected is:

Rext =
1

k2T
R′

ext

= 0.76 Ω

d. In case of squirrel-cage machine, one cannot connect any resistance, so it
is impossible to calculate.
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Solution of Problem 2

a. We need to compute the slip factor at full load. At full load the primary
(stator) synchronous speed:

ωs1 =
60 · f
p

=
53 Hz · 60

2

=
3, 180

2
= 1, 590 rpm

Slip factor:

σN =
1, 590− 1, 500

1, 590

= 0.0566 (5.66%)

Torque:

TmN =
3 · 2

2 · π · f
E2

1

(R1 +
R′

2

σN
)2 +X ′

sc
2

R′
2

σN

=
3.2

333.0

(400/
√
3)2

(0.125 + 0.125
0.0566 )

2 + (0.5)2
0.125

0.0566

= 372.7 Nm

b. Mechanical power output:

Pm,net = Pm − Pm,losses = Tm · ωmN − Pm,losses

= (372.7) · (157.07)− 900 = 58, 536.6− 900 = 57636.6 W

Mechanical torque output:

Tm,net =
Pm,net

ωmN

=
57, 636.6

157.07
= 366.9 Nm

c. Rotor current magnitude:

I ′2N =
E1√

(R1 +
R′

2

σN
)2 +X ′

sc
2

Stator current:

Ī1N = Ī ′2N + Ī10

=
Ē1

jXµ
+

Ē1

RFe
+

Ē1

(R1 +
R′

2

σN
) + jX ′

sc

4



where, Ē1 = 400√
3
∠0 V, RFe = E2

1/PFe, and Xµ = E1/Iµ.

Magnitude of the current and power factor,

I1 = 103.9 A

cos(φ) = cos(∠Ī1)
= 0.9297 (lagging)

d. Electrical power input:

P1 = 3E1I1cos(φ1)

= 3
400√
3
(I1)(0.9297)

= 66, 911.0

Efficiency:

η =
Pm,net

P1

=
57, 636.6

66, 911.0
· 100%

= 86.14 %

Solution of Problem 3

a. The equivalent circuit of the dc test is shown in Figure 1. This leads to:

Vdc

Idc
= Req = R1‖2R1 =

2R2
1

3R1
=

2

3
R1

Then

R1 =
3

2

Vdc

Idc
=

3

2
· 21
72

= 0.438 Ω

+

−

R1

R1

R1

Vdc

Idc

Figure 1
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b. Let’s consider different values of p:

p = 1, ωs1 = 3600 rpm → No

p = 2, ωs1 = 1800 rpm → No

p = 3, ωs1 = 1200 rpm → No

p = 4, ωs1 = 900 rpm → No

p = 5, ωs1 = 720 rpm → Ok

p = 6, ωs1 = 600 rpm < ωmN → No

c. Slip factor at full load:

σN =
ωs1 − ωmN

ωs1

=
720− 679

720
= 0.0569

d. At 25% full load, the torque/speed characteristic is almost linear (see
Figure 2).

25%

TmN

ωmN ωs1 ωm

Figure 2

hence:

σ(25%) ∼= 1

4
0.0569

= 0.0142

and the mechanical angular frequency is:

ωm = (1− σ(25%)) · ωs1 (1)
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e. The electric frequency corresponding to a 25% load is:

ω2 = p · σ(25%) · ωs1

f2 = σf1 = 0.0142 · 60 = 0.852 Hz
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Worked Problems on Synchronous Machines

EEEN20090 – Electrical Energy Systems

Problem 1

A 3-phase synchronous generator has the following synchronous reactance Xs =
5 Ω and Ra = 0. It is connected to a grid with V = 6, 600 V. The e.m.f. of
the machine is E = 6, 000 V. Determine the maximum active power that the
machine can deliver to the grid.

Problem 2

A 3-phase synchronous machine has the following nominal data:

SN = 5, 000 kVA

VN = 6, 600 V

The e.m.f. is a function of the excitation current Ie, as follows:

E =
7, 400Ie
85 + Ie

, (1)

where E is expressed in V and Ie in A. E in (1) is the phase-to-neutral voltage.
Moreover, the machine has: Ra = 0.2 Ω and Xd = 1 Ω. The mmf of the
armature reaction is equivalent to a current Ic = 20 A.

Determine:

a. Variation of the current to obtain the nominal voltage of 6, 600 V from
open-circuit to full load with cosϕ = 0.6 lagging.

b. Efficiency of the machine at full load with cosϕ = 0.6 lagging.

Note: Iron losses and mechanical losses are 100 kW and Ve = 200 V is the
exitation dc voltage.

1



Problem 3

A salient-pole generator has the following data:

SN = 1500 kVA

VN = 3000 V

fN = 50 Hz

Xd = 2 Ω

Xq = 1.5 Ω

Determine:

a. The emf at full load with cosϕ = 0.8 lagging.

b. Maximum active power that the machine can deliver to the grid.

2



Solution of Problem 1

The phase-to-neutral voltage and emf are:

V =
6600√

3
= 3810.5 V

E =
6000√

3
= 3464.1 V

The active power provided by the generator is:

Pe =
3EV

Xs
sin δ

This power is maximized for δ = π
2 , hence:

Pmax
e =

3EV

Xs
=

3 · 6, 000/
√
3 · 6, 600/

√
3

Xs

=
6, 000 · 6, 600

5
= 7.92 MW

One can solve the same problem by imposing:

Ē = V̄ + jXsĪ

⇒ 3, 464.1∠90◦ = 3, 810.5∠0◦ + j5I∠ϕ
⇒ I sinϕ = 762.1 A and I cosϕ = 692.8 A

⇒ tanϕ =
I sinϕ

I cosϕ
= 1.1

⇒ ϕ = 47.74◦

⇒ cosϕ = 0.673 (leading)

⇒ I · 0.673 = 692.8 A

⇒ I = 1, 029.95 A

Pmax =
√
3V I cosϕ = 7.92 MW

Solution of Problem 2

a. The emf in open-circuit is:

E =
6, 600√

3
= 3, 810.5 V

Then:

E =
7, 400Ie
85 + Ie

⇒ Ie = 90.23 A

At full-load, the nominal current is:

IN =
SN√
3VN

=
5, 000, 000√
3 · 6, 600

= 437.39 A

3



Then, one has:

Ēr = V̄ + (Ra + jXd)Ī

Ēr =
6, 600√

3
∠0◦ + (0.2 + j1)437.39∠− 53.13◦

= 4217.3∠2.62◦ V

Hence the Ir required to produce Er is:

Er =
7, 400Ir
85 + Ir

⇒ 4, 217.3 =
7, 400Ir
85 + Ir

⇒ Ir = 112.63 A

The excitation current is given by:

Īe = Īr −
Ī

KP

where

Īr = Ir(∠Ēr + 90◦)

= 112.63∠2.62◦ + 90◦

= 112.63∠92.62◦ A

and

Īc =
Ī

Kp
= 20∠− 53.13◦

⇒ cosϕ = 0.6 (lagging)

Hence:

Īe = Īr −
Ī

Kp

= 112.63∠92.62◦ − 20∠− 53.13◦

= 129.64∠97.6◦ A

Finally:

Ie(open-circuit) = 90.23 A

Ie(full-load, cosϕ = 0.6 lagging) = 129.64 A

⇒ ∆I ≈ 40 A

4



b. Let’s compute the efficiency:

Pe = SN cosϕ = 5000 · 0.6 = 3000 kW

PFe + Pm,losses = 100 kW

Pex = VeIe = 200 · 129.6 = 25.92 kW

Pj,a = 3RaI
2 = 3 · 0.2 · 437.392 = 114.8 kW

Pm = Pe + PFe + Pj,a + Pm,losses

Ptot = Pm + Pex = 3, 240.72 kW

Finally:

η =
Pe

Ptot
=

3, 000

3, 240.72
100 = 92.6%

Solution of Problem 3

a. Blondell Model ⇒ Ē = V̄ + jXdĪd + jXq Īq

Let’s use Ē′ = Ē − j(Xd −Xq)Īd

Then we can write:

Ē′ = V̄ + jXq Ī

At full load:

I =
SN√
3V

=
1, 500, 000√
3 · 3, 000

= 288.7 A

V̄ =
3, 000√

3
∠0◦ = 1, 732.1∠0◦ V (phase reference)

Ī = 288.7∠− 36.87◦ A (cosϕ = 0.8 lagging)

Then

Ē′ = V̄ + jXq Ī

= 1732.1∠0◦ + j1.5 · 288.7∠− 35.87◦

= 2022∠9.9◦

⇒ δ = 9.9◦

ψ = δ + ϕ = 9.9◦ + 36.87◦ = 46.77◦

{
Id = I sinψ = 288.7 sin 46.77◦ = 198 A

Iq = I cosψ = 288.7 cos 46.77◦ = 210 A

Then

(Xd −Xq)Id = (2− 1.5) · 198 = 99 V

E = E′ + (Xd −Xq)Id = 2, 022 + 99 = 2, 121 V

Ē = 2, 121∠9.9◦ V

→ E(phase-to-phase) =
√
3 · 2, 121 = 3, 674 V

5



b. To determine the maximum active power, we know that:

Pem =
3EV

Xd
sin δ +

3V 2

2

(
1

Xq
− 1

Xd

)
sin 2δ

Pmax
em (δM ) ⇒ ∂Pem

∂δ
|δM=0

∂Pem

∂δ
= 0 =

3EV

Xd
cos δ + 3V 2

(
1

Xq
− 1

Xd

)
cos 2δ

Substituting the values of E, V , Xd and Xq:

0 = 5.51 cos δ + 1.5 cos 2δ (2)

Since

cos 2δ = cos2 δ − sin2 δ = 2 cos2 δ − 1

Equation (2) becomes:

3 cos2 δ + 5.51 cos δ − 1.5 = 0

⇒ 2 solutions with known cos δ = y:

3 y2 + 5.51 y − 1.5 = 0

⇒ δ = 76◦

Hence:

Pmax
em = 35.31 sin(76◦) + 0.75 sin(152◦) = 5.7 MW
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Worked Problems on Power Systems

EEEN20090 – Electrical Energy Systems

Problem 1

Consider the 3-phase system shown in Figure 1. Determine (PG, QG) and cosφG

at the generator bus.

PG

QG

cosφG

P1 = 15 MW

cosφ1 = 0.8

P2 = 20 MW

cosφ2 = 0.9

VN = 10 kV

XL1 = XL2 = 0.107 Ω

10 kV

10 kV

XL1

XL2

PA

PB

Figure 1

1



Problem 2

Consider the system shown in Figure 2.

a. Determine PA, QA and cosφA at the feeder connection A.

b. Determine the voltage V̄A.

A

R = 1.8 Ω

X = 2.2 Ω

VB = 3 kV

P2 = 250 kW

cosφ2 = 0.9

P1 = 150 kW

cosφ1 = 0.85

B

ĪAB

Figure 2

2



Problem 3

Consider the non-balanced system shown in Figure 3.

��
��
��
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��
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����

N

M

O

ĒA

ĒB

ĒC

ĪC

ĪA

Ī
′
B

Ī
′
C

Z̄A

Z̄B

Z̄C

ĪB

Figure 3

Data:

Z̄A = 10 Ω

Z̄B = 5− j5 Ω

Z̄C = 10 Ω

Motor M: PM = 2500W , cosφM = 0.8 lagging

Nominal Voltage: VN = 380 V.

Determine:

• ĪA, ĪB and ĪC .

• The total power produced by the three-phase generator (PG, QG) and
cosφG to feed the load and the motor.
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Solution of Problem 1

The feeder power is:

PG = PA + PB

QG = QA +QB

where:

PA = P1 = 15 MW (no resistive losses)

PB = P2 = 20 MW

QA = Q1 +QL1

QB = Q2 +QL2

where:

Q1 = P1 tanφ1 = 11.25 MVAr

Q2 = P2 tanφ2 = 9.68 MVAr

QL1 = 3XL1I
2
1 = 0.35 MVAr

QL2 = 3XL2I
2
2 = 0.49 MVAr

where:

I1 =
P1√

3VN cosφ1

= 1.08 kA

I2 =
P2√

3VN cosφ2

= 1.28 kA

Finally:

PG = 35 MW

QG = QA +QB = 11.6 + 10.5 = 22.1 MVAr

cosφG =
PG√

P 2
G +Q2

G

= 0.846 lagging
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Solution of Problem 2

PB = P1 + P2 = 400 kW

QB = Q1 +Q2 = P1 tanφ1 + P2 tanφ2

= 92.96 + 121.08 = 214.02 kVAr

cosφB =
PB√

P 2
B +Q2

B

= 0.88 (lagging)

IAB =
PB√

3VB cosφB

= 87.48 A

Let’s assume that ĒB is the phase reference:

ĒB =
VB√
3∠0

=
√
3∠0 kV

then:

IAB =
PB − jQB

3EB
= 87.48e−j28.3◦

then:

ĒA = ĒB + (R+ jX)ĪAB = 1.963ej2.8
◦

VA =
√
3EA =

√
3 · 1.963 kV

PA = PB + 3RI2AB = 400 + 41.32 = 441.32 kW

QA = QB + 3XI2AB = 214.02 + 50.51 = 264.55 kVAr

cosφA =
PA√

P 2
A +Q2

A

= cos(tan−1(
QA

PA
)) = 0.857

+

−

+

−

ĪAB

R jX

ĒA ĒB

Figure 4
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Solution of Problem 3

Let ĒA = E∠0 (phase reference). Then:

E =
VN√
3
= 220 V

V̄NO =
ĒAȲA + ĒBȲB + ĒC ȲC

ȲA + ȲB + ȲC
= 69.6e−j48◦

Ī
′
A =

ĒA − V̄No

Z̄A
= 18.1ej16.8

◦
A

Ī
′
B =

ĒB − V̄No

Z̄B
= 29.5ej93.4

◦
A

Ī
′
C =

ĒC − V̄No

Z̄C
= 28.8ej122.7

◦
A

Single-phase load:

PM = VMIM cos(φM )

⇒ IM =
PM

VM cos(φM )
= 8.77 A

Note that:

cosφM = 0.8 ⇒ φM = 36.8◦ (lagging)

Let’s now determine the phase of ĪM (see Figure ).

ĒB

ĒA

ĒC

φM
ĪM

V̄BC

Figure 5
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The voltage is V̄M = V̄BC :

V̄BC =
√
3 E∠− 90◦

⇒ ĪM = 8.77e−j(90◦+36.8◦) = 8.77e−j126.8◦ A

ĪB = Ī
′
B + ĪM = 37.1e−j100◦ A

ĪC = Ī
′
C + (−ĪM ) = 32.9ej108

◦
A

Total power:

PG = PA + PB + PC

= EAIA cosφA + EBIB cosφB + ECIC cosφC

= 3.816 + 7.669 + 7.079

= 18.564 W

QG = QA +QB +QC

= EAIA sinφA + EBIB sinφB + ECIC sinφC

= −1137− 2791 + 1504

= −2424 VAr

Finally, the power factor is:

cosφG =
PG√

P 2
G +Q2

G

= 0.991 (leading)
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Electrical Energy Systems

EEEN20090

Proposed Problems



Proposed Problems on Complex Numbers

EEEN20090 – Electric Energy Systems

1. Compute real and imaginary part of

z̄ =
j − 4

2j − 3
.

2. Compute the absolute value and the conjugate of

z̄ = (1 + j)6; w̄ = j17 .

3. Write in the rectangular form (a+ jb) the following complex numbers:

z̄ = j5 + j + 1; w̄ = (3 + 3j)8 .

4. Write in the trigonometric form (ρ(cos θ + j sin θ)) the following complex
numbers:

8; 6j;
(
cos

π

3
− j sin

π

3

)7

5. Simplify the following expressions:

1 + j

1− j
− (1 + 2j)(2 + 2j) +

3− j

1 + j
;

2j(j − 1) +
((√

3 + j
)∗)3

+ (1 + j)(1 + j)∗ .

6. Compute the square roots of z̄ = −1− j.

7. Compute the cube roots of z̄ = −8.

8. Prove that there is no complex number such that |z̄| − z̄ = j.

9. Find z̄ ∈ C such that:

z̄ = j(z̄ − 1); z̄2 · z̄∗ = z̄; |z̄ + 3j| = 3|z̄| .

10. Find z̄ ∈ C such that z̄2 ∈ C.

11. Fing z̄ ∈ C such that:

Re{z̄(1 + j)}+ z̄ · z̄∗ = 0 ;

Re{z̄2} = jIm{z̄∗(1 + 2j)} = −3 ;

Im{(2− j)z̄} = 1 .

12. Find a ∈ R such that z̄ = −j is a root for the polymnomial P (z̄) =
z̄3 − z̄2 + z̄ + 1 + a. Furthermore, for such value of a, find the factors of
P (z̄) in R and in C.

1



Proposed Problems on Phasors and AC Circuits

EEEN20090 – Electric Energy Systems

1. Find the amplitude, phase, period, frequency and angular frequency of
the sinusoid v(t) = 12 cos(314t+ 12◦) V.

2. Calculate the phase angle between v1(t) = −5 cos(ωt+45◦) V and v2(t) =
12 sin(ωt− 15◦) V State which sinusoid is leading.

3. Calculate the phase angle bw. v1 and v2 and sketch the phasor diagram.
v1 = −10 cos(ωt+ 50◦), v2 = 12 sin(ωt− 10◦).

4. Calculate the phase angle bw. i1 and i2 and sketch the phasor diagram.
i1(t) = −4 sin(377t+ 25◦), i2(t) = 5 cos(377t− 40◦).

5. Evaluate these complex numbers:

3
√

25e−j45◦ + 12ej30◦ ,
10e−j30◦ + (3− j3)

(2 + j4)(3− j5)∗
.

6. Evaluate the folowing complex numbers:

[(5− j2)(−1 + j4)− 5ej60
◦
]∗

10 + j5 + 3ej40
◦

−3 + j4
+ 10ej30

◦
+ j5

7. Transform these sinusoids to phasors:

v = −24 sin(314t+ 63◦) V

i = 0.6 cos(314t− 15◦) A

8. Find the sinusoids represented by these phasors:

V̄ = j3e−j35◦

Ī = −3 + j4

9. Using the phasor approach, determine the current i(t) in a circuit de-
scribed by the integro-differential equation.

i+ 2

∫
idt− 3

di

dt
= 4 cos(5t+ 75◦) A

10. Find the sum of the following currents and sketch the phasor diagram.

i1 = 4 cos(ωt+ 30◦) A

i2 = 5 sin(ωt− 206◦) A

1



11. The voltage v = 24 cos(314t + 45◦) V is applied to a 100 mH inductor.
Find the steady-state current through the inductor.

12. The voltage v = 6 cos(100t− 30◦) V is applied to a 50 µF capacitor. Cal-
culate the current through the capacitor and sketch the phasor diagram.

13. Find v(t) and i(t) in the circuit below assuming vs(t) = 5 sin(10t).

14. Find Z̄in in the circuit below assuming ω = 50 rad/s.

15. Find Z̄in in the circuit below assuming ω = 10 rad/s.

16. Find v0(t) in the circuit below assuming vs(t) = 20 cos(4t− 15◦) V.

2



Preparation for Midterm Exam

EEEN20090 – Electrical Energy Systems

Preamble

The midterm exam will consist of three sections covering the following topics:

Section A: Phasors and AC Circuits

Section B: Magnetic Circuits

Section C: Transformers

Students will have to answer all questions from the three sections above.

Following questions are similar in terms of topics and difficulty to those that
will be found in the midterm exam papers.

1



A. Phasors and AC Circuits

Problem A.1

Find the rms and average value of the waveform of Figure 1.

Figure 1

Problem A.2

Find the average power delivered to a 12 Ω resistor by each of the three periodic
current waveforms displayed in Figure 2.

Problem A.3

Write the equivalent polar form of phases 3+ j4 where the number refer to unit
lengths. Illustrate the phasor by means of a diagram.

