Worked Problems on Energy Conversion

EEEN20090 — Electric Energy Systems

Problem 1

Figure 1 shows an electro-mechanical relay. The current in the coil is 30 mA.
The reluctance in the iron core and the fringing flux in the air gap are negligible.
Determine:

a. The force that acts on the mobile part of the magnetic circuit and the
self-inductance of the relay for an air gap equal to £ = 3.5 mm.

b. The variation of the stored magnetic energy when the mobile part of the
iron core slowly moves from z; = 3.5 mm to zo = 5 mm.

Problem 2

The inductances, in H, of the electro-mechanical system shown in Figure 2 are
as follows:

L1y =5+4+2cos20; Loy =3+ cos20; Lio= Lo =10cosf
The currents in the windings are: i1 = 1 A; i = 0.5 A. Determine:

a. The magnetic energy stored in the system as a function of the angle 6;

b. The maximum mechanical torque that the system can develop and the
corresponding value of 6.

Finally, explain why the period of L;2(