Problem A.4

Given the phasors V̄12 = 6∠30◦, V̄23 = 2∠0◦, V̄24 = 6∠60◦, and V̄15 = 4∠90◦,
find:

a. V̄14

b. V̄43

c. V̄35

Problem A.5

Find the voltage source necessary to produce the response in 3.

2



Figure 2

Problem A.6

Find the input impedance, Z̄, at 60 Hz of the circuit in Figure 4.

Problem A.7

In the circuit shown in Figure 5, determine the current and power dissipated in
each branch.

Problem A.8

Calculate the current, the voltage drops V̄1, V̄2, and V̄3, the power consumed
by each impedance, and the total power taken by the circuit with the constants
shown in Figure 6. The impressed voltage will be taken along the reference axis.
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Figure 3

Figure 4

Problem 9

Three passive loads Z̄1, Z̄2, and Z̄3, are receiving the complex power values
2 + j3, 3− j1, and 1 + j2 VA, respectively. determine the total complex power
if the three loads are:

a. in series with a voltage source 100∠30◦ V;

b. in parallel with a current source 1, 200∠17◦ A.
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Figure 5

Figure 6
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B. Magnetic Circuits

Problem B.1

Figure 7 shows a toroidal core consisting of two different magnetic materials.
Find the reluctance of the circuit.

Figure 7

Problem B.2

Consider a transformer core that has a nonuniform cross section as shown in
Figure 8 and assume that the core is made of annealed sheet steel laminations.
Find the number of ampere-turns that are required to establish a flux of 0.0006
Wb.

Problem B.3

An air-core toroid has 500 turns, a cross-sectional area of 6 cm2, a mean radius
of 15 cm, and a coil current of 4 A. Find the magnetic field of this toroidal coil
using flux densities and check by Ampere’s law.

Problem B.4

Calculate the mutual inductance of the coils of Figure 10, assuming a ferromag-
netic core with a relative permeability of 5, 000. The flux φ1 of the left leg from
a to b has a mean path length of one meter, and so does the flux φ3 of the
right leg. The length of the center leg from a to b is 0.4 m. Each path has a
cross-sectional area of 0.01 m2, and leakage flux is negligible.

Problem B.5

For the iron core equivalent magnetic circuit shown in Figure 10:

a. Determine the reluctance values and show the magnetic circuit, assuming
that µ = 3, 000µ0.

6



Figure 8

b. Determine the total reluctance of the device.

Hint: µ0 = 4 · π · 10−7 H/m.

Problem B.6

For the iron core equivalent magnetic circuit shown in Figure 11

a. Find the current I required to establish a flux Φ = 2.4 · 10−4 Wb. Here
area (throughout) = 2 · 10−4 m2, ℓab = ℓef = 0.05 m, ℓaf = ℓbe = 0.02 m,
ℓbc = ℓde, and the material is sheet steel.

b. Compare the mmf drop across the air gap to that across the rest of the
magnetic circuit. Comment on your results.

Assume µr = 4, 000 for sheet steel. µ0 = 4 · π · 10−7 H/m.
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Figure 9

Figure 10

Problem B.7

For the series-parallel circuit of Figure 12, ℓab = ℓbg = ℓgh = ℓha = 0.2 m,
ℓbc = ℓfg = 0.1 m, ℓcd = ℓlef = 0.099 m, and the material is sheet steel.

a. Draw the magnetic circuit.

b. Find the value of ΦT T if the flux in the air gap is 2 · 10−4 Wb. Assume
µr = 4, 000.

Problem B.8

The iron core shown in Figure 13 has a cross sectional area of A = ℓ2 throughout.
The magnetizing curve is shown in Figure 14.

8



Figure 11

Figure 12

a. For an mmf of 3, 000 Ampere-turns estimate the flux density in each sec-
tion of the iron core.

b. Calculate the maximum mmf such that no part of the core saturates.

9



Figure 13

Figure 14
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C. Transformers

Problem C.1

A single phase, 24 kVA, 960 V/240 V transformer gave the following test results
at 50 Hz. For an open circuit test on the low voltage side the measured current
and power were Ioc = 12 A and Poc = 200 W respectively. For a short circuit
test on the high voltage side the measured voltage and power were Vsc = 35 V
and Psc = 300 W respectively.

a. From the open circuit test, determine values for RFe and Xµ referred to
the primary side.

b. From the short circuit test, determine values for R′
sc and X ′

sc referred to
the primary side.

Problem C.2

A 20-kVA, 2200/220 V, 60-Hz, single-phase transformer has the following equivalent-
circuit parameters referred to the high-voltage side of the transformer.

The parameters of the transformer are: R1 = 2.51 Ω, R′
2 = 3.11 Ω, X1 = 10.9

Ω, X ′
2 = 10.9 Ω, and Xµ = 25, 100 Ω.

The transformer is supplying 15 kVA at 220 volts and a lagging power factor
of 0.85. Determine the required voltage at the high-voltage terminals of the
transformer.

Problem C.3

A short-circuit test on a 15-kVA, 2400/240 V, 60 Hz transformer yields the
following result: 6.25 A, 131 V, and 214 W. Determine the regulation of the
transformer for a load of 0.8 lagging power factor by means of the approximate
equivalent circuit.

Problem C.4

We require a transformer to deliver current at 24 V from a 120 V rms line source.
How many turns are required in the secondary coil if N1 = 10?

Problem C.5

For the ideal transformer circuit shown in Figure 15, assume that vs = 120 V
rms. Find

a. The total resistance seen by the voltage source.

b. The primary current.

c. The primary power.

11



d. The secondary current.

e. The installation efficiency Pload/Psource.

Figure 15

Problem C.6

In many practical transformer circuits the secondary coil is tapped at two dif-
ferent points giving rise to two separate output circuits. The most common
configuration is the centre tapped transformer, which splits the secondary volt-
age into two equal voltages. Consider a centre-tapped ideal transformer which
has a primary voltage of 4, 800 V and two 120 V secondaries. Three loads R1,
R2 and R3 are connected to the transformer as shown in Figure 16. Compute
the primary current, i1, if the power absorbed by the three loads is as follows,
P1 = 5, 000 W, P2 = 1, 000 W, P3 = 1, 500 W. (Hint: No losses for ideal
transformer).

Figure 16
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Problem C.7

In Figure 7, an ideal transformer is employed to step up voltage at the power
station and step it down again at load with a ratio, N1 : N2 = 1 : 1, 000.
Rline = 2.78·10−6 Ω, Rload = 26.45·10−6 Ω. What is the efficiency improvement
in the circuit by employing these ideal transformers?

Figure 17

Problem C.8

A simplified equivalent circuit for a single phase, 50 Hz, 48 kVA, 2400 V/480 V
transformer is given in Figure 18 where Re = 0.5 Ω, Xe = 0.75 Ω, Xm = 600 Ω
and Rc = 3, 600 Ω.

a. Calculate the current in a 1/(3π) F capacitor connected across the ter-
minals of the low voltage side when rated voltage is applied on the high
voltage side.

b. For an open circuit test on the high voltage side of the transformer estimate
the open circuit current, Ioc and the measured power Poc.

c. For a short circuit test on the low voltage side of the transformer estimate
the short circuit voltage, Vsc and the measured power Psc.

Problem C.9

A single phase, 16.5 MVA, 66 kV/12 kV transformer gave the following test
results at 50 Hz. For an open circuit test on the low voltage side the measured
current and power were Ioc = 30 A and Poc = 65 kW respectively. For a
short circuit test on the high voltage side the measured voltage and power were
Vsc = 5.5 kV and Psc = 100 kW respectively. Find the approximate equivalent
circuit for this transformer applied to the primary side.
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Figure 18

Problem C.10

A simplified equivalent circuit for a single phase, 50 Hz, 19.2 kVA, 480 V/120
V transformer is given in Figure 19 where Re = 0.1 Ω, Xe = 0.2 Ω, Xm = 200
Ω and Rc = 1, 200 Ω.

a. Calculate the current in a 4/(5π) F capacitor connected across the ter-
minals of the low voltage side when rated voltage is applied on the high
voltage side. Comment on the result.

b. For an open circuit test on the high voltage side of the transformer estimate
the open circuit current, Ioc and the measured power Poc.

c. If the frequency is increased to 100 Hz estimate the new measured power
Poc.

d. For a short circuit test on the low voltage side of the transformer estimate
the short circuit voltage, Vsc and the measured power Psc.

Figure 19
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Tutorial for Final Exam 
 
The final exam will consist of five sections covering the following topics: 
 
Section A: Three-phase systems 
Section B: Energy conversion 
Section C: Induction machines 
Section D: Synchronous machines 
Section E: Power systems 
 
Students will have to answer all questions from any three of the five sections above. 
 
Following questions are similar in terms of topics and difficulty to those that will be found in 
the final exam papers. 
 



2 

A. Three-phase systems 
 
 
A.1. Calculate the magnitude of a line current in the circuit shown in Figure A.1. 
 

 
Figure A.1 

 
A.2. A three-phase, Y-connected system with 220 V per phase is connected to three loads: 10 
Ω, 20∠20° Ω, and 12∠ – 350 Ω to phases 1, 2 and 3, respectively. Find the current in each line 
and in the neutral line. 
 
A.3. Figure A.2 shows an unbalanced set of impedances connected in Y, to which are applied 
balanced line voltages. Find the line currents and line voltages. in the figure, impedances are 
expressed in Ohms. 
 

 
Figure A.2 

 
A.4. In the circuit of Figure A.3, Z1 = 1∠60° and Z2 = 5∠36.9°. The line voltages at the 
terminals a, b, c, are 230 V. Find the magnitude of the line currents, and that of the line 
voltages at the load terminals. 
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Figure A.3 

 
A.5. Find the total power in the delta-connected load shown in Figure A.4 where: 
 
                           Vba = 220∠0° V 

                       Vcb = 220∠– 120° V 

                             Vcb = 220 ∠120° V 

 

 
Figure A.4 

 
 



4 

B. Energy Conversion 
 
 
B.1. Figure B.1 shows a magnetic circuit whose parameters are specified in the table below. 
For a coil of 800 turns carrying 1.5 amp, determine the flux densities in each material, the 
inductance of the coil, the energy storage of the circuit, and the force between the faces of the 
air gap. Leakage flux and fringing at the air gap will be neglected. 
 
Material Length Area μr 
1 15.24 cm 3.23 cm2 300 
2 15.24 cm 3.23 cm2 500 
3 50.8 cm 6.45 cm2 1000 
Gap 0.127 cm 6.45 cm2 1 
 
 

          Figure B.1 
 
B.2. For the doubly excited system in Figure B.2, the inductances are approximated as 
follows: L1 = 11 + 3 cos 2θ, L2 = 7 + 2 cos 2θ, M = 11 cos θ H. The coils are energized with 
direct currents. I1 = 0.7 A. I2 = 0.8 A. 
Determine: 
 
(a) The torque as a function of θ. 
(b) The energy stored in the system as a function of θ. 
 

 
Figure B.2 

 
B.3. The magnetic circuit shown in Figure B.3. is made of cast steel. The rotor is free to turn 
about a vertical axis. The dimensions are shown in the figure. 
 



5 

1. Derive an expression for the torque acting on the rotor in terms of the dimensions and 
the magnetic field in the two air gaps. Neglect the effects of fringing. 

2. The maximum flux density in the overlapping portions of the air gaps is limited to 

approximately 0.2 mWb/cm2, because of saturation in the steel. Compute the 
maximum torque in Nm for the following dimensions: r1 = 2.54 cm.; h = 2.54 cm; g = 

0.254 cm. 
 

 
Figure B.3 

 
B.4. When the rotor of a reluctance motor like that shown in Figure B.4 is in the direct-axis 
position, the inductance of its exciting winding is Ld = 1.00 henry. When the rotor is in the 
quadrature-axis position, the inductance is Lq = 0.50 henry. The exciting winding has N = 
1,000 turns. Determine approximately the maximum torque that the motor can develop with 
115 V at 60 Hz applied to its exciting winding. 
 

 
Figure B.4 
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C. Induction Machine 
 
 
C.1. The results of the no–load and blocked–rotor tests on a three phase, Y–connected 
induction motor are as follows: 

No-load test: Line-to-line voltage = 220 V 
 

total input power = 1000 W 
 

line current = 20 A 
 

friction losses = 400 W 
Blocked–rotor test: Line–to–line voltage = 30 V 
 

total input power = 1500 W 
 

line current = 50 A 
Assuming R'2= R1, calculate the parameters of the approximate equivalent circuit. 

 
C.2. A 3–phase, wye–connected, 60 Hz, 220 V, 3677.5 W, 1800 rpm induction motor has the 
following test data: 
 

Quantity No load Blocked rotor 
Voltage 220 (127/phase) 68 (39.3/phase) 
Current 4.35 20 
Power 244 (81.3/phase) 1265 (422/phase) 
Windage and friction 65 (21.7 phase) 

 

 
The stator resistance at conventional temperature and including skin effect is R1 = 0.545 

ohms per phase. Determine the constants. 
 
 
C.3. A 36.8 kW, 2.2 kV, 13.5 A, [(1160r)/(min)], 60 Hz, wound–rotor induction motor has 
the following equivalent–circuit parameters: 
                    R1 = 2.22 Ω               X'sc = 14.2 Ω 

                    R'2 = 2.97 Ω               Xmu = 324.0 Ω 

The effective turns ratio is N1/N2 = 1.22. 

a) Determine the external rotor–circuit resistance per phase required to hold down the 
starting current to three times the rated value. 
b) Determine the speed at which the motor would develop an internal torque equal to 125% of 
the rated torque with this starting resistance still in circuit. 
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c) Determine the line current that would result if the starting resistance were shorted out of 
circuit at the speed determined in (b). 
 
C.4. A 3–phase, Y–connected, 60 Hz, 220 V, 3677.5 W, 1800–rpm, wound–rotor induction 
motor has the following constants: R1 = 0.545, R2' = 0.541, X1 + X2' = 1.68 Ohms. The slip 
at full load is s = 0.05. The line current during the starting cycle is not to exceed 3 times the 
nominal current. The load torque equation is Tload(s) = 13.6 + 8.27 (1 – s)2 Nm. Neglecting 
the exciting current, investigate the feasibility of starting the motor as is or by connecting an 
external resistance to the rotor. 
 
C.5. A 60–Hz, four-pole, Y–connected induction motor is rated 3677.5 W, 220 V (line to line). 
The equivalent circuit parameters are: 
 

                        R1 = 0.48 Ω     R'2 = 0.42 Ω    Bmu = –1/30 Ω-1 

                   X1 = 0.80 Ω     X'2 = 0.80 Ω 

 

The motor is operating with slip of 0.04. Find the input current and power factor. Find the 
air gap power, the mechanical power, and the electromagnetic torque. 
 
C.6. A 3,677.5 W, 60 Hz, 115 V; 8 pole; three-phase induction motor was tested, and the 
following data were obtained: 
 

No-load test: V1 = 115 V;   P1 = 300 W;  I1 = 10 A 

Load test: V1 = 115 V;  P1 = 4,710 W; I1 = 27.3 A;   rpmrotor = 810 

The DC stator resistance between terminals is R1 = 0.128 Ω. 

Calculate: 
(a) the power output; 
(b) the torque; 
(c) the percent efficiency; 
(d) the power factor of the motor for the given load values. 
 
 
C.7. The following constants are for a 184-W 60-Hz 115-V four-pole induction motor: 
                                    r1 = 2.15 Ω      r2 = 4.45 Ω 

                             x1 = 3.01 Ω     x2 = 2.35 Ω 
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                                   xM = 70.5 Ω 

Core loss = 26.0 W, windage and friction loss = 14.0 W. 
Calculate for a slip of 0.05 the 
(a) current, 
(b) power factor, 
(c) output, 
(d) torque, and 
(e) efficiency. 
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D. Synchronous Machine 
 
 
D.1.  (a) A 60-Hz alternator has 2 poles. What is the speed of the alternator? 

 (b) A 60-Hz alternator has a speed of 120 rpm. How many poles has it? 
 
D.2. An AC generator has six poles and operates at 1,200 rpm. 
(a) What frequency does it generate? 
(b) At what speed must the generator operate to develop 25 Hz? 50 Hz? 
(c) How many poles are there in a generator that operates at a speed of 240 rpm and develops 
a frequency of 60 cycles? 
 

D.3. A 60-kVA 220-V 60-Hz alternator has an effective armature resistance of 0.016 Ω and an 
armature leakage reactance of 0.070 Ω. Determine induced emf when the machine is delivering 
rated current at a load power factor of unity. 

 
D.4. A 1,000-kVA, 4,600-V, three-phase, wye-connected alternator has an armature resistance 
of 2 Ω per phase and a synchronous reactance, Xs, of 20 Ω per phase. Find the full-load 
generated voltage per phase at: 
(a) Unity power factor; 
(b) A power factor of 0.75 lagging. 
(c) A leading load of 0.75 power factor; 
(d) A leading load of 0.4 power factor. 
 
D.5. A three-phase synchronous generator has the following per-unit parameters: 
 

Synchronous reactance xs = 0.4 

Effective armature resistance re = 0.02 

Neglecting the effect of saturation on the synchronous reactance, calculate the per-unit and 
percent open-circuit phase voltage which corresponds to the field excitation that produces 
rated terminal voltage when the generator operates with a full kVA inductive load of 0.8 
power factor. 
 
D.6. A 50-kVA 550-V single-phase alternator has an open- circuit emf of 300 V when the 
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field current is 14 A. When the alternator is short-circuited through an ammeter, the 
armature current is 160 A, the field current still being 14 A. The ohmic resistance of the 
armature between terminals is 0.192 Ω. Determine: 
 
(a) synchronous impedance; 
(b) synchronous reactance; 
(c) regulation at 0.8 power factor, current lagging. 
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E. Power Systems 
 
 
E.1. The system shown in Figure E.1 feeds an induction motor and a load. At start-up, the 
motor current is purely inductive and 5 times the nominal current. Assuming that the voltage 
at bus 1 is constant, determine the voltage at bus 4 when the motor starts up in the following 
two scenarios: 
 
i) The load can be modelled as an equivalent constant impedance; 
 
ii) The load is a constant PQ. 
 

 
Figure E.1 

 
 
E.2. For the system shown in Figure E.2, determine the voltage at bus A. Then, assuming 
that the voltage at bus A is constant and equal to the value previously determined, determine 
the value of the capacitor to install at bus B to obtain vB = 1 pu. 
 

 
Figure E.2 

 
 
E.3. Figure E.3 shows a radial transmission system where all values are in per unit with 
respect to transformer nominal voltages and 100 MVA. Determine the power factor at the 275 
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kV bus to have 11 kV at the other end of the system. 
 

 
Figure E.3 

 
E.4. Determine the single-phase equivalent circuit of the three-phase system shown in Figure 
E.4, using the following bases: 
 
i) 100 MVA and transformer nominal voltages. 
ii) 25 MVA and transformer nominal voltages. 
iii) 100 MVA and 10 kV at bus 4. 
iv) The maximum power that can be delivered to bus 4 for assigned values of v1 and v4. 
iv) Assume the bases indicated at point (i) and that the voltage bus 1 is 15 kV and is the 
phase reference. Indicate which of the following statements is true and why: 
 
a) The voltage magnitude at bus 4 is lower than 1 pu. 
b) The phase angle at bus 3 is leading with respect to the phase reference. 
c) The following condition must hold: v1 > v2 > v3 > v4, where vi is the voltage magnitude 
of the voltage phasor at bus i. 
d) The following condition must hold: θ1 > θ2 > θ3 > θ4, where  θi is the phase angle of the 
voltage phasor at bus i. 
 

 
Figure E.4 

E.5. Figure E.5 shows a three-phase radial distribution system. The load at the end of the 
feeder consume 50 MW with 0.8 lagging power factor. What is the value of the voltage at the 
generator bus required to keep the voltage on the load equal to 30 kV? Determine also the 
power factor of the generator in the operating conditions determined above. 
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Figure E.5 
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Section A

Consider the circuit shown in Figure 1.

Figure 1

1. Determine the impedances of all branches of the circuit,
namely (Z̄L1, Z̄L2, Z̄C1). 10%

2. Determine the currents in the inductances and the volt-
age at bus 2 (ĪL1, ĪL2, V̄C1). 10%

Section B

Consider the magnetic circuit shown in Figure 2. The permeability of the
iron core is µ → ∞. There are three air gaps, whose lengths are 1 mm, 2
mm, and 3 mm, respectively. The section of the magnetic circuit is 10 cm2.
The windings have N1 = 200 and N2 = 100 turns.

3. If i1 = 10 A and i2 = 0, determine the magnetic fluxes in
every air gap (φ1, φ2, φ3). 10%

4. If i1 = 10 A and i2 = 0, determine the self-induction
coefficient L11 and the mutual inducation M12. 10%

5. If i1 = 0 and i2 = 20 A, determine the magnetic fluxes in
every air gap. 10%

6. If i1 = 0 and i2 = 20 A, determine the self-induction
coefficient L22 and the mutual inducation M21. 10%
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Figure 2

Section C

A single-phase transformer has the following nominal quantities: Sn = 75
kVA, V1n = 3000 V, V2n = 220 V, fn = 50 Hz. The nominal current circulates
in the primary winding if it is fed by a voltage of 200 V and the secondary
windings is shortcircuited. In these conditions, the consumed power is 2 kW.
The power consumed in open-circuit is 1.5 kW.

7. Determine the short-circuit impedance of the trans-
former (R′

sc, X ′
sc). 10%

8. Determine the voltage drop ∆Vsc% and the secondary
voltage if the transformer works under full load condi-
tions and power factor 0.8 lagging.

10%

9. Repeat the calculation above, but with power factor 0.8
leading. 10%

10. Determine the efficiency η of the transformer at full load
with power factor 0.8. 10%

“oOo”
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Section A

The input to the circuit shown in Figure 1 is the voltage

vs(t) = 25 cos(40t+ 45◦) V

and L1 = 8 H, L2 = 6 H, L3 = 3 H, R1 = 50 Ω, and R2 = 400 Ω.

+

−

vo
i1 i2

vs

L1 L2 R1

R2
L3

Figure 1

Determine:

1. The mesh current i1(t) and i2(t). 25%

2. The voltage vo(t). 25%

Consider the circuit shown in Figure 2.

15 cos t V

R1 = 1 Ω

1 Ω 1 Ω

Figure 2

Find:
3. The average power delivered by the source to the circuit.

25%

4. The average power absorbed by the resistor R1. 25%
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Section B

In the magnetic system shown in Figure 3, ℓ1 = ℓ3 = 300 mm, ℓ2 = 100 mm,
A1 = A3 = 200 mm2, A2 = 400 mm2, µr1 = µr3 = 2250, µr2 = 1350, and
N = 25.

Figure 3

Determine:
5. the fluxes φ1, φ2, and φ3 in the three branches of the

circuit when the coil current is 0.5 A. 40%

6. the flux densities B1, B2, and B3 in the three branches
of the circuit when the coil current is 0.5 A. 10%

7. The self-inductance of the magntic circuit. 25%
8. The self-inductance of the magntic circuit if the coil is

moved to the central part of the magnetic circuit. 25%

Page 3 of 4



Section C

An open-circuit test of a single-phase transformer yielded the following data:
2, 200 V, 3.1 A and 1, 550 W. The following data were obtained in a short-
circuit test of the transformer, with its high-voltage winding short-circuited:
210 V, 90.9 A, 2, 500 W. The nominal parameter of the transformer are: SN =
200 kVA, V1N = 13, 200 V, V2N = 2, 200 V. The transformer is feeding a load
consuming S2 = 180 kVA with power factor cosφ2 = 0.9 leading with V2 =
V2N .

Calculate:

9. The exciting conductance G′′
Fe, and susceptance B′′

µ. 25%

10. The equivalent short-circuit impedance of the trans-
former (R′′

sc, X ′′
sc). 25%

11. The voltage regulation at the given operating condition. 25%

12. The efficiency at the given operating condition. 25%

Note: G′′
Fe, B′′

µ, R′′
sc, and X ′′

sc indicate quantitities referred to the secondary
(low voltage) winding of the transformer.

“oOo”
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Section A

For the circuit shown in 1 and assuming ω = 1000 rad/s, determine

1. The Thévenin equivalent circuit (V̄th, Z̄th) at the terminals
a-b. 50%

2. The current Īload in a resistive load connected to the ter-
minals a-b, if the resistance of the load is 1 kΩ. 50%

12 cos(ωt) V

a

b

1.25 H2.5 kΩ

2 µF

Figure 1

Section B

The current in the 900-turn coil of the magnetic system shown in Figure 2 is
0.2 A. The permeability µ of the iron core is infinite. Determine:

3. The fluxes φ1 and φ2 in the air gaps. 50%

4. The flux φ in the central column of the iron core. 20%

5. The self-inductance L of the magnetic circuit. 30%

Section C

A 200 kVA single-phase transformer with a voltage ratio 6350/660 V has the
following winding resitances and reactances:

R1 = 1.56 Ω, R2 = 0.016 Ω, X1 = 4.67 Ω, X2 = 0.048 Ω.

On no-load, the transformer takes a current of 0.96 A at power factor 0.263
lagging.

Page 2 of 3



Figure 2

Calculate:
6. The equivalent short-circuit resistance R′

sc and reac-
tance X ′

sc referred to the high-voltage winding. 25%

7. The iron-core equivalent resistance RFe and magnetizing
reactance Xµ referred to the high-voltage winding. 25%

8. The voltage regulation ǫ% at unity power factor (p.f.), 0.8
lagging p.f. and 0.8 leading p.f. 50%

“oOo”
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Section A
For the voltage support of a single-phase AC system, a system operator wants to
connect a shunt element to the feeder. The nominal voltage of the feeder bus is 20
kV. The shunt element has to provide 200 kVAr of reactive power to the grid and
dissipate no more than 2 kW. Determine:

1. The values of the real and imaginary parts of the admittance
(Ȳ ) assuming a parallel connection of its elements. Also in-
dicate the component(s), i.e. (i.e., resistors, inductors, capac-
itors, etc., that you would use to implement such an admit-
tance.

50%

2. The value of the equivalent series impedance (Z̄) that pro-
vides the same active and reactive power than the admittance
calcucated at the point above. Also indicate the component(s)
that you would use to implement such an impedance.

50%

Section B
A magnetic circuit consists of a rectangular iron core with constant cross section
A = 20 cm2, average length ℓ = 0.1 m. The core has an air gap of 2 mm. The
coil of the circuit has N = 500 turns and a current of 2 A. The relationship between
magnetic induction B and magnetic field H is:

B =
2H

230 +H
, (1)

where B is in Tesla and H in Ampere-turn/meter. Determine:

3. The flux in the iron core (φFe) and the flux in the air gap (φg) 60%
4. The equivalent permeability (µ) and relative permeability (µr)

of the iron core at the given operating conditions. 20%

5. The self-inductance (L) of the magnetic circuit assuming the
permeability calcuated at the previous point. 20%

Section C
A 10 kVA, 2400-240 V, single-phase transformer has the following resistances and
leakage reactances.

R1 = 3 Ω, R2 = 0.03 Ω, X1 = 15 Ω, X2 = 0.15 Ω.

Find the primary voltage V1 and the the voltage regulation ǫ% required to pro-
duce 240 V at the secondary terminals at full load, when the load power factor is:

6. 0.8 power factor lagging. 50%
7. 0.8 power factor leading. 50%

“oOo”
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Section A
For the circuit shown in Figure 1 and assuming ω = 314.16 rad/s, determine:

1. The Thévenin equivalent circuit (V̄th, Z̄th) at the terminals a-b.
50%

2. The current Īload and the active power Pload in an inductive
load connected to the terminals a-b, if the reactance of the
load is 2 Ω.

50%

6 cos(ωt) V

a

b

0.5 H

30 Ω 1.25 mF

Figure 1
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Section B
The coil of the magnetic circuit shown in Figure 2 has the following parameters:
i = 0.5 A, N = 1000 turns. The air gaps measure g1 = 1 mm and g2 = 2 mm. The
cross-sectional area of both left and right legs of the iron core is 5 cm2.

N

i

g2

g1

Figure 2

Assuming that the iron core has infinite permeability, determine:

3. The fluxes in the air gaps φ1 and φ2. 50%
4. The magnetic field (H1) and the magnetic flux density (B1) in

the air gap g1. 25%

5. The self-inductance L of the magnetic circuit. 25%
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Section C
A single-phase transformer has the following nominal parameters: SN = 500 kVA,
V1N = 15, 000 V, V2N = 3, 300 V.

The open-circuit test of a single-phase transformer was carried out leaving in
open circuit the high-voltage winding. The test yielded the following data: 3, 300 V,
5 A and 3, 200 W.

The following data were obtained in a short-circuit test of the transformer, with
its low-voltage winding short-circuited: 350 V, nominal current, 2, 950 W.

The transformer is feeding a load consuming S2 = 480 kVA with power factor
cosφ2 = 0.85 lagging with V2 = V2N .

Calculate:

6. The iron equivalent resistance RFe, and magnetising reac-
tance Xµ of the transformer referred to the high-voltage wind-
ing.

25%

7. The equivalent short-circuit resistance R′
sc and rectance X ′

sc

of the transformer. 25%

8. The voltage regulation ǫ% at the given loading condition. 25%

9. The magnitude of the secondary current I ′2M for which the ef-
ficiency of the transformer is maximum and the value of such
an efficiency (ηM ) for a load with power factor 0.85 lagging.

25%

“oOo”
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Section A
Figure 1 shows an ac circuit represented both in time domain and in frequency
domain. Suppose vg(t) = 15 cos(20t) V, Z̄1 = 15.3∠− 24.1◦ Ω and Z̄2 = 14.4∠53.1◦
Ω. Determine:

1. The voltage v(t). 40%

2. The values of R1, R2, L and C. 30%
3. The power consumed by the resistances (PR1 and PR2) and

the complex power (S̄g) delivered by the voltage source. 30%

vg(t)

+

+

−

−

R1

R2

Z̄1

Z̄2

L

C

v(t)

V̄V̄g

Figure 1
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Section B
The magnetic circuit shown in Figure 2 has infinite permeability, two coils and three
airgaps with reluctances R1, R2 and R3.

N1 N2
R3

R2R1

Figure 2

4. Determine the expressions of the self-inductances L11 and
L22 of the coils. 50%

5. Determine the expressions of the mutual-inductances L12 and
L21 of the coils. 40%

6. Discuss the conditions for which the equalities L12 = L21 =√
L11L22 hold. 10%
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Section C
A single-phase transformer has the following nominal parameters: SN = 160 kVA,
V1N = 2, 000 V, V2N = 200 V.

The open-circuit test of a single-phase transformer was carried out leaving in
open circuit the low-voltage winding. The test yielded the following data: 2, 000 V,
1 A and 1, 000 W.

The following data were obtained in a short-circuit test of the transformer, with
its high-voltage winding short-circuited: 8 V, nominal current, 2, 560 W.

Calculate:

7. The iron equivalent resistance RFe, and magnetising reac-
tance Xµ of the transformer referred to the high-voltage wind-
ing.

25%

8. The equivalent short-circuit resistance R′
sc and rectance X ′

sc

of the transformer referred to the high-voltage winding. 25%

9. The voltage V2 on the low-voltage winding when the trans-
former is feeding a load consuming I2 = 400 A with power
factor cosφ2 = 0.8 lagging and V1 = V1N .

25%

10. Apparent power when the transformer efficiency is maximum
(Sηmax) and the maxiumum efficiency (ηmax) for a load with
power factor 0.8 leading.

25%

“oOo”
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distribution of marks in the right margin gives an approximate indication of
the relative importance of each part of the section.
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Section A
Figure 1 shows an RLC circuit. Suppose vg(t) = 10 sin(2t − 30◦) V, R = 2 Ω,
L = 4 H, and C = 1

6 F.

Determine:

1. The current i(t). 40%

2. The active and reactive powers delivered to each passive el-
ement of the circuit.

40%

3. Determine the complex power delivered by the source in the
circuit.

20%

vg(t)

i(t)

R

L

C

Figure 1
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Section B
An idealized picture of a magnetic circuit is shown in Figure 2. In this picture the
core leg width w is 2 cm, the depth d is 2.5 cm and the gap g is 0.5 mm. The
coil (actually two coils) has a total of N = 100 turns (50 each side). Assume the
permeability of the core material is very high so that its reluctance can be ignored.

1
2
N 1

2
N

g

g

Figure 2

4. What is the inductance L of this device? 40%

5. How much current i in the coil is required to make flux density
in the gap equal to 1.8 T? 30%

6. What gap g would be required to make the inductance 10 mH? 30%
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Section C
A 160 kVA single-phase transformer with a voltage ratio 2000/200 V has the follow-
ing parameters:

R1 = 0.22 Ω, R2 = 0.0018 Ω, RFE = 4500 Ω,

X1 = 0.41 Ω, X2 = 0.005 Ω, Xµ = 2200 Ω,

where R1, X1, RFE and Xµ are referred to the primary winding, whereas R2 and
X2 are referred to the secondary winding.

Calculate:

7. The magnitude of the voltage V1sc on the primary winding, the
active power P1sc dissipated by the transformer, and the power
factor cos(φ1sc), if the transformer is shortcircuited and the
current that circulates in the secondary winding is the nom-
inal one.

40%

8. Assuming no load conditions, the current I10 that circulates
in the primary winding, the losses P10 in the transformer, and
the power factor cos(φ10), if the primary winding is connected
to a source at the nominal voltage.

40%

9. The voltage regulation ǫ% at power factor 0.9 leading. 20%

Hint: To solve questions 7 and 8, use the approximations of the transformer equiv-
alent circuit that are usually adopted for short-circuit and no-load tests.
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Result Sheet

Student Number

Question 1 i(t) =

PR = QR =

Question 2 PL = QL =

PC = QC =

Question 3 S̄g =

Question 4 L =

Question 5 i =

Question 6 g =

Question 7 V1sc = P1sc = cos(φ1sc) =

Question 8 I10 = P10 = cos(φ10) =

Question 9 ǫ% =

oOo
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EEEN20090 – Electrical Energy Systems

External Examiner: Prof. Andrew Gibson

Head of School: Prof. Andrew Keane

Module Coordinator: Prof. Federico Milano *

Time Allowed: 2 hours

Instructions for Candidates

Answer all questions from any four of the five sections.
All question papers must be handed up with the answer booklets at the

end of the exam.
The distribution of marks in the right margin gives an approximate
indication of the relative importance of each part of the question.

Instructions for Invigilators

Non-programmable calculators are permitted.
No rough-work paper is to be provided for candidates.
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Section A

The system shown in Figure 1 is symmetrical and balanced. The impedance
of each load inductance is j10 Ω and the impedance of each capacitor is
−j10 Ω. Determine:

1∠0◦ V

Īa

Īac

j1

j1

j1

+

a

cb

Load

Figure 1

1. The current Īa. 40%

2. The current Īac. 40%

3. The complex power consumed by the load, S̄load. 20%

Section B

The magnetic circuit shown in Figure 2 consists of a fixed magnetic core
and a mobile one. The depth of both the magnetic core and the mobile part
is ℓ = 1. The mobile part of the circuit can move along both the x and the y
axis. Determine

4. The expression of the inductance L(x, y). 40%

5. The force fx along the x axis. 30%

6. The force fy along the y axis. 30%
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d
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µ = ∞

µ0

x

y

ℓ

Figure 2

Section C

The rotor speed of a three-phase induction motor is 720 rpm at full load.
The nomial frequency of the motor is 50 Hz. The net mechanical power,
efficiency and the power factor of the motor at full load are 7360 W, 83% and
0.75, respectively. The motor has 8 poles and its nominal voltage is 380 V.
Determine:

7. The synchronous speed of the motor, Ωs. 25%

8. The slip factor σ at full load. 25%

9. The line current magnitude IL at full load. 25%

10. The mechanical torque Tm at full load. 25%

Section D

A round-rotor three-phase synchronous generator is connected to a infinite
bus whose voltage is 11 kV. The synchronous reactance of the machine is
Xs = 10 Ω and the armature resistance is negligible. The generator injects
into the grid active and reactive power with a power factor 0.673 (inductive)
and a load angle δ = 10◦. Determine:

11. The magnitude of the current I and the internal e.m.f. E0

of the generator. 40%
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12. The active power P produced by the generator. 20%

13. The new magnitude E0 and load angle δ0 of the internal
e.m.f. if the generator is working with unity power fac-
tor and same current magnitude as the one determined
above.

40%

Section E

The three-phase power system shown in Figure 3 consists of a feeder, a
transmission line and two loads, L1 and L2.

A

B

X

R

L1 L2

Feeder

Figure 3

The parameters of the transmission line are: R = 3.5 Ω and X = 5.0 Ω.
Load consumptions are:

L1: P1 = 250 kW, cosφ1 = 0.9

L2: P2 = 300 kW, cosφ2 = 0.87

Assuming that the voltage magnitude at bus B is 20 kV, determine:
14. Total active and reactive power consumptions, PB and

QB, as well as the power factor cosφB at bus B. 30%

15. Total active and reactive power injections, PA and QA,
as well as the power factor cosφA at bus A. 30%

16. The voltage phasor V̄A at bus A using the voltage phasor
at bus B as phase angle reference. 40%

“oOo”
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Section A

A symmetrical three-phase source serves three loads, as follows:

• Z̄A = 50 + j80 Ω

• Z̄B = j50 Ω

• Z̄C = 100 + j25 Ω

ĪaA

ĪbB

ĪcC

ĪNn

Z̄AZ̄B

Z̄C

V̄a V̄b

V̄c

a
b

c

n

A
B

C

N

Figure 1

If the phase voltage at the loads is 110 V rms at 60 Hz, determine:

1. The line currents, ĪaA, ĪbB, ĪcC . 40%

2. The current in the neutral connection, ĪNn. 20%

3. The complex power delivered to the 3-phase load, S̄. 40%

Note: assume that V̄a is the phase reference.
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Section B

For the doubly excited system in Figure 2, the inductances, expressed in
Henrys, are approximated as follows:

L1 = 11 + 3 cos 2θ; L2 = 7 + 2 cos 2θ; M = 11 cos θ

The coils are energized with direct currents: i1 = 0.7 A; i2 = 0.8 A.

L1

L2

M

i1

i2

θ

Figure 2

Determine:

4. The torque T as a function of θ. 50%

5. The energy stored W in the system as a function of θ. 50%

Section C

The power absorbed by a three-phase, 4 pole, 50 Hz induction motor rotat-
ing at 1435 rpm is 4.76 kW. The total stator losses of the motor are 265 W
and the mechanical losses are 300 W.
Determine:

6. The slip factor σ. 25%

7. The losses in the rotor winding, Pj2. 25%

8. The net mechanical power available at the motor shaft,
Pm. 25%
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9. The efficiency η of the motor. 25%

Section D

The synchronous impedance of a three-phase star-connected 6, 660 V syn-
chronous generator is 0.4 + j6 Ω.
Determine the voltage regulation ∆V% of the machine when the machine
generates 1000 kW at the rated voltage with the following power factors:

10. Unity. 40%

11. 0.866 lagging. 40%

12. 0.866 leading. 20%

Section E

A 480 V rms line feeds two three-phase loads. The two loads are rated as
follows,

• Load 1: 40 kW at 0.8 pf lagging

• Load 2: 30 kVA at 0.9 pf leading

The two loads are connected in parallel and are fed through a transmission
line with impedance 0.1 + j0.2 Ω per phase.
Assuming that the voltage at the load is 480 V rms, determine:

13. The line current magnitude, Is, from the 480 V rms
source. 25%

14. The combined power factor, cosφL, of the load. 25%

15. The voltage magnitude at the source, Vs. 25%

16. The power factor at the source, cosφs. 25%

“oOo”
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Section A

A symmetrical three-phase Y-connected source has V̄an = 390∠30◦ V.
Using a positive phase sequence abc, find:

1. The phase-to-neutral voltage phasor V̄cn. 40%

2. The phase-to-phase voltage phasor V̄bc. 20%

3. The phase-to-phase voltage phasor V̄ac. 40%

Section B

A magnetic circuit consists of two coils with currents i1 and i2, respectively.
The total magnetic fluxes depend on the currents i1 and i2 and on a position
x, as follows:

λ1(i1, i2, x) = x2i21 + xi2

λ2(i1, i2, x) = x2i22 + xi1

Determine:

4. The coenergy of the system W ′(i1, i2, x). 30%

5. The magnetic energy of the system W (i1, i2, x). 40%
6. The mechanical force f(i1, i2, x) developed by the sys-

tem. 30%

Section C

A three-phase Y-connected induction motor has the following nominal quan-
titites: 220 V, 7.5 kW, 60 Hz and 6 poles. The parameters of the equivalent
circuit of the motor are (all expressed in Ω per-phase):

R1 = 0.294 R′
2 = 0.144

X1 = 0.503 X ′
2 = 0.209 Xµ = 13.25

Determine:
7. The magnitude of the rotor current I ′2, the torque T and

the total mechanical power P2 if the slip factor is σ =
0.03.

50%

8. The maximum torque Tmax that the motor can develop at
nominal voltage. 25%
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9. The start-up torque Tsu and the magnitude of the start-
up current I1,su in the stator at nominal voltage. 25%

Section D

A three-phase synchronous machine is connected to a network through
a transmission line (see the single-line diagram shown in Figure 1). The
Thevenin equivalent voltage and reactance of the network are V̄Th = 20
kV and 0.3 Ω per-phase, respectively. The synchronous reactance of the
machine is Xs = 2.5 Ω per-phase, while the series reactance of the line is
XL = 1 Ω per-phase.

E∠δ V̄

jXs jXL jXTh

VTh∠0

Grid

Figure 1 Synchronous machine connected to a network.

Determine:
10. The maximum active power Pmax that the machine can

supply to the network if the internal emf E of the ma-
chine is 25 kV.

30%

11. The active power P generated by the machine at δ = 10◦

and the phasor of the phase-to-neutral voltage V̄ at the
terminal bus of the machine.

40%

12. The voltage regulation ∆V% between the terminal bus
voltage and the network in the operating conditions of
Question 11 and the reactive power Q generated by the
machine.

30%

Section E

A balanced three-phase source supplies power to three loads connected in
parallel. The three loads are:

• Load 1: 30 kVA at 0.8 pf lagging

• Load 2: 24 kW at 0.6 pf leading
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• Load 3: unknown

If the line voltage and total complex power at the point of connection of the
loads are 208 V and 120∠0 kVA, respectively, determine:

13. The active and reactive power (P3 and Q3) of load 3. 50%

14. The voltage V̄F of the feeder and the current ĪL in the
line, if the line impedance that connects the feeder to
the loads is 0.02 + j0.05 Ω per-phase.

50%

“oOo”
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Section A

A 120 V per phase, three-phase, Y -connected source delivers power to the
following ∆-connected load (see Figure 1):

• Phase 1: 40∠0 Ω;

• Phase 2: 20∠− 60◦ Ω;

• Phase 3: 15∠45◦ Ω.

Figure 1

Determine:

1. Line voltages (V̄L1 = V̄ab, V̄L2 = V̄bc, V̄L3 = V̄ca). 40%

2. Phase currents (ĪP1, ĪP2, ĪP3). 30%

3. Line currents (ĪL1, ĪL2, ĪL3). Show that the line currents
add up to zero. 30%
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Section B

Figure 2 shows the scheme of an electromagnetic relay. The current circu-
lating in the winding is 30 mA. The iron core is circular and its radius is 15
mm. The reluctance of the iron core and flux fringing are negligible.

�
�
�
�
�
�

�
�
�
�
�
�

x

+−

Mobile
part

30 mm ∅

N = 4000 turns

Figure 2

Determine:
4. The force (f ) acting on the mobile part of the magnetic

circuit and the self-induction coefficient (L) of the wind-
ing for x = 3.5 mm.

50%

5. The variation of stored magnetic energy (∆Wf ) if the
mobile part moves slowly from x1 = 3.5 mm to x2 = 5
mm.

50%

Section C

A 60-Hz, four-pole, Y -connected induction motor is rated 3.7 kW, 220 V (line
to line). The equivalent circuit parameters are:

R1 = 0.48 Ω R′
2 = 0.42 Ω

X1 = 0.80 Ω X ′
2 = 0.80 Ω Bµ = 1/30 Ω−1

The motor is operating with slip of 0.04. Determine:

6. Stator current (I1) and the motor power factor (cosφ1). 50%

7. The mechanical power (Pm) and the mechanical torque
(Tm). 50%
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Section D

A 1000 kVA, 4600 V, three-phase, Y -connected alternator has an armature
resistance Ra of 2 Ω per phase and a synchronous armature reactance, Xs,
of 20 Ω per phase.

Find the full-load generated voltage (Ēg) per phase at:

8. Unity power factor. 50%

9. A power factor of 0.75 lagging. 50%

Section E

A 440-V rms (line voltage) symmetrical three-phase system feeds two bal-
anced Y -connected loads. One load is an induction motor which may be
represented by an impedance of 10+ j5 Ω per phase. The other is a lighting
load equivalent to 15 Ω per phase.

Find the average active power:

10. Delivered to the lighting load (PL);. 30%

11. Delivered to the induction motor (PM ). 30%

12. Provided by one phase of the source (PS). 40%

“oOo”

c©UCD 2019/2020 Page 4 of 4













SPRING TRIMESTER EXAMINATIONS

ACADEMIC YEAR 2020/2021

EEEN20090 – Electrical Energy Systems

External Examiner: Prof. Vincent Fusco

Head of School: Prof. Peter Kennedy

Module Coordinator: Prof. Federico Milano *

Time Allowed: 2 hours

Instructions for Candidates

Answer all questions from any three of the five sections. All question
papers must be handed up with the answer booklets at the end of the

exam. The distribution of marks in the right margin gives an approximate
indication of the relative importance of each part of the question.

Instructions for Invigilators

Non-programmable calculators are permitted.

©UCD 2020/2021 Page 1 of 4



Section A

A Y -connected three-phase source serves a Y -connected three-phase load.
The load is balanced and has an impedance Z̄ = 20 + j10 Ω per phase,
whereas the phase-to-neutral voltages of the source are as follows:

• V̄A = 110∠0 V

• V̄B = 90∠120◦ V

• V̄C = 130∠− 120◦ V

Calculate the line currents (ĪA, ĪB, ĪC) in the following conditions:
1. With a neutral conductor with impedance Z̄N = j5 Ω that

connects the star points of the source and the load. 50%

2. Without any neutral conductor. 50%

Section B

The relationship between the current i and the total magnetic flux λ in a
nonlinear magnetic circuit with a mobile part is given by:

i = kx3λ2

where k is a positive coefficient and x is the position of the mobile part.
Determine:

3. The magnetic energy (W ) stored in the magnetic circuit
as a function of x and λ. 35%

4. The coenergy (W ′) of the circuit as a function of x and i. 35%

5. The force (f ) generated by the magnetic circuit. 30%
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Section C

The rotor speed of a three-phase Y -connected induction motor is 850 rpm at
full load. The nominal frequency of the motor is 60 Hz. The net mechanical
power, efficiency and the power factor of the motor at full load are 5230 W,
86% and 0.7, respectively. The motor has 4 pairs of poles and its nominal
phase-to-neutral voltage is 380 V. Determine:

6. The synchronous speed of the motor (ωs1). 30%

7. The slip factor (σN ) and the line current magnitude (IL)
at full load. 40%

8. Rotor Ohmic losses (Pj2) and mechanical losses (Pml)
at full load if the combined losses in the stator and in the
iron core are 410 W.

30%

Section D

A 2 MVA, 22 kV, three-phase, Y -connected alternator has an armature re-
sistance Ra of 10 Ω per phase and a synchronous armature reactance Xs of
50 Ω per phase.

Find the voltage regulation (ϵv = (E − V )/V , where E is the internal
emf and V the stator terminal bus voltage of the machine) for the following
operating conditions:

9. Open circuit. 20%

10. 75% of the full-load and unity power factor. 40%

11. Full-load and a power factor of 0.75 leading. 40%
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Section E

A balanced three-phase source supplies power to four loads connected in
parallel through a line with impedance 0.02 + j0.2 Ω per phase. The four
loads are:

• Load 1: 20 kVA at 0.8 pf lagging

• Load 2: 10 kW at 0.7 pf leading

• Load 3: 10 kW at unity pf

• Load 4: 8 kVAr at 0.6 pf lagging

If the line voltage at the point of connection of the loads is 380 V, determine:

12. The power factor (cosϕL) at the point of connection of
the loads. 50%

13. The voltage magnitude (VS) and the power factor (cosϕS)
at the source. 50%

“oOo”
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Section A

The circuit shown in Figure 1 has V̄ab = 400∠30◦ V.

ĪA

ĪB

ĪC

Z̄AZ̄B

Z̄C

V̄ca V̄bc

V̄ab

a b

c

A
B

C

N

Figure 1

Calculate the line currents (ĪA, ĪB, ĪC) and the complex power (S̄) deliv-
ered by the voltage source in the following scenarios:

1. Symmetrical voltages and balanced impedances, with
Z̄A = 9 + j12 Ω. 50%

2. Symmetrical voltages and unbalanced impedances, with
Z̄A = 9 + j12 Ω, Z̄B = 9 Ω and Z̄C = 9− j12 Ω. 50%
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Section B

A rotating electrical machine with a coil on the stator and a coil on the rotor
has the following inductances: L11 = 0.1 H (stator), L22 = 0.04 H (rotor) and
L12 = 0.05 cos(θ) H, where θ is the relative angle between the axis of the
stator and the rotor windings.

3. Assume that the rotor rotates at constant speed ω = 200
rad/s and that the current circulating in the stator is i1 =
10 sin(200t) A. Determine the emf induced in the rotor if
the rotor winding is left in open circuit.

50%

4. Assume that the rotor is connected in series with the sta-
tor and the current is i1 = i2 = 10 sin(200t) A. Determine
the angular speed ω of the rotor for which the average
torque is not equal to zero.

50%

Section C

A 50-Hz, six-pole, Y -connected wound-rotor induction motor is rated 5 kW,
230 V (line to line). The ratio between stator and rotor voltages is 4. The
equivalent circuit parameters are:

R1 = 0.5 Ω R2 = 0.025 Ω

X1 = 0.7 Ω X2 = 0.05 Ω Xµ = 50 Ω

Note that R2 and X2 are the values measured on the rotor.
The motor is operating with slip of 0.035. Determine:

5. Stator complex power (S̄1) and power factor (cosφ1). 50%

6. The maximum electromagnetic torque (Tmax), the cur-
rent corresponding to the maximum electromagnetic
torque (Imax) and the start-up current (Istart).

50%
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Section D

The synchronous impedance of a three-phase synchronous generator is
0 + j10 Ω. The machine is connected to grid. Its terminal line voltage is
11, 000 V and its stator current is 220 A with unity power factor. From these
operating conditions, the internal emf is increased by 25% while keeping the
mechanical power and the stator voltage constant. Determine:

7. The stator current magnitude (Is) and phase angle (φs)
after the emf increase. 50%

8. The maximum active power (Pmax) that the machine can
generate with the increased emf as well as the stator
current magnitude (Ismax) and phase angle (φsmax) at the
maximum power.

50%

Section E

A balanced 13.8 kV three-phase source supplies power to three loads con-
nected in parallel through a line with negligible impedance. The three loads
are:

• Load 1: 420 kVAr at 0.8 pf lagging

• Load 2: 1, 000 kVA at 0.5 pf lagging

• Load 3: 800 kVA at 0.9 pf lagging

Determine:
9. The current magintude IS and the power factor (cosφS)

at the source. 50%

10. The value of the ∆-connected capacitors (C) that are
required to change the overall power factor at the source
to 0.92 lagging.

50%

“oOo”
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Section A

A three-phase, Y-connected system with 220 V per phase is connected to three loads: 10 Ω,

20 20° Ω, and 12  – 350° Ω to phases 1, 2 and 3, respectively. Find the current in each line∠ ∠

and in the neutral line.

Section B

A 1000–turn coil is located on a ferromagnetic core that has an air gap, as illustrated in Fig. 1.

If the coil current is 1.5 amperes and the relative permeability of the core is 1450.

a) Determine  the  proportion  of  the  total  mmf  required  to  overcome  the

reluctance of the air gap.

25%

b) Determine the flux density produced in the air gap. 25%

c) Determine  the  ratio  of  the  flux  density  in  the  air  gap  to  the  flux  density

produced at the center of the coil in the absence of the core.

25%

d) Determine the magnetic field intensity in the core and in the air gap. 25%

In Figure 1, all dimensions are in millimeters. Leakage flux and fringing at the air gap may be 

neglected.

Section C

For the 11.2 kW, 4–pole induction motor described below

Page 2 of 3



220 V Three–phase 11.2 kW 1725 rpm
R1 = 0.15 Ω R’2 = 0.18 Ω X1 = 0.31 Ω X’2 = 0.31 Ω

Volts per phase = 127, friction = 240 W
Find: 

a) slip at which maximum torque occurs, 20%

b) maximum torque, 20%

c) slip at which maximum power occurs, 20%

d) maximum power, 20%

e) starting torque and 10%

f) starting current. 10%

Section D

An ac synchronous generator has six poles and operates at 1,200 rpm. 

a) What frequency does it generate? 40%

b) At what speed must the generator operate to develop 25 cycles? 50 cycles? 30%

c) How many poles are there in a generator that operates at a speed of 240 rpm

and develops a frequency of 60 cycles?

30%

Section E

A power station supplies 60 kW to a load over 750 m of  2-conductor  copper feeder  the

resistance of which is 0.26 Ω/km. The reactance of the feeder is negligible. The voltage at the

point of connection with the power station is maintained constant at 600 V. Determine: 

a) current; 40%

b) voltage at load; 20%

c) efficiency of transmission; 20%

d) maximum power that can be transmitted; 10%

e) maximum current that can be supplied. 10%

“oOo”

Page 3 of 3



















SEMESTER I EXAMINATIONS - 2018/2019

School of Electrical and Electronic Engineering

EEEN20090 – Electrical Energy Systems

External Examiner: Prof. Andrew Gibson

Head of School: Prof. Peter Kennedy

Module Coordinator: Prof. Federico Milano *

Time Allowed: 2 hours

Instructions for Candidates

Answer all questions from any three of the five sections.
All question papers must be handed up with the answer booklets at the

end of the exam.
The distribution of marks in the right margin gives an approximate

indication of the relative importance of each part of the section.

Instructions for Invigilators

Non-programmable calculators are permitted.
No rough-work paper is to be provided for candidates.

Student No: Seat No:

c©UCD 2018/2019 Page 1 of 4



Section A

A symmetrical set of three-phase voltages is connected to an unbalanced
set of Y-connected impedances as shown in Figure 1. The following values
are known:

V̄ab = 212∠90◦ V, Z̄an = 10 + j0 Ω

V̄bc = 212∠150◦ V, Z̄bn = 10 + j10 Ω

V̄ca = 212∠− 30◦ V, Z̄cn = 0− j20 Ω

Find the line currents Īa′a, Īb′b, and Īc′c.

Figure 1

Section B

For the doubly excited system in Figure 2, the inductances, expressed in
Henrys, are approximated as follows:

L1 = 5 + 2 cos 2θ; L2 = 3 + cos 2θ; M = 10 cos θ

The coils are energized with direct currents: i1 = 1 A; i2 = 0.5 A.
Determine:

1. The energy stored W in the system as a function of θ. 50%

2. The torque T as a function of θ. 50%
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L1

L2

M

i1

i2

θ

Figure 2

Section C

The stator and rotor impedances of a three-phase, 4 pole, 50 Hz, 380 V
induction motor are R1 + jX1 = 0.1 + j0.4 Ω and R′

2 + jX ′
2 = 0.1 + j0.3

Omega. The nominal slip is 4%.
Determine:

3. Synchronous speed and nominal speed. 25%

4. Nominal current and start-up current. 25%

5. Nominal power and nominal torque. 25%

6. The efficiency, assuming that iron losses are 1200 W. 25%

Section D

The synchronous impedance of a three-phase star-connected 15 kV syn-
chronous generator is 0.5 + j10 Ω.
Determine the voltage regulation ∆V% of the machine when the machine
generates 2000 kW at the rated voltage with the following power factors:

7. Unity. 40%

8. 0.9 lagging. 40%
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9. 0.9 leading. 20%

Section E

A 13.8 kV feeder supplies three loads:

• Load 1: 700 kVA, 0.8 lagging

• Load 2: 1000 kVA, 0.5 lagging

• Load 3: 800 kVA, 0.9 lagging

Determine:

10. Current of the feeder required to feed the three loads. 40%

11. The combined power factor of the three loads. 30%

12. The value of the capacitor to add in parallel with the
three loads to change the overall power factor to 0.92
lagging.

30%

“oOo”
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Safety Instructions 
EEEN20090 Electrical Energy Systems 
 
General lab guidelines 
• Carry out the experiments in such a way that nobody will be injured or hurt. 

• Carry out the experiments in such a way that the equipment will not be damaged or 
destroyed. 

• Read the handout and procedures before starting the experiments. 

• Follow all written and verbal instructions carefully. If you do not understand the 
instructions, the handouts and the procedures, ask the lab demonstrators. 

• The workplace has to be tidy after the experiment. 

• No food or drinks are allowed in the lab. 
 
Electrical lab safety 
• The labs are very dangerous, due to the presence of high voltages (risk of electric 

shock) and powerful rotating machinery (risk of mechanical failure/injury). 

• Have the connection checked by the lab demonstrators before switching on. 

• Switch off the supply if you make changes to the experiment even when the voltage 
is low. 

• Safety glasses should be worn in teaching labs 

• After the lab session, switch off every supply, disconnect and tidy up all leads. 
 
Rules of conduct in case of emergency 
• First: calm down. 

• Second: warn persons at risk and punch the emergency shutdown. 

• Third: inform the instructor and call UNICARE emergency line 01 716 7999. 

• If the fire alarm sounds, evacuate the building via the fire stairs. 

• In the event of injury or accident, your first aider is Oran O’Rua located in Room 226. 
Also, a cardiac defibrillator is located in the main concourse on floor 1. 

By signing below, I acknowledge that I have fully read and understood the above rules 
and procedures in its entirety and agree to abide by them. 

Name: _______________ Signature: _________________ Date: __________________ 
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TRANSFORMER PARAMETER AND LOSS MEASURMENT 
 

Introduction 

 

 The earliest electric power distribution system 

was a 120V DC system invented by Thomas Edison to 

supply power for incandescent lamps in 1882. This 

power system generated and transmitted at such low 

voltages that very large currents were necessary to 

supply significant amounts of power, resulting in large 

power losses and short transmission ranges. The 

invention of the transformer and the concurrent 

development of AC power sources eliminated forever 

these restrictions on the range and power level of power 

systems. 

 A transformer ideally changes one AC voltage  

level into another voltage level without affecting the 

actual power supplied, through the action of a magnetic 

field. It consists of two or more coils of wire wrapped 

around a common ferromagnetic core. The only 

connection between the coils is the common magnetic 

flux present within the core. If a transformer steps up 

the voltage level of a circuit, it must decrease its current 

to keep the power into the device equal to the power out 

of it. Therefore, AC electric power can be generated at 

one central location, its voltage stepped up for 

transmission over long distances at very low losses, and 

its voltage stepped down again for final use. Since the 

transmission losses in the lines of a power system are 

proportional to the square of the current in the lines, 

raising the transmission voltage and reducing the 

resulting transmission currents by a factor of 10 with 

transformers, reduces power transmission losses by a 

factor of 100.  

 
Ideal 
Transformer

N N
1 2

V V

I I1 2

1 2

 
Figure 1 

 

The symbol for an ideal transformer is show in figure 1. 

The relationships between voltage and current are 
𝑉1
𝑉2
=
𝑁1
𝑁2

 

𝑁1𝐼1 = 𝑁2𝐼2 

 

Real transformers can deviate significantly from their 

ideal counterparts. In a real transformer the winding 

resistances are not zero, the magnetic coupling between 

the coils is not perfect and the reluctance of the core is 

not zero. It is possible to represent the real transformer 

by an equivalent circuit consisting of an ideal 

transformer together with other elements which account 

for the deviations from ideal. One of the most widely 

used linear, lumped parameter equivalent circuit models 

for a power transformer is shown in figure 2. Refer to 

reference 1 for a detailed development of this model. In 

this experiment the parameter values of this model for a 

particular transformer will be determined by 

measurements. 

 
In the model shown in figure 2 R1 represents the 

primary winding resistance, R2 the secondary winding 

resistance, Xl the leakage reactance referred to the 

primary side, Xm the magnetising reactance referred to 

the primary side and Rc is a resistance to represent the 

total core loss both eddy current and hysteresis. 

 The methods used in this experiment are 

commonly referred to the open circuit and short circuit 

tests of a transformer. These methods are used by 

transformer manufacurers to verify the design and also 

by users to satisfy themselves that the transformer 

meeds the specifications. 

 A wattmeter, as its name suggests, is an 

instrument for measuring power. In an electrical circuit 

 

𝑃 = 𝑣(𝑡) × 𝑖(𝑡) 
 

Therefore a wattmeter has to multiply a voltage by a 

current and this will be a function of time. In ac circuits 

where the voltage is sinusional and the current is 

sinusoidal but the two may not be in phase the 

frequency of the power will be twice that of the current 

and voltage. The average power (averaged over a 

second or so) is generally more useful. Commercial 

wattmeters do the multiplication and averaging together. 

Therefore it is entirely possible to have high current and 

high voltage applied to the wattmeter and the instrument 

indicating zero or a negative value. The voltage sensor 

and the current sensor of the instrument will have a 

maximum rating and it is important that this is not 

exceeded. It is essential to use a voltmeter and an 

ammeter to ensure that the wattmeter voltage and 

current sensors are not overloaded. 

In electrical circuits it is common to encounter wide 

ranges of currents and voltages. To ensure that general 

purpose laboratory instruments can be used very 

accurate transformers can be used to scale the actual 

circuit voltage to suit the measuring instrument. For 

example if it is required to measure a voltage in the 1kV 

range an accurate 10:1 (ideal) transformer may be used. 

The voltage on the secondary side being 1/10 the 

Ideal 
Transformer

R RjX

R jX

1 2l

c m

N N
1 2

 
Fig 2 Power Transformer Equivalent Circuit 
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primary voltage and the instrument reading is simply 

multiplied by 10. 

Another transformer arrangement is know as a current 

transformer. This utilises the current constraing of the 

ideal transformer 

𝑁1𝐼1 = 𝑁2𝐼2 

Such accurate transformers are know as current 

transformers (CT’s) and are generally used in circuits 

carrying high currents. The ratio (N1/N2) for a current 

transformer is usually specifiend as the rated primay 

current/rated secondary current. Very ofter the primay 

winding of the transformer is just 1 turn threaded 

through the core. It is important to note that CT’s should 

always be operated with the secondary effectively short 

circuited or connected to a low impedance device. An 

ammeter or the current coil of a wattmeter is a low 

impedance device. 

 

Reference 

'Electrical Machines' J.D Edwards, pp 97-99. 

 

Ojectives 

 

 The objective of this experiment is to determine 

the five parameters of the approximate equivalent 

circuit of the real welding transformer. 

 

Apparatus 

 

* Welding transformer, 220/55 V, 5kVA 

* Wattmeter, 5 A, 220 V 

* Ammeters, 5A MI, 25A MI 

* Voltmeters, MI 300 V 

* Current Transformers, 120/5 A 50/5 A 

 

  

Procedure 

 

1 DC Winding resistance 

 The winding resistance is measured by applying a 

dc voltage and measuring the current. Since the current 

is dc, after a short time the voltage will just be that due 

to the winding resistance; inductive effects and coupling 

between the winding will be eliminated. 

 The low resistances require a four terminal 

measurement which eliminates the effects of constact 

resistance. The demonstrator will apply circa 10A. The 

dc voltage will be measured with a digital voltmeter and 

R=V/I. 

 

 

 

2 Open-circuit test 

 
 The open circuit test is performed at rated 

voltage. This should be determined from the nameplate 

of the transformer. The primary terminals, with 

additional 4mm sockets for voltage leads, are located 

inside the metal enclosure. Set the circuit up as shown 

in Fig. 3. 

Fig. 3 

 

Apply rated voltage. Measure: 

 

 V1   =  220V 

 V2   = V 

 I1   = A 

 P   = W 

 

  

From this data probably the most important parameter 

of any transformer can be determined ie the turns ratio 

N1/N2 = V1/V2. 

 

In this test it is reasonable to assume since the primary 

current is low compared to the rated current then the 

voltage drop across the primary winding resistance of 

the equivalent circuit is negligible. In this case it can be 

assumed that the equivalent circuit can be approximated 

by that show in figure 4. 

Ideal 
Transformer

R RjX

R jX

1 2l

c m

N N
1 2

 
Figure 4 

 

The current flowing through R1, Xl and R2 will be zero 

and therefore the effective equivalent of the open circuit 

transformer is the parallel combination of Rcand Xm.  

𝑃 =
𝑉2

𝑅𝑐
 

𝐼 =
𝑉

𝑅𝑐
+

𝑉

𝑗𝑋𝑚
 

 𝐼  =
𝑉

𝑅𝐶𝑋𝑚
 𝑅𝑐

2 + 𝑋𝑚
2  

The magniture of I is measured on the ammeter and then 

the power, current and voltage measurements enable Rc, 

and Xm to be determined. 
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3 Short circuit test 

 

 This test is usually done at rated current. You 

should determine rated primary and secondary currents 

from the rated kVA (5kVA) of the transformer. Set up 

the circuit as shown in figure 5. After your TA has 

checked your circuit make sure the adjustable voltage is 

set to minimum and then switch on. Slowly increase the 

voltage while monitoring the current. Bring the current 

up to approximately the rated value. Use appropriately 

sized cable to carry the current. 

 
Fig. 5 

 

Using Current Transformers. 

 The primary windings of current transformers 

are usually marked with capital letters, and that range 

selection usually involves changing the primary turns, 

the secondary winding being without taps. The higher 

current ranges are got by threading cable through the 

core aperture to form a specified number of linkages. 

The most usual current rating for CT secondaries is 5A. 

1A secondaries are found when cable runs to 

instruments are long. 

 

 In this configuration since the terminal voltage is 

low compared to the rated value the current flowing in 

the shunt components of the equivalent circuit Rc and 

Xm will be relatively small. The effective equivalent 

circuit becomes that shown in figure 6.  

Ideal 
Transformer

R RjX1 2l

N N
1 2

 
Figure 6 

 

Measure 

 I1 rated   = A 

 I2   = A 

 V1   = V 

and P   = W 

 

N1/N2 = I2/I1. This should compare well with the turns 

ratio determined in the open circuit test.  

 

𝑃 = 𝐼1
2𝑅1 + 𝐼2

2𝑅2 

or if R2 is referred to the primary side then 

𝑃 =  𝑅1 +  
𝑁1
𝑁2
 
2

𝑅2 𝐼1
2 

Let 

𝑅𝑤 = 𝑅1 +  
𝑁1
𝑁2
 
2

𝑅2 

whereRw the winding resistance referred to the primary 

side.  

And then 

𝑃 = 𝑅𝑤𝐼1
2 

 

This equation allows Rwto be determined as P and I1 are 

know from the measurements. 

 

𝑉 = 𝑅𝑤𝐼 1 + 𝑗𝑋𝑙𝐼 1 
Rearanging 

𝐼1 =
𝑉 

𝑅𝑤 + 𝑗𝑋𝑙
 

Therefore 

 𝐼1  =
𝑉

 𝑅𝑤
2 + 𝑋𝑙

2
 

 

Xlcan now be determined as it is the only unknown in 

this equation.  

 

Do not forget to allow for CT multiplication factor! 

 

Tidy up all leads and switch off bench supply and 

instruments after experiment. 

 

 
Jeremiah O’Dwyer 

January, 2012. 

 

 

 

 



Instructions for the submission of the report on the transformer 
parameters and loss measurement 
 
 
Each student is expected to prepare an individual report in PDF format and submit 
it by both uploading the file to Brightspace and sending it to the module coordinator 
by e-mail.   
 
The title of the e-mail should follow the following format: 
 

12345678 – EEEN20090 transformer lab report 
 
where 12345678 is the student’s UCD ID number. 
 



Jupyter Notebooks 
 
 
The following topics are covered by these computer-based activities: 
 

0. Complex Numbers 
1. Phasors, AC circuits and magnetic circuits 
2. Transformers 
3. Three-phase AC circuits 
4. Energy Conversion 
5. Induction Machines 
6. Synchronous Machines 
7. Power Systems 

 
You can carry out the assignment based on Jupyter Notebooks using Google 
Collaboratory. 
 
First you need to upload the Jupyter Notebook with the extension “.ipynb”, which 
can be found attached in the email.  
 
Upload it to the following link: 
 

https://colab.research.google.com 
 
After uploading to google colab. Click File > Save a copy in Drive. You will receive 
a message saying:  

 
Click Open in new tab. Then work on that file.  
 
For the submission of the labs, use the links to the Google form provided in the 
Notebooks. The labs will not be evaluated if the Google form is not submitted. 
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A Briefing for Students on Academic Integrity and Plagiarism
________________________________________________________________________

INTRODUCTION

Students at UCD are expected to adhere to the highest standards of academic integrity
and honesty. The work you submit to the University for assessment must be your own
work. You will complete a wide variety of assignments during your time in University. This
short guide has been developed to help you understand the importance of academic
integrity in the preparation of your assignments. It is in two parts:

 A question and answer section which explains: academic integrity; plagiarism and
how to ensure that your work meets the University’s standards;

 A section with the University’s formal statement, policy and procedures for
plagiarism.

SOME QUESTIONS AND ANSWERS

What is academic integrity?

As part of your learning experience you will have a number of assignments to complete1.
Assignments are designed to help your learning and understanding of your subject by
requiring you to demonstrate, through the completion of an assessment task, how well you
have engaged with and understood the material you have studied. Assessment tasks will
vary from subject to subject and can range from problem-solving to reporting on
experimental data to the development and presentation of coherent and cogent
arguments.

It is expected that in producing an assignment, you may need to read and gather
information from a range of sources including books, journals, official reports, newspapers
or material from the Internet as well as ideas generated in discussion with colleagues and
other students. When presenting your assignment on a topic it is really important to do
two things:

 Be explicit about any material or ideas presented by other people that you have
included in your assignment;

 Acknowledge the information that you have used to inform your assignment by
including a complete list of references.

These actions are the basis of good practice in the presentation of your assignment and
they show academic integrity on your part. It means that you are being honest about
showing how the work of others has helped you to form your own understanding and
explanation of a topic.

Why is academic integrity important?

The sort of knowledge you are dealing with in University doesn’t just happen and it is not
simply a set of facts! Knowledge is created progressively by the work of academics and
students in analysing, evaluating and interpreting existing theories and data presented by

1 The term assignment covers all forms of assessment required as part of a module, course or programme and its range
includes, essays, papers, presentations, laboratory reports, theses and examinations.



others. Academics and students work and rely heavily on established sources of
knowledge to generate new ideas, but in doing so they observe academic integrity by
giving credit formally, to the ideas they have used. You will probably notice your lecturers
doing something similar, by quoting the ideas of another writer and then giving their
interpretation of that information, during the course of a lecture, seminar or tutorial.

When you present any assignment, you must ensure that you acknowledge any ideas,
which are not your original thoughts, ideas or words. If you are careless about doing this,
you could be accused of plagiarism.

What is plagiarism?

The University understands plagiarism to be the inclusion of another person’s writings or
ideas or works, in any formally presented work (including essays, theses, examinations,
projects, laboratory reports, oral, poster or slide presentations) which form part of the
assessment requirements for a module or programme of study, without due
acknowledgement either wholly or in part of the original source of the material through
appropriate citation.

Plagiarism is a form of academic dishonesty. In any assignment, plagiarism means that
you have presented information or ideas belonging to someone else falsely as being your
own original thoughts on a subject. This may happen in a number of ways, and these are
explained further below, but in general there are two main ways in which you could
potentially plagiarise:

 By incorporating ideas, phrases, or whole sections of text in your assignment which
have been written by somebody else; or

 By failing to use proper citation methods which show all of the material you
consulted in researching your assignment

What constitutes plagiarism?

Plagiarism can take many forms and the University deems it to include any of the
following:

 Presenting work authored by another person: including other students,
friends, family, or work purchased through internet services;

This could include getting someone else to write part or all of your assignment, using an
assignment written by another student, including work by students from previous years of
your programme, copying the work of another student or buying an essay from the
internet. Getting your parents or anyone else to write your assignment is not allowed.

Tip: essays bought from the internet are poor value as they are not customised, can be
badly written and are often inaccurate.

 Presenting work copied extensively with only minor textual changes from the
internet, books, journals or any other source;

It is absolutely acceptable to use somebody else’s arguments or points of view to support
your presentation of a topic in an assignment. In fact, it is expected that you will wish to



incorporate the ideas of others into your work but in doing so you must be explicit that the
information included is not your own original thought.

Tip: If you use any text directly from another source, it must be in quotation marks with
appropriate citation. .

 Improper paraphrasing, where a passage or idea is summarised without due
acknowledgement of the original source;

If you want to use somebody else’s idea indirectly as an illustration of the argument you
are making, be careful that you express it as a short summary or paraphrase of their
argument and acknowledge that it is not your own original idea, but, by citation or
reference, indicate the original source.

Tip: It is not acceptable to change a few words of phrases from someone else’s text, and
then present the idea with citation. A paraphrase means you express the idea directly in
your own words, and you must also include a reference to the original source.

 Failing to include citation of all original sources;

If you do not include all information that you have consulted, in researching a written piece
of work, in your list of references you could be accused of plagiarism. References should
include all books, journals, official reports, newspapers or material from the Internet, which
informed the presentation of your assignment.

Tip: If you use information from the Internet, include the URL in your reference list and in [
] brackets indicate that date on which you accessed the information.

 Representing collaborative work as one’s own.

You might be part of a study group, you may spend time discussing an assignment with a
fellow student or you may be involved in some form of group work. You need to be really
careful that if you are involved in group work you are familiar with the assessment task and
the assessment criteria, so that you can show what your individual understanding or effort
towards the task is. If you discuss an assignment with a fellow student, you need to be
conscious that when you write up your assignment you are expressing your own ideas not
the opinions expressed by your fellow student.

Tip: Sometimes when students study together, ideas can be borrowed from one to another
quite unconsciously. It is normal (and desirable) to form opinions and critical viewpoints
through debate and discussion but be clear about your own opinion!

Some examples of plagiarism2

Read the extract below, which is taken from page 96 of Arnold, J., Cooper, C.L. and
Robertson, I. (1995) Work Psychology, London: Pitman

2 Abridged, examples taken from the University of Essex, http://www.essex.ac.uk/plagiarism/Test.htm
[accessed 19September 2005]



There are a range of problems faced by minorities in the workplace. First, the
selection and recruitment process is biased against them in one form or
another. Second, they have very few role models in the work environment, who
could mentor them and socialize them towards organizational life. Third, they
do not get the feedback they need in terms of performance appraisal to guide
them through the turbulent waters of their careers.

Example 1:

There are a range of problems faced by minorities in the workplace. First, the
selection and recruitment process is biased against them in one form or another.
Second, they have very few role models in the work environment, who could mentor
them and socialize them towards organizational life. Third, they do not get the
feedback they need in terms of performance appraisal to guide them through the
turbulent waters of their careers.

Comment: This is an instance of plagiarism, as the extract has been copied word
for word and has not been acknowledged as the work of another author.

Example 2:

There are a range of difficulties faced by minorities at work. First, the selection and
recruitment process is biased against them in some way. Second, they have few role
models in the organisational context, who could mentor and socialise them regarding
organisational life. Third, they don't get the feedback they need on their performance to
guide them through the choppy waters of their careers.

Comment: This is an instance of plagiarism, as the extract has been copied almost word
for word with only minor changes. The text has not been acknowledged as the work of
another author.

Example 3:

Arnold et al. (1995: 96) suggest that: " There are a range of problems faced by minorities
in the workplace. First, the selection and recruitment process in biased against them in
one form or another. Second, they have very few role models in the work environment,
who could mentor them and socialise them towards organisational life. Third, they do not
get the feedback they need in terms of performance appraisal to guide them through the
turbulent waters of their careers."

Comment: This is not plagiarism, the extract is presented as a direct quotation and
acknowledged as the work of another author.

Example 4

Minorities of whatever sort are presented with a number of difficulties in the organisational
context. For example, performance appraisal often does not meet their needs in terms of
providing guidance on career development. The ways in which organisational personnel
are selected and recruited are often characterised by racism, sexism, homophobia etc.
Finally, the lack of people of colour, women and other members of minorities in senior
positions often mean that those lower down the organisation cannot get the mentoring and
socialisation they need at work (Arnold et al., 1995: 96).

Comment: This is not plagiarism, the extract is presented as a indirect quotation and
acknowledged as the work of another author



Can plagiarism be unintentional?

The cause of plagiarism may arise from a range of situations: not having enough time to
complete an assignment properly before submission; carelessness in referencing (rather
than deliberate attempt to conceal information sources) or a lack of understanding of the
correct methods of referencing background material. However none of these are valid
excuses.
Plagiarism is defined by the action rather than the intention.

In other words you need to be really careful that when you present any assignment, you
distinguish between your own writing, opinions or data and the writing, opinions or data
expressed by others. All students are responsible for being familiar with the University’s
policy statement on plagiarism and are encouraged, if in doubt to seek guidance from an
academic member of staff. Plagiarism is a serious academic issue and alleged instances
of plagiarism will be investigated thoroughly by the university.

How is plagiarism detected?

All of your lecturers will be familiar with the references in your subject area, they are quite
likely to recognise particular phrases, sentence constructions and even paragraphs as
parts of well known published works, particularly where they are not referenced properly.
In addition it is routine practice in the University to use electronic detection sources to
identify instances of plagiarism, which includes similarities between work authored by
different students as well as information derived from the Internet. You also have to
remember that a lecturer or tutor will correct a whole range of assignments and that their
familiarity with the range of work presented will allow them easily to detect similarities in
students’ work.

What happens if I plagiarise?

The University has formal disciplinary procedures for dealing with instances of plagiarism,
which may result in penalties being applied, as outlined in sections 7-10 of The Student
Code, available at www.ucd.ie/studentguide . You should read the University’s plagiarism
statement and procedures. In addition you should seek the advice of your lecturers.



UCD PLAGIARISM STATEMENT, PLAGIARISM POLICY AND
PROCEDURES

UCD PLAGIARISM STATEMENT

The creation of knowledge and wider understanding in all academic disciplines depends
on building from existing sources of knowledge. The University upholds the principle of
academic integrity, whereby appropriate acknowledgement is given to the contributions of
others in any work, through appropriate internal citations and references. Students should
be aware that good referencing is integral to the study of any subject and part of good
academic practice.

The University understands plagiarism to be the inclusion of another person’s writings or
ideas or works, in any formally presented work (including essays, theses, projects,
laboratory reports, examinations, oral, poster or slide presentations) which form part of the
assessment requirements for a module or programme of study, without due
acknowledgement either wholly or in part of the original source of the material through
appropriate citation. Plagiarism is a form of academic dishonesty, where ideas are
presented falsely, either implicitly or explicitly, as being the original thought of the author’s.
The presentation of work, which contains the ideas, or work of others without appropriate
attribution and citation, (other than information that can be generally accepted to be
common knowledge3) is an act of plagiarism. It can include the following:

1. Presenting work authored by a third party, including other students, friends, family,
or work purchased through internet services;

2. Presenting work copied extensively with only minor textual changes from the
internet, books, journals or any other source;

3. Improper paraphrasing, where a passage or idea is summarised without due
acknowledgement of the original source;

4. Failing to include citation of all original sources;
5. Representing collaborative work as one’s own;

Plagiarism is a serious academic offence. While plagiarism may be easy to commit
unintentionally, it is defined by the act not the intention. All students are responsible for
being familiar with the University’s policy statement on plagiarism and are encouraged, if in
doubt, to seek guidance from an academic member of staff. The University advocates a
developmental approach to plagiarism and encourages students to adopt good academic
practice by maintaining academic integrity in the presentation of all academic work.

3 Common knowledge refers to information, which is generally known and does not require to be formally cited in a
written piece of work. Each subject area will have its own set of common knowledge.



UNIVERSITY PLAGIARISM POLICY

1. Plagiarism is a serious academic issue and the University will examine all alleged
instances of plagiarism thoroughly and apply such penalties as it considers
appropriate where plagiarism is confirmed to have taken place;

2. Alleged cases of plagiarism should be examined carefully to establish the facts and
relative context of the alleged offence taking into account the nature and extent of
plagiarism as well as the experience and seniority of the student;

3. The University statement on plagiarism and associated procedures will be
published, available widely and accessible to all staff and students;

4. Prior to the submission of assessments, students will be briefed on plagiarism by
academic staff and will be provided with information about the accepted citation
methods for all assessed work in their subject area;

5. All assignments will have a plagiarism declaration which indicates that the work
presented is that of the students’;

6. Each Head of School will ensure that appropriate advisory arrangements are in
place to promote academic integrity in the subject area and to provide guidance on
instances of plagiarism. This responsibility may be vested in a nominated
individual;

7. Each School will periodically evaluate its arrangements for dealing with plagiarism
to ensure that where any recurrent patterns of plagiarism emerge, either in the case
of individual students, or groups of students, its overall approach is appropriate and
capable of ensuring that any further recurrences are addressed;

8. Suspected instances of plagiarism should be assessed within the School and a
determination made as to whether the matter may be resolved at a local level or
whether a referral to the Registrar under the University’s disciplinary procedures is
required;

9. The University reserves the right to use electronic and other detection mechanisms
to identify instances of potential plagiarism and any work submitted for assessment
may be subject to electronic or other detection procedures;

10.Records will be retained of all instances of plagiarism and will be held on a
student’s record on the University Student Information System.

PLAGIARISM PROCEDURES

1. Where an examiner detects a suspected instance of plagiarism in a student’s
assignment or examination, taking account of the specific context and nature of
the case, any of the following courses of action may be followed:

a. Discussion directly with the student to provide advice about correct
citation and how to avoid plagiarism in the future. The student may be
required to resubmit the work without any further penalty;

b. Referral of the alleged instance for review according to the School’s
plagiarism advisory arrangements. The student may receive a verbal or
written warning, will receive advice about correct citation and may be
required to resubmit the work with or without an academic penalty;

c. Referral of the alleged instance to the University Registrar for resolution
via the University’s disciplinary procedures. In some contexts, a first
instance may require referral directly to the Registrar.

2. Where an alleged case is referred to the School or the University, a short report
outlining the grounds of suspicion, a copy of the piece of work and any
supporting evidence should be provided;



3. In all cases of referral the student should be informed by the School or the
Registrar’s Office, as appropriate, that their assignment or examination script is
under scrutiny as an alleged instance of plagiarism;

4. In all cases of referral students will have the right to support and representation
such as that provided by the Students’ Union;

5. Where a case of plagiarism referred to the School has been proven, the
outcome of the case should be recorded on the student’s record by the School;

6. Where a student has been referred previously to the School and found to be in
breach of the terms of the University’s plagiarism statement, the School will
make a judgement as to whether a recurrence can be handled at a local level or
whether it merits being handled as a disciplinary matter by the Registrar;

7. Instances of plagiarism referred to the Registrar for resolution under the
University’s disciplinary procedures, if established, will be subject to the
following penalties which may be applied in whole or in part:

a. Re-submission, where the maximum grade awardable is D- or equivalent;
b. Exclusion from the module;
c. Exclusion from the programme;

8. Where a case of plagiarism referred to the Registrar has been proven, the
outcome of the case will be detailed on the student’s record by the Registrar’s
Office.
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UCD School of Politics and International Relations
Plagiarism: Frequently Asked Questions

1. What is plagiarism?
Plagiarism is any form of presenting the work of another person as your own. The most common forms
of plagiarism are:

a. Word-for-word copying from any source unless the words are enclosed in quotation marks and
the source is appropriately referenced;

b. Paraphrasing a source without acknowledging that source in an appropriate reference;
c. Submitting academic work written in whole or in part by someone else.

2. Why is plagiarism wrong?
The main reason plagiarism is wrong in student work is because it undermines the central point of
writing as a learning exercise: it prevents you from fully ‘digesting’ the material you have read and
establishing a true understanding of the issues. Plagiarism is also unfair to other students who have made
a genuine attempt to cope with the demands of the subject. Plagiarism is wrong in assessed work because
if undetected it can lead to students getting higher marks than they deserve: it’s cheating. In addition to
being lazy and dishonest, plagiarism shows contempt for the authors whose work it fails to acknowledge.

3. Why do students plagiarize?
We realise that students often feel driven to plagiarism for ‘innocent’ reasons including poor training at
school, a misunderstanding of academic standards, a difficulty in understanding course materials, a
difficulty in expressing their thoughts, a failure of time management, an unmanageable work-load or a
crisis in their personal lives. The answer to all of these problems, however, is to seek help rather than to
engage in a serious breach of academic standards.

4. How is a plagiarised essay graded?
An essay, project or examination answer that contains any significant plagiarism will normally be given
a a grade of G. This mark represents our assessment of the academic merit of the work in question. In
addition, since plagiarism is a disciplinary offence that breaches the university’s Student Code, the case
may be referred to the Registrar, who may in turn refer it to the Disciplinary Committee (see Student
Handbook). Potential penalties include fines, suspension and expulsion. Please note that the grade of G
given for plagiarized work is an examination issue that does not depend on whether the Disciplinary
Committee goes on to find the student guilty of a disciplinary offence.

5. Is an essay that is only partly plagiarized more acceptable than one that is wholly plagiarized?
No. The policy of the School is to award a very low grade, normally G, to work containing any
significant amount of plagiarism. The amount of plagiarized material is irrelevant.

6. How many words can come from another source before I need to enclose them in quotation marks?
There is no hard-and-fast rule but as a rule of thumb you should not use a phrase containing more than
three significant words (i.e. not counting ‘the’, ‘and’ etc.) without quotation marks.

7. What if my essay contains some words or ideas that happen to come from a source but I don’t
remember that they do or I forget to reference them?
The School does not operate a mechanical rule but judges each case on its merits. Minor cases of
material that has clearly been inadvertently unacknowledged may be returned for proper citation but are
not otherwise penalised.

8. Is it plagiarism to present the work of another person as my own in an examination?
Yes. An exam answer that is clearly a copy (either word-for-word or in its substance) of other published
or unpublished material, including other students’ essays, counts as plagiarism and is marked
accordingly, because it shows the same lack of academic knowledge and understanding as a plagiarized
essay.

9. Is it plagiarism to cooperate with other students in essay-writing and revision?
No. Cooperation with another student is like reading a book or going to a lecture: it can help you to
improve your understanding of the subject. What is wrong is presenting the work of others – authors,
lecturers or fellow students – as if it were your own.

10. Will I have to provide an electronic copy of my essay or project when I submit it?
Please follow the instructions of individual lecturers and tutors on submission of work. You may be
required to provide an electronic copy of your work at a later time.

11. How can I avoid plagiarism?
The best way to avoid plagiarism is to establish a good understanding of the topic you are writing about



so that you can express this understanding in your own words. If you are having trouble, ask for help
from fellow students, tutors and lecturers. Once you feel you have a good enough grasp to write
something, be sure to use quotation marks when necessary, to cite your sources as you write and to
include them all in your bibliography. If in doubt, ask for advice. If you are really desperate, remember
this: even a bad essay written in your own words is unlikely to get G, while plagiarism is not only
dishonest but will be marked at G and will make you liable for disciplinary action.

Plagiarism: An Example

Original text:

From James Fitzjames Stephen to the present day, Mill’s critics have insisted that a sphere of
self-regarding actions that affect only (or even primarily) the agent himself either does not exist,
or is small and trivial.

First example of plagiarism (unacknowledged quotation):

One of the most common criticisms of Mill is that the sphere of self-regarding actions that affect
only (or even primarily) the agent himself either does not exist, or is too small to matter.

Not plagiarism (source quoted and acknowledged):

One of the most common criticisms of Mill is that the ‘sphere of self-regarding actions that
affect only (or even primarily) the agent himself either does not exist, or is too small and trivial’
(Gray 1991: xvii).

Second example of plagiarism (unacknowledged source of ideas):

One of the most common criticisms of Mill is that either there are no self-regarding actions, i.e.
actions that affect only or primarily the agent himself, or there are too few to matter.

Not plagiarism (source cited):

One of the most common criticisms of Mill is that either there are no self-regarding actions, i.e.
actions that affect only or primarily the agent himself, or there are too few to matter (Gray 1991:
xvii).

entry in bibliography:

Gray, John (1991) ‘Introduction’, in J. S. Mill, On Liberty and Other Essays ed. John Gray
(Oxford: Oxford University Press), pp. vii-xxx.
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1. Purpose 
Integrity is an essential value of the University as it underpins all academic activities. To maximise students’ 
learning experience, it is important that they understand the importance of honesty and ethics in scholarship. 
Working independently, expressing original ideas, and appropriately acknowledging the ideas of others are 
important skills that will benefit students beyond their time at UCD.  

The purpose of this policy, and associated documents, is to set out University College Dublin’s arrangements and 
supports for enabling students to understand and value academic integrity and to avoid plagiarism; and to provide 
a framework for effective, fair, consistent and timely processes in the event of an allegation of plagiarism being 
made against a student.   

The policy includes: the procedures for investigating an allegation of plagiarism against a student at School and 
University level, the range of penalties that may be applied at School and University level if an allegation is upheld, 
the appeal process available to students if an allegation is upheld, and the supports available to students 
throughout the process. 

2. Definition  
Academic integrity is one of the core values of the UCD Education Strategy and includes adherence to the highest 
ethical and academic standards. Students, researchers and staff achieve academic integrity through sound 
academic writing, avoiding plagiarism, and use of appropriate referencing and citation.  

Plagiarism is the inclusion, in any form of assessment, of material without due acknowledgement of its original 
source. Plagiarism is a form of academic dishonesty and may include, but is not limited to, the following:  

● Presenting in your own name, work authored by a third party, such as other students, friends or family (with 
or without permission), or work purchased through any source or given to you by a third party1, including 
organisations such as essay mills.  The original source may be in written form or in any other media (for 
example, audio or video);  

● Presenting ideas, theories, concepts, methodologies or data from the work of another without due 
acknowledgement; 

● Presenting text, digital work (e.g., computer code or programs), music, video recordings or images copied 
with only minor changes from sources such as the internet, books, journals or any other media, without due 
acknowledgement; 

● Paraphrasing (i.e., putting a passage or idea from another source into your own words), without due 
acknowledgement of the source; 

● Failing to include appropriate citation of all original sources;  

 
1 As stipulated under Section 43A of the Amendment Act 2019 to the Qualifications and Quality Assurance (Education and 
Training) Act 2012 purchasing work from any such source is purchasing work from an illegal organisation. 
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● Representing collaborative work as solely your own, including colluding with or copying from others during 
examinations; 

● Presenting work for an assignment which has also been submitted (in part or whole) for another assignment 
at UCD or another institution (i.e., self-plagiarism). 

Plagiarism can be either intentional or unintentional. In both instances it is a serious academic offence and may 
be subject to Student Discipline Procedure. 

3. Scope 

This policy and any associated procedures apply to all work submitted for assessment by all students registered 
to University College Dublin, on all taught and research programmes.2  

4. Principles  

The University upholds the principle of academic integrity and expects students to ensure that the intellectual 
efforts of others are acknowledged correctly in any material submitted for assessment.   

The University is committed to ensuring that students have access to excellent academic advice, including advice 
on referencing and citation and on avoiding plagiarism.  

This policy should be interpreted in a manner that:  

a) Promotes equal opportunities for all students to develop a commitment to personal responsibility and 
academic integrity in assessment; 

b) Treats students fairly and consistently in a transparent manner; 
c) Applies penalties that are fair and proportionate; and  
d) Respects the dignity of all persons involved.  

 

5. Roles and responsibilities 

5.1 Roles 

5.1.1 The University sets standards of academic integrity for students and puts in place arrangements to:  

a) Enable students to understand and observe academic integrity and avoid plagiarism; 
b) Provide arrangements to inform and educate students about the policy for unacceptable practices in 

academic writing and assessment; and 
c) Use electronic and other detection mechanisms, such as text-matching software, to identify instances of 

potential plagiarism.  Any work submitted for assessment may be subject to electronic or other detection 
procedures. 

5.1.2 UCD Library provides education about, and promotes University policy on, academic integrity and has a 
repository of resources on plagiarism and how to avoid it (https://libguides.ucd.ie/academicintegrity).  

 
2 In relation to research it is expected that allegations relating to minor research assignments undertaken by students on 
taught programmes will generally be handled in the first instance under this policy and/or the UCD Student Code of 
Conduct. However, on either taught or research programmes, when allegations of plagiarism are made in respect of 
research that appears in the published literature, is externally funded or is otherwise of a significance that merits handling 
through the UCD Procedure for the Investigation of Misconduct in Research, that latter procedure will be invoked. The 
Registrar or their nominee, following consultation with the Vice President for Research Innovation and Impact will decide 
which policy will take precedence in individual cases. 
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5.1.3 Schools3 arrange for students to receive advice and guidance on correct citation and referencing, on 
avoiding plagiarism, and on the potential consequences of plagiarism. Investigation of suspected cases of 
plagiarism is initiated by the School. 

5.1.4 In some Programmes or Colleges, a number of Schools may group together to form a joint School 
Plagiarism Committee, with the following arrangements:  

a) Proposals to establish joint School Plagiarism Committees must be notified to ACCSCC.  

b) The Head of School retains the responsibilities for Head of School under this policy.  

c) Hereafter in this policy the term School Plagiarism Committee may be taken to mean a single or 
joint School Plagiarism Committee.   

d) Each School's Plagiarism Protocol should specify whether the School has a single School Plagiarism 
Committee or is part of a joint School Plagiarism Committee.   

e) Committee membership numbers and all other arrangements in this policy apply equally to single and 
joint Student Plagiarism Committees.  Joint committees may be drawn from a panel of the appointees 
from each constituent School. 

5.1.5 Student Advisers and Student Union representatives provide support and advice to students against whom 
allegations of plagiarism are raised. 

5.2 Responsibilities 

5.2.1 Head of Schools’ responsibilities include:  

a) Development and periodic review of a School Plagiarism Protocol (suggested headings in Appendix 1); 

b) Establishing a School Plagiarism Committee or joining the School in a joint School Plagiarism 
Committee4,  

c) The School Plagiarism Committee will consist of three voting members (a Chair and a maximum of two 
additional members of academic staff) for the purposes of reviewing suspected instances of plagiarism 
within the School(s) and deciding whether the matter may be resolved at School Plagiarism Committee 
level or whether a referral to the University Discipline Procedure is required; 

d) Ensuring that appropriate and timely student advisory arrangements are in place to promote academic 
integrity in the subject area(s) and to educate students about avoiding plagiarism; 

e) Ensuring that records of all instances of plagiarism and outcomes of investigations are kept; 

f) Periodically evaluating its arrangements for dealing with plagiarism to ensure consistency in case 
management, and that where any recurrent patterns of plagiarism emerge, either in the case of individual 
students, or groups of students, the overall approach is appropriate and capable of ensuring that any 
further recurrences are addressed. 

Operational responsibility for c) - e) may be vested in a nominated individual (hereafter referred to as the 
School Plagiarism Adviser).  

5.2.2 School Plagiarism Advisers’ responsibilities (if nominated) include: 

a) Carrying out duties delegated by the Head of School; 

b) Being aware of the types, nature and outcomes of allegations of plagiarism that arise in the School; 

c) Advising academic staff who wish to consult on suspected or ongoing allegations of plagiarism. 

 
3 All references to Schools should be taken to include non-School Teaching Units that offer modules. 
4 School Plagiarism Committee may hereafter be taken to refer to a single or joint School Plagiarism Committee.  
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5.2.3 Module Coordinators’ responsibilities include: 

a) Ensuring that their students are briefed on avoiding plagiarism and providing them with information about 
expectations for citation methods for all assessed work in their module, prior to the students submitting 
assessments or taking examinations; 

b) Guided by this policy and the School Plagiarism Protocol, Module Coordinators will exercise their 
judgement when deciding whether incidents will be dealt with directly or referred to the School Plagiarism 
Committee for consideration, and may consult with the School Plagiarism Adviser, where one has been 
appointed. 

When deciding on whether cases should be referred to the School Plagiarism Committee, Module 
Coordinators may wish to consider the following: 

• the characteristics of categories of plagiarism outlined in section 6 
• the relative experience / stage of the student 
• any additional school guidance that may have been developed 

c) Initiating plagiarism procedures in suspected cases of plagiarism; 

d) Preparing a short report outlining the grounds of suspicion, a copy of the piece of work and supporting 
evidence; 

e) Follow the school’s plagiarism protocol with regard to communicating with the student about the alleged 
plagiarism, this may include: 

• informing the student that their assignment or examination script is under scrutiny as an alleged 
instance of plagiarism; 

• advising students who they refer to the School Plagiarism Committee of the supports available to 
them, such as those provided by Student Advisers or the Students’ Union. 

5.2.4 School Plagiarism Committees’ responsibilities include: 

a) Examining allegations of plagiarism in submitted work referred by Module Coordinators; 

b) Evaluating the case and deciding whether plagiarism has taken place; 

c) Deciding whether a case should be addressed by the School Plagiarism Committee or referred without 
decision to the Student Discipline Procedure;  

d) Providing an accompanying report where allegations are referred to the Student Discipline Procedure; 

e) Deciding on a penalty for cases where plagiarism is deemed to have taken place, guided by the UCD 
Plagiarism Tariff 5; 

f) Providing an accompanying report where allegations are referred to the Student Discipline Procedure 
without decision; 

g) Communicating the outcome of the School Plagiarism Committee meeting to the student and the Module 
Coordinator; 

h) Keeping a record of the type, circumstances and outcome (decision and penalty) of referred allegations 
of plagiarism. 

Where a Module Coordinator who refers a case to the School Plagiarism Committee is a committee member, they 
must be replaced by an alternate when the case that they referred is being considered. 

5.2.5 Examiners’ responsibilities include: 

a) Being aware of, and considering, the UCD Student Plagiarism Policy when reviewing assignments and 
examinations; 

 
5 A UCD Plagiarism Tariff, adapted from the AMBeR Tariff https://www.plagiarism.org/paper/plagiarism-reference-tariff has 
been developed and is associated with this policy. 
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b) Grading as normal and consulting the Module Coordinator in suspected cases of plagiarism, following 
grading. 

5.2.6 Student’s responsibilities include:  

a) Attending and/or taking part in any referencing / citation training and plagiarism-avoidance information 
sessions or workshops arranged by the School and/or the Library and UCD Writing Centre; 

b) Being responsible for the academic integrity of any assessment they submit, including producing original 
work in all assessment with appropriate citation and referencing of sources; 

c) Monitoring their UCD email for communications from Schools or the University; 
d) Engaging with and responding to Module Coordinators and the School Plagiarism Committee in a timely 

manner and within any timelines set out; 
e) Where meetings with the School Plagiarism Committee are held students may be accompanied by a 

support person of their choice, such as their Student Adviser or a Students’ Union Sabbatical Officer; 
f) Students are expected to speak for themselves at meetings, the role of any person accompanying 

students is to provide support.  
 

5.2.7 Academic Council Committee on Student Conduct and Capacity’s (ACCSCC) responsibilities include: 

a) Maintaining oversight of implementation, and periodic review, of this policy and its procedures; 
b) Receiving notifications from new joint School Plagiarism Committees of their constituent Schools, and 

of any subsequent changes in membership; 
c) Keeping a record of joint School Plagiarism Committees and their constituent Schools. 

 
6. Categories of Plagiarism 

The characteristics that distinguish cases are likely to be:  

a) Cases that are deemed to be minor infringements and evidence of poor academic practice are likely to 
be characterised as follows: 

• Apparent unintended misuse of source materials. 
• Inadequate citation such as poor referencing, inappropriate paraphrasing, demonstrates student’s 

need for further guidance on referencing and citation.  
• Over-reliance on sources without sufficient input of the student’s own work. 
• The suspected plagiarism represents only a small proportion of the work and/or an element in a piece 

of work which makes a small contribution to the grade for the assessment component. 
 

Minor instances and poor academic practice are likely to be addressed directly by Module Coordinators 
without referral through the actions set out under section 7.1 but may be addressed by the School 
Plagiarism Committee in some cases depending on the circumstances of the alleged breach.  

b) Cases that are referred to the School Plagiarism Committee are likely to include instances where larger 
proportions of suspected plagiarism are evident, the component assessment under scrutiny is worth a 
significant proportion of the module, or where a Module Coordinator notes repeated minor instances. The 
highest possible grade penalty available to the School Plagiarism Committee is a reduction in the grade 
of the relevant assessment component to no grade (NM). See section 7.3.5. 

c) Cases that are considered sufficiently serious by the School are referred without decision to the UCD 
Student Discipline Procedure (e.g. second offence or significant plagiarism in major assessments). 

 
7. School Plagiarism Investigation Procedure 

7.1 Initial investigation and procedure  
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Where an examiner, who is not the Module Coordinator, detects a suspected instance of plagiarism in a student’s 
assessment, they should grade the assessment as normal and then consult with the Module Coordinator.  

Taking account of the specific context and nature of the case, any or all of the following courses of action may be 
followed by the Module Coordinator as soon as possible: 

a) Discussion directly with the student about the issue that has arisen with their assessment; 
b) Consultation with the School Plagiarism Adviser (if nominated);  
c) Provide, or arrange that the student receive one-to-one advice about academic integrity and avoiding 

plagiarism and / or refer the student to the UCD Library and / or the University Writing Centre for advice 
and guidance on good writing practices and how to avoid plagiarism. Instances of poor academic practice 
and minor infringements may be reflected in the  grade awarded by Module Coordinators using the 
Component Grade Scale; 

d) Refer the case to the School Plagiarism Committee as an alleged case of plagiarism. The Module 
Coordinator should submit a short report outlining the grounds of suspicion, a copy of the piece of work 
and any supporting evidence to the School Plagiarism Committee. Where it is decided to refer the case 
to the School Plagiarism Committee, Module Coordinators may advise the student that their assessment 
has been referred to the School Plagiarism Committee and that the Committee will contact them in relation 
to the matter and note the supports available, such as their Student Adviser or an SU Sabbatical Officer. 
A Module Coordinator may refer a case to the School Plagiarism Committee without following actions a-
c.   

7.2 Referral to the School Plagiarism Committee 

Where an allegation is referred by a Module Coordinator, the School Plagiarism Committee will: 

a) Inform the student, through their UCD email address, that: 

i. their assessment is under scrutiny as an alleged instance of plagiarism; the Module Coordinator’s report 
should be included in the correspondence; 

ii. they are invited to respond to the allegation in accordance with the School’s Plagiarism Protocol;   

iii. in the absence of any response the committee may, within any timeframes established, proceed to 
consider the case. 

b) The student must be advised about sources of support such as those provided by Student Advisers and 
by the Students’ Union. 

7.3 School Plagiarism Committee 
 
7.3.1 In cases where a student has been referred previously to a School Plagiarism Committee and found to be 
in breach of the terms of the University’s Student Plagiarism Policy, the committee will make a judgement as to 
whether the recurrence can be handled as an academic matter at School level or whether it merits being handled 
as a disciplinary matter.  

7.3.2 The Assessment and Module Coordinator’s Report will be reviewed by the committee and one of the 
following decisions will be taken: 

• If the extent of plagiarism warrants it, the case may be referred directly to the Student Discipline Procedure.  
• If the matter could have been appropriately dealt with as a minor infringement or poor academic practice 

the case may be referred back to the Module Coordinator for resolution.  
• Plagiarism proceedings will be initiated and the student will be invited to meet the School Plagiarism 

Committee to discuss the alleged plagiarism case and to assist decision-making. Reasonable efforts should 
be made to accommodate students’ requests to change the meeting time/date. However, if the student 
does not respond to the meeting notification, or cannot or does not attend the meeting, the committee will 
proceed in their absence. 
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7.3.3 Where offered by the student, mitigating circumstances may be taken account of, following the 
committee’s decision on whether plagiarism has occurred. Where a student indicates the presence of issues 
that fall under the scope of the Extenuating Circumstances Policy the committee may advise the student to 
make an application using the Extenuating Circumstances procedure if they have not already made such an 
application. 

7.3.4 In cases where it is determined that plagiarism has taken place, the penalty will be guided by a University-
approved tariff 6. 

7.3.5 The School Plagiarism Committee may decide any of the following:  

a) That plagiarism has not occurred; the assessment component grade will stand. No record is kept on the 
Plagiarism Record System. 

b) That plagiarism has occurred. In all cases the student will receive a verbal or written warning, be directed 
on where and how to receive advice about academic integrity (good writing, citation and referencing 
practices and avoiding plagiarism) and the case will be recorded in the Plagiarism Record System.  In 
addition, the committee may: 

i. Permit the student to re-submit the assessment component, incurring a late submission grade 
penalty7; 

ii. Permit the student to re-submit the assessment component and direct that the grade be further 
capped or reduced8; 

iii. Direct that the grade for the assessment component be further capped or reduced without an 
opportunity to resubmit the assessment. 

If a penalty results in a change to a grade that has already been approved by a Programme Examination 
Board, the Chair of the School Plagiarism Committee should request that the Module Coordinator 
submits an exceptional change of grade request to the Chair of Academic Council Committee on 
Examinations.   

c) Refer the alleged instance, without any decision, for resolution under the University Student Discipline 
Procedure. In some contexts, a first instance may require direct referral (e.g., plagiarism in single-
assessment modules, second or subsequent offence, or for significant plagiarism in heavily weighted 
assessments). 

d) The School Plagiarism Committee will notify the student (copying the Module Coordinator) of the 
decision or referral, through their UCD email address, and of their right to appeal decisions (section 8).  

7.3.6 In all cases of referral to the University Student Discipline Procedure, the School Plagiarism Committee 
should: 

a) Prepare and send a short report outlining the grounds of suspicion, reason for referral, a copy of the 
assessment component and any supporting evidence, copying the Module Coordinator; 

b) Inform the student, through their UCD email address, that their assessment has been referred for 
scrutiny as an alleged instance of plagiarism under the University Discipline Procedure; and  

c) Advise the student of the supports available to them. Where meetings are held students may choose 
to be accompanied by a support person of their choice, such as a Student Adviser, or a Students’ 
Union Sabbatical Officer.  

 
6 A UCD plagiarism tariff, adapted from the AMBeR Tariff https://www.plagiarism.org/paper/plagiarism-reference-tariff has 
been developed and is associated with this policy. 7 UCD Late Submission of Coursework Policy (the late submission 
penalty applies to all penalties that permit re-submission so that the student is not advantaged by re-submitting after the 
deadline). 
7 UCD Late Submission of Coursework Policy (the late submission penalty applies to all penalties that permit re-submission 
so that the student is not advantaged by re-submitting after the deadline). 
8 School Plagiarism Committees cannot apply grade reductions or cap resubmitted work that is graded using pass/fail, this 
includes where plagiarism occurs in a resit.  
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7.3.7 The School Plagiarism Committee will record incidents of plagiarism on the Plagiarism Record System.   

a)  The Plagiarism Record System is a central university system for Schools to record incidents of 
plagiarism found by the School Plagiarism Committee. A member of staff, nominated by the Head of 
School will maintain the record.   

b)  Access to the system will be limited to faculty and staff with responsibility for applying the policy, 
administering the student discipline procedure, and maintaining the system. This will include the Chair 
of a School Plagiarism Committee and the member of School staff nominated for the purpose of 
implementing the policy, i.e. identifying previous breaches of the plagiarism policy by students, and 
entering outcomes decided by a School Plagiarism Committee.  

c)  Personal data collected and processed under the Student Plagiarism Policy will include: student name 
and ID number, relevant module code, plagiarism category, assessment type and the decision of the 
School Plagiarism Committee. Personal data will not be included in any university reports on 
plagiarism.  

8. Appeals to School Plagiarism Committee outcomes 

8.1 An appeal to decisions of the committee may be made to the University’s Student Appeals Committee within 
10 working days from the date of issue of the decision of the School Plagiarism Committee.  Details of the appeal 
procedure can be found in the Student Appeals Procedure.  
 
8.2 Appeals may be made on the following grounds: 
● New evidence: information directly relevant to the decision, which for good reason was not available to the 

School Plagiarism Committee. 
● Procedural irregularity: there is evidence that the procedures relating to a decision were not followed 

properly, which may have impacted on the School Plagiarism Committee’s decision. 
● Disproportionate outcome; the outcome applied was disproportionately severe with regard to the 

circumstances of the case. 
 
8.3 Decisions of the Student Appeals Committee. The Committee may: 
● Uphold the Appeal. 
● Reject the Appeal. 

 
8.4 On upholding an appeal a Student Appeals Committee may require the appellant to meet specified 
conditions and in considering an appeal against a penalty the Student Appeals Committee may decrease or 
increase the penalty or change the nature of the penalty. 
 
8.5 The outcome of an appeal will be communicated to the relevant School for implementation.   

 
9. University Student Discipline Procedure 

9.1 The University Discipline Procedure under the Student Code of Conduct will be followed. 

9.2 Where an allegation of plagiarism referred to the Student Discipline Procedure has been proven: 
 

a) Any of the penalties available under the Student Code of Conduct may be applied, this includes, but is 
not limited to, reduction of a component assessment or module grade up to and including the award of 
NM (No Grade) for the module or deprivation of any academic award, scholarship or prize, at a Student 
Disciplinary hearing;  

b) The outcome of the case will be communicated to the School and recorded by the 
Student Engagement, Conduct, Complaints and Appeals on the Plagiarism Record System. 

10. Related documents 
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• Student Code of Conduct and Student Discipline Procedure 
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Appendices 

Appendix 1: Recommended headings for a School’s Plagiarism Protocol 

● School name;  
● School Plagiarism Adviser (if appointed);  
● Chair and member(s) of the School Plagiarism Committee (noting whether it is a single or joint School 

Plagiarism Committee). Schools may not necessarily be represented on the joint Committee if its 
constituent Schools number more than three Schools;  

● A list of the referencing / citation system(s) in use in the School, indicating associated programmes, 
modules or disciplines as appropriate.  

● School Procedure: any other information that clarifies how the School will apply the UCD Student 
Plagiarism Policy for staff and students, (e.g. who notifies students that they have been called to meet 
the School Plagiarism Committee: the Module Coordinator or the committee). 
 
 

Appendix 2: Recommended information to be included in plagiarism referral documents,  

a) within School and b) School Plagiarism Committee to the Student Discipline Procedure 

● School name 
● Student name 
● Student number 
● Programme 
● Year of study 
● Module(s) 
● Information on assessment component including weighting 
● Note on grounds of suspicion for plagiarism 
● Supporting documentation should include:  

o A copy of the relevant assessment(s) as submitted by the student 
o A copy of any evidence of plagiarism (e.g. original sources or software detection evidence) 

● First or subsequent incident (if known) 
● Presence of any mitigating or extenuating circumstances (Yes/No information only in the referral 

documentation – detail should be revealed to relevant personnel only). 

 

Appendix 3: Draft template email to student in suspected cases of plagiarism 

Dear [insert name] 

Your assessment [insert detail] in module [insert module code] has been referred to the [insert name] School 
Plagiarism Committee as a suspected instance of plagiarism.   

You are invited to meet the School Plagiarism Committee on [insert date] at [insert time] in [insert location].  You 
may, if you wish, bring a support person to the meeting with you (e.g. Student Adviser or Students’ Union 
Sabbatical Officer). 

If you cannot attend at the above time, please notify us by return email, and we will try to accommodate a 
change of date, however, if you do not respond to this invitation or do not attend the meeting, it may proceed in 
your absence, and you will be informed of the outcome in due course.  

I attach a copy of the UCD Student Plagiarism Policy for your information. 

Yours 

[Insert name] [Insert position]  
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Appendix 4: Guide to using the AMBeR Plagiarism Tariff   

Guide to using the AMBeR Plagiarism Tariff 

Context 

In order to address the challenges of transparency and consistency in the penalties imposed for student 
plagiarism in the UK, the AMBeR Plagiarism Reference Tariff was designed as a guide to the application of 
penalties that may be imposed for student plagiarism in Higher Education.  It is widely used in the United 
Kingdom and to a lesser extent in Ireland.   

The tariff is available at https://tinyurl.com/w9qnkb5 and a report on its development is available at 
https://www.plagiarism.org/paper/plagiarism-reference-tariff.  

The tariff is not designed to be used to assist in determining whether a student has plagiarised. The purpose of 
the tariff is to determine an appropriate penalty, once plagiarism has been established. 

UCD 

With the introduction of the revised Student Plagiarism Policy in UCD in 2020, it is proposed to use the AMBeR 
Plagiarism Tariff as a basis for a UCD Tariff to guide relevant staff, e.g., Student Plagiarism Committees, 
Student Disciplinary Committees, in making plagiarism penalty decisions. 

While the tariff is primarily designed to be used for deciding penalties in cases of plagiarism identified in 
assessments that are graded, an additional tariff table has been included in the proposed UCD Plagiarism Tariff 
to take account of a) research degree theses, b) PhD Stage Transfer Assessments, or c) final PhD dissertation 
submission or d) pass/fail assessments, because they do not receive a graded outcome.   

Notes 

The tariff is a guide for penalties and only takes account of aspects directly associated with plagiarism. Some of 
its weaknesses that have been highlighted in https://www.plagiarismtoday.com/2012/08/06/looking-at-the-
AMBeR-benchmark-plagiarism-tariff/ are shown below. 

1. Collusion: The tariff is not designed to deal with collusion, cases of students working inappropriately 
together on the same assignment.  

2. Extenuating Circumstances: The tariff does not take account of extenuating circumstances. 
3. Long-Term Impact: The tariff does not weigh the long-term impact of any punishment on a student’s 

career, which may be relevant in some professions, depending on the extent of plagiarism. 
4. Different Types of Plagiarism: The tariff is built for verbatim plagiarism but may not adequately address 

other types, such as source plagiarism, plagiarism of ideas, etc. 
5. Some Room for Judgment: Though the tariff works to remove most of the human error out of the process 

and succeeds, there’s still some discussion to be had about what the value of the assignment is and 
whether there was an attempt to hide the plagiarism. In short, two people can use the same tariff and come 
up with different scores.  

 
Development of a UCD Plagiarism Tariff based on the AMBeR model 
 

● The AMBeR Plagiarism Tariff scoring system is shown on page 2; scoring does not take place until after 
a decision has been made that plagiarism has taken place. 

● The AMBeR Plagiarism Tariff penalty system is shown on page 3. 
● The proposed UCD Plagiarism penalty system, adapted from the AMBeR tariff is shown on page 4. 

Penalties noted at the Discipline level are taken from the Student Code of Conduct. 
 

The original tariff document and associated research report can be found at 
https://www.plagiarism.org/paper/plagiarism-reference-tariff 
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Tariff amended for UCD use (UCD Plagiarism Tariff)  

Level Points Work submitted for gradable assessment 
 

All n/a In all cases where it is determined that plagiarism has taken place a formal verbal or 
written warning is given, and a record is made contributing to the student’s previous 
history on the UCD Plagiarism Record System. In addition, the committee may apply any 
of the following penalties as appropriate: 

School 280-329 Assessment component provisionally awarded NM - resubmission permitted, with a late 
submission grade penalty* 

School 330-379 Assessment component provisionally awarded NM - resubmission permitted, with a late 
submission grade penalty*, or 
Assessment component provisionally awarded NM – resubmission permitted but grade 
for the resubmitted assessment further capped or reduced 

School 380-479 Assessment component provisionally awarded NM – resubmission permitted but grade 
for the resubmitted assessment further capped or reduced, or 
Assessment component provisionally awarded NM – no opportunity to resubmit 

Discipline* 480-524 Assessment component provisionally awarded NM – no opportunity to resubmit, or 
Module provisionally awarded NM – module remediation required, but grade capped or 
reduced, or 
Module awarded NM – no opportunity to remediate, or 
Written reprimand, or 
Fine not exceeding €1,000. 

Discipline* 525+ Module provisionally awarded NM – module remediation permitted, but grade capped 
or reduced, or 
Module awarded NM – no opportunity to remediate module  
Written reprimand 
Fine not exceeding €1,000 
Exclusion from sittings of examinations for a specified period 
Deprivation of any academic award  
Suspension from the University for a stated period  
Expulsion from the University  

 
Level Points Work submitted for Pass/Resubmit/Fail assessments, including Stage Transfer 

Assessments and Research Degree Dissertations 
All n/a In all cases where it is determined that plagiarism has taken place a formal verbal or 

written warning is given, and a record is made contributing to the student’s previous 
history on the UCD Plagiarism Record System. In addition, the committee may apply any 
of the following penalties as appropriate: 

School 280-479 Revise, repeat or resubmission of the assessment permitted 
Discipline* 479+ An appropriate penalty is taken from within the Discipline range of penalties 

* Student Disciplinary Committees may decide to impose any of the penalties available to them under 
the Student Discipline Procedure separately or in combination as appropriate to the nature of the 
breach of the Student Code of Conduct.   
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Version history 

Version Approval Date Summary of Changes Approved By 

1 13 October 2005 First Version 
 

Academic Council 

2 19 March 2020 Draft updated (i) following development 
of a UCD definition of plagiarism, (ii) to 
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and across Schools, iv) to link to a 
University Plagiarism Tariff, and (v) to 
reflect establishment of a new Student 
Appeals Procedure. 

 

Academic Council 
Executive Committee 

3 18 May 2020 Draft updated to include reference to 
Section 43A of the Qualifications and 
Quality Assurance Act (Education and 
Training) (Amendment) Act 2019. 
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Executive Committee 

4 25 June 2020 Inclusion of additional text relating the 
Plagiarism Record System. 

 

Academic Council 
Executive Committee 

6  3 June 2021  
 

Policy updates proposed by ACCSCC 
following one year of operation of the 
revised policy. Revisions are based on 
feedback from policy users and are 
intended to provide additional 
procedural detail and guidance for 
policy users. Revisions have been made 
to the following sections: 2.6 (Student’s 
responsibility), 5.2.3 and 6 (Categories 
of Plagiarism), 7.1d (School Plagiarism 
Investigating Procedure), 7.2 (Referral 
to School Plagiarism Committee), 
7.3,7.3.5 (School Plagiarism 
Committee) and 8.4 (Appeals to School 
Plagiarism Committee outcomes).  

 

Academic Council 
Executive Committee 
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UCD College of Engineering & Architecture 
 

PLAGIARISM PROTOCOL 
 

 
1. BACKGROUND 
Academic integrity is an underpinning tenet of the UCD Student Code (2016/17), by which all UCD 
students are bound. One of the key principles of academic integrity is full and appropriate 
acknowledgement of the contribution of others in any work.  Plagiarism, which involves the explicit or 
implicit presentation of the work of others as the original work of the author, is a violation of academic 
integrity and a breach of the UCD Student Code. The University Plagiarism Policy (2005) defines 
plagiarism (including self-plagiarism) and specifies procedures for addressing acts of plagiarism. The 
Policy also specifies the associated responsibilities of individual Schools/academic units. The College 
of Engineering & Architecture Plagiarism Protocol, which applies to all academic 
units/programmes/Schools within the College, is founded on the principles of the University 
Plagiarism Policy. Implementation of this Protocol is with respect to modules delivered by constituent 
schools in the College of Engineering and Architecture and applies to students, regardless of 
programme/major, enrolled in these modules and submitting work for assessment.  
 
In its approach to plagiarism, the College of Engineering & Architecture is committed to educating 
students on relevant matters and encouraging students to learn from cases where penalties are 
applied. Therefore, both procedures regarding student briefing and sanctions imposed in cases of 
plagiarism should be appropriate to achieving these goals. 
 
2. STAKEHOLDER RESPONSIBILITIES 
2.1 Responsibilities of the College of Engineering & Architecture, through the constituent 

Programme Boards 
1. To ensure that mechanisms are in place to formally inform all students enrolled in College-

based programmes, during the first semester of their studies, of the UCD Plagiarism Policy 
and to provide access to associated learning resources. Where appropriate, relevant activities 
should be embedded within one or more core modules. 

 
2.2 Responsibilities of Academic Staff 

1. Academic staff should be familiar with the University Plagiarism Policy 
2. Academic staff should be familiar with the School/College Plagiarism Protocol 
3. Academic staff should bring these Plagiarism Policies to the attention of students and 

relevant support staff (e.g. Teaching Assistants, Tutors) in any module where an assessment 
is set. Links to relevant policies/learning resources should be provided on module BlackBoard 
sites. 

4. Where Teaching Assistants/Tutors are grading students’ work, they should be informed of 
their responsibility to report suspected cases of plagiarism to the Module Coordinator. 
Teaching Assistants/Tutors should also be directed not to impose sanctions (e.g. grade 
component reductions) directly in such cases. 

5. Module Coordinators should make students aware of specific issues relating to individual 
modules, where such issues exist. 

6. Staff should make students aware that any cases of suspected plagiarism will be addressed 
as outlined in this protocol. 

7. Module Coordinators must ensure that non-Programme students enrolled in their modules 
are advised of the College Plagiarism Protocol. 
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2.3 Responsibilities of Students enrolled in Engineering and/or Architecture Modules 

1. Students should be familiar with the University Plagiarism Policy. 
2. Students should be familiar with the College Plagiarism Protocol. 
3. Any work submitted by students should be accompanied by a completed and signed 

Plagiarism Declaration (Appendix 1).  
4. Students should be aware of specific issues, as identified by the Module Coordinator for 

particular modules, where such issues exist. 
5. Students should be aware that any case of suspected plagiarism will be addressed as outlined 

below. 
 
3. PLAGIARISM STRUCTURES & PROCEDURES 
3.1 School Plagiarism Committee 
 Each School within the College must have a Plagiarism Committee, consisting of the School Head 

of Teaching & Learning and at least two other academic staff members. The role of the School 
Plagiarism Committee is: 

 

1. To advise the School on matters relating to plagiarism. 
2. To examine reported claims of plagiarism in submitted work associated with School modules 

and to maintain a record of such cases; a record in respect of any student should be 
maintained only until that student graduates/exits from the relevant programme. 

3. To impose sanctions where deemed appropriate. 
 

3.2 The role of the College Teaching & Learning Committee 
School Heads of Teaching & Learning will report on matters related to plagiarism within their 
Schools to the College Teaching & Learning Committee, as advised by the College VP for Teaching 
& Learning. In this regard, the purpose of the College Teaching & Learning Committee is: 
 

1. To work with Schools and with relevant UCD units (e.g. UCD Library, UCD Teaching & 
Learning) to develop College-wide resources related to the implementation of the College 
Plagiarism Protocol 

2. To advise on implementation of the College Protocol. 
3. To examine School plagiarism reports, submitted to the committee at least once per 

semester. 
4. To periodically review the College Plagiarism Protocol, in accordance with University 

guidelines and international best practice. 
 
3.3 Procedure for addressing cases of suspected plagiarism in Engineering and Architecture 

modules 
1. Any instance of suspected plagiarism, if detected by a person other than the Module 

Coordinator, must be brought to the attention of the Module Coordinator. 
2. If the suspected plagiarism is deemed to be of a minor nature (e.g. poor citation referencing, 

failure to acknowledge source of an illustration, or similar minor issue), the Module 
Coordinator will conduct a discussion with the student to resolve the issue and ensure it does 
not happen again. 

3. If the suspected plagiarism is deemed to be more serious (e.g. whole sections of the 
submission copied from another source, without appropriate acknowledgement), the 
Module Coordinator must refer the incident to the School Plagiarism Committee. 

4. For any case referred to the School Plagiarism Committee, the School Plagiarism record must 
be checked, for evidence of re-offence by the student(s) involved, within the School.  

5. Any case referred to the School Plagiarism Committee will, in consultation with the Module 
Coordinator, result in one of 4 possible outcomes: 

 



College Plagiarism Protocol – September 2017 3 

(a) Recommend that the Module Coordinator conduct a discussion with the student to 
resolve the issue and ensure it does not happen again 

(b) Direct that the student revise and resubmit the work, and direct that the grade for the 
work/module component be capped at D-. 

(c) Reduce the grade for the work/module component to NG. 
(d) Refer the case to the Registrar. 

 
NOTES: 
Note 1. In the case where identical, or substantially overlapping work is submitted by multiple 
students, the same sanctions may be imposed on all students involved. It is not the remit of 
the School Plagiarism Committee to determine authorship in such cases.  
 
Note 2. If plagiarism is confirmed by the School Plagiarism Committee, and if the case is not 
referred to the Registrar, only the grade component for the corresponding module 
component will be affected. It is not the remit of the Committee to reduce the grade for the 
entire module. 
 
Note 3. Where a case is referred to the Registrar (i.e. outcome (d)), the Penalties imposed by 
the Registrar can have serious consequences. The Registrar can direct that any of the following 
penalties be applied, whether in whole or in part:  

 

1. Resubmission, where the maximum grade awardable is D- or equivalent. 
2. Exclusion from the module. 
3. Exclusion from the programme. 

 
 
 
 

 
 
Appendices: 
1. College Plagiarism Declaration. 
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UCD College of Engineering & Architecture 
 

PLAGIARISM DECLARATION 
 

 

Programme  

Discipline  

Academic Year  

Module Code  

Module Title  

Assignment  

  

Tutor/Grader  

 
 
I certify that ALL of the following are true: 
 

1. I have read and fully understand the consequences of plagiarism as discussed in the College 
of Engineering & Architecture Plagiarism Protocol and the UCD Plagiarism Policy. These 
documents were available to me to properly consider. 

2. I fully understand the definition of plagiarism. 
3. I recognise that plagiarised work (in whole or in part) may be subject to penalties, as outlined 

in the College of Engineering & Architecture Plagiarism Protocol and the UCD Plagiarism Policy 
4. I have not previously submitted this work, or any version of it, for assessment in any other 

subject in this, or any other, institution. 
5. All of the information I have provided on this Declaration is, to the best of my knowledge, 

correct. 
6. I have not plagiarised any part of this work; it is original and my own. 

 
 
 

STUDENT NAME  STUDENT NO.  
 print/type   

SIGNED  DATE  

 
 

 



Electrical Energy Systems

EEEN20090

Timetable



2022/23  EEEN20090 Electrical Energy Systems
Printed on 15 December 2022

by Federico Milano

Module Weekly  Schedule
Week Starting Week

Number
Actual Date Day Start

Time
Length Offering CRN Type Seq

Numb
Grad
able

Availa
ble for
Selecti
on?

Max
Enrolment

Seats
Available

Seats
Gone

Room &
Capacity

23 Jan 2023 20 23 Jan 2023 Mon 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
20 24 Jan 2023 Tue 14:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
20 25 Jan 2023 Wed 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 Q043 (320)

30 Jan 2023 21 30 Jan 2023 Mon 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
21 31 Jan 2023 Tue 14:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
21 01 Feb 2023 Wed 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 Q043 (320)
21 01 Feb 2023 Wed 13:00 50mins 2 17304 TUT HQ2 N Y 90 15 75 E1.17-SCE (90)
21 02 Feb 2023 Thu 12:00 50mins 1 17303 TUT HQ1 N Y 90 2 88 E1.17-SCE (90)
21 03 Feb 2023 Fri 13:00 50mins 3 32376 TUT HQ3 N Y 30 3 27 321-ENG (76)

06 Feb 2023 22 07 Feb 2023 Tue 14:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
22 07 Feb 2023 Tue 15:00 170mins 6 17409 LAB RQ6 N Y 10 0 10 024-ENG (30)
22 08 Feb 2023 Wed 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 Q043 (320)
22 08 Feb 2023 Wed 15:00 170mins 16 31173 LAB RR7 N Y 10 2 8 024-ENG (30)
22 09 Feb 2023 Thu 15:00 170mins 1 17404 LAB RQ1 N Y 10 0 10 024-ENG (30)

13 Feb 2023 23 13 Feb 2023 Mon 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
23 13 Feb 2023 Mon 15:00 170mins 11 17414 LAB RR2 N Y 10 0 10 024-ENG (30)
23 14 Feb 2023 Tue 14:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
23 14 Feb 2023 Tue 15:00 170mins 7 17410 LAB RQ7 N Y 10 0 10 024-ENG (30)
23 15 Feb 2023 Wed 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 Q043 (320)
23 15 Feb 2023 Wed 13:00 50mins 2 17304 TUT HQ2 N Y 90 15 75 E1.17-SCE (90)
23 15 Feb 2023 Wed 15:00 170mins 17 31174 LAB RR8 N Y 10 1 9 024-ENG (30)
23 16 Feb 2023 Thu 12:00 50mins 1 17303 TUT HQ1 N Y 90 2 88 E1.17-SCE (90)
23 16 Feb 2023 Thu 15:00 170mins 2 17405 LAB RQ2 N Y 10 0 10 024-ENG (30)
23 17 Feb 2023 Fri 13:00 50mins 3 32376 TUT HQ3 N Y 30 3 27 321-ENG (76)
23 17 Feb 2023 Fri 15:00 170mins 15 17418 LAB RR6 N Y 10 0 10 024-ENG (30)

20 Feb 2023 24 20 Feb 2023 Mon 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
24 20 Feb 2023 Mon 15:00 170mins 12 17415 LAB RR3 N Y 10 0 10 024-ENG (30)
24 21 Feb 2023 Tue 14:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
24 21 Feb 2023 Tue 15:00 170mins 8 17411 LAB RQ8 N Y 10 0 10 024-ENG (30)
24 22 Feb 2023 Wed 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 Q043 (320)
24 22 Feb 2023 Wed 15:00 170mins 18 31175 LAB RR9 N Y 10 0 10 024-ENG (30)
24 23 Feb 2023 Thu 15:00 170mins 3 17406 LAB RQ3 N Y 10 1 9 024-ENG (30)

27 Feb 2023 25 27 Feb 2023 Mon 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
25 27 Feb 2023 Mon 15:00 170mins 14 17417 LAB RR5 N Y 10 0 10 024-ENG (30)
25 28 Feb 2023 Tue 14:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
25 28 Feb 2023 Tue 15:00 170mins 9 17412 LAB RQ9 N Y 10 0 10 024-ENG (30)
25 01 Mar 2023 Wed 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 Q043 (320)

Page 2 of 4



2022/23  EEEN20090 Electrical Energy Systems
Printed on 15 December 2022

by Federico Milano

Module Weekly  Schedule (continued)
Week Starting Week

Number
Actual Date Day Start

Time
Length Offering CRN Type Seq

Numb
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on?
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Enrolment
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Available

Seats
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Room &
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25 01 Mar 2023 Wed 13:00 50mins 2 17304 TUT HQ2 N Y 90 15 75 E1.17-SCE (90)
25 01 Mar 2023 Wed 15:00 170mins 20 31176 LAB RS1 N Y 10 0 10 024-ENG (30)
25 02 Mar 2023 Thu 12:00 50mins 1 17303 TUT HQ1 N Y 90 2 88 E1.17-SCE (90)
25 02 Mar 2023 Thu 15:00 170mins 4 17407 LAB RQ4 N Y 10 0 10 024-ENG (30)
25 03 Mar 2023 Fri 13:00 50mins 3 32376 TUT HQ3 N Y 30 3 27 321-ENG (76)

06 Mar 2023 26 06 Mar 2023 Mon 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
26 06 Mar 2023 Mon 15:00 170mins 13 17416 LAB RR4 N Y 10 0 10 024-ENG (30)
26 07 Mar 2023 Tue 14:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
26 07 Mar 2023 Tue 15:00 170mins 10 17413 LAB RR1 N Y 10 0 10 024-ENG (30)
26 08 Mar 2023 Wed 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 Q043 (320)
26 08 Mar 2023 Wed 15:00 170mins 21 31177 LAB RS2 N Y 10 5 5 024-ENG (30)
26 09 Mar 2023 Thu 15:00 170mins 5 17408 LAB RQ5 N Y 10 3 7 024-ENG (30)

27 Mar 2023 29 27 Mar 2023 Mon 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
29 27 Mar 2023 Mon 15:00 170mins 11 17414 LAB RR2 N Y 10 0 10 024-ENG (30)
29 28 Mar 2023 Tue 14:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
29 28 Mar 2023 Tue 15:00 170mins 9 17412 LAB RQ9 N Y 10 0 10 024-ENG (30)
29 29 Mar 2023 Wed 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 Q043 (320)
29 29 Mar 2023 Wed 13:00 50mins 2 17304 TUT HQ2 N Y 90 15 75 E1.17-SCE (90)
29 29 Mar 2023 Wed 15:00 170mins 20 31176 LAB RS1 N Y 10 0 10 024-ENG (30)
29 30 Mar 2023 Thu 12:00 50mins 1 17303 TUT HQ1 N Y 90 2 88 E1.17-SCE (90)
29 30 Mar 2023 Thu 15:00 170mins 4 17407 LAB RQ4 N Y 10 0 10 024-ENG (30)
29 31 Mar 2023 Fri 13:00 50mins 3 32376 TUT HQ3 N Y 30 3 27 321-ENG (76)
29 31 Mar 2023 Fri 15:00 170mins 15 17418 LAB RR6 N Y 10 0 10 024-ENG (30)

03 Apr 2023 30 03 Apr 2023 Mon 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
30 03 Apr 2023 Mon 15:00 170mins 12 17415 LAB RR3 N Y 10 0 10 024-ENG (30)
30 04 Apr 2023 Tue 14:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
30 04 Apr 2023 Tue 15:00 170mins 6 17409 LAB RQ6 N Y 10 0 10 024-ENG (30)
30 05 Apr 2023 Wed 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 Q043 (320)
30 05 Apr 2023 Wed 15:00 170mins 16 31173 LAB RR7 N Y 10 2 8 024-ENG (30)
30 06 Apr 2023 Thu 15:00 170mins 1 17404 LAB RQ1 N Y 10 0 10 024-ENG (30)

10 Apr 2023 31 11 Apr 2023 Tue 14:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
31 11 Apr 2023 Tue 15:00 170mins 7 17410 LAB RQ7 N Y 10 0 10 024-ENG (30)
31 12 Apr 2023 Wed 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 Q043 (320)
31 12 Apr 2023 Wed 13:00 50mins 2 17304 TUT HQ2 N Y 90 15 75 E1.17-SCE (90)
31 12 Apr 2023 Wed 15:00 170mins 17 31174 LAB RR8 N Y 10 1 9 024-ENG (30)
31 13 Apr 2023 Thu 12:00 50mins 1 17303 TUT HQ1 N Y 90 2 88 E1.17-SCE (90)
31 13 Apr 2023 Thu 15:00 170mins 2 17405 LAB RQ2 N Y 10 0 10 024-ENG (30)
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31 14 Apr 2023 Fri 13:00 50mins 3 32376 TUT HQ3 N Y 30 3 27 321-ENG (76)
17 Apr 2023 32 17 Apr 2023 Mon 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)

32 17 Apr 2023 Mon 15:00 170mins 13 17416 LAB RR4 N Y 10 0 10 024-ENG (30)
32 18 Apr 2023 Tue 14:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
32 18 Apr 2023 Tue 15:00 170mins 8 17411 LAB RQ8 N Y 10 0 10 024-ENG (30)
32 19 Apr 2023 Wed 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 Q043 (320)
32 19 Apr 2023 Wed 15:00 170mins 18 31175 LAB RR9 N Y 10 0 10 024-ENG (30)
32 20 Apr 2023 Thu 15:00 170mins 3 17406 LAB RQ3 N Y 10 1 9 024-ENG (30)

24 Apr 2023 33 24 Apr 2023 Mon 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
33 24 Apr 2023 Mon 15:00 170mins 14 17417 LAB RR5 N Y 10 0 10 024-ENG (30)
33 25 Apr 2023 Tue 14:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 VIL-Aud (255)
33 25 Apr 2023 Tue 15:00 170mins 10 17413 LAB RR1 N Y 10 0 10 024-ENG (30)
33 26 Apr 2023 Wed 10:00 50mins 1 11043 LEC VQ1 Y Y 230 13 217 Q043 (320)
33 26 Apr 2023 Wed 13:00 50mins 2 17304 TUT HQ2 N Y 90 15 75 E1.17-SCE (90)
33 26 Apr 2023 Wed 15:00 170mins 21 31177 LAB RS2 N Y 10 5 5 024-ENG (30)
33 27 Apr 2023 Thu 12:00 50mins 1 17303 TUT HQ1 N Y 90 2 88 E1.17-SCE (90)
33 27 Apr 2023 Thu 15:00 170mins 5 17408 LAB RQ5 N Y 10 3 7 024-ENG (30)
33 28 Apr 2023 Fri 13:00 50mins 3 32376 TUT HQ3 N Y 30 3 27 321-ENG (76)

Progammes and Majors
This module is part of the following Progammes and Majors.

Programme Programme Description Type  Code Major Description Stage Core/Option
BHENG001 Engineering Major NES1 Electronic Engineering or Elec Stage 2 Core
BHENG001 Engineering Major NMS1 Mechanical Engineering Stage 3 Core
BHENG004 Engineering Science Major NYS2 Energy Syst Engineering Stream Stage 4 Option
BHENG011 Engineering Major NMS4 Automotive Engineering Stage 3 Core
MTEMP006 Master of Engineering Major T164 ME Energy Systems Eng FT Stage 1 Option
MTEMP006 Master of Engineering Major T164 ME Energy Systems Eng FT Stage 2 Option

For help with the information on this report, please email systems.data@ucd.ie

Page 4 of 4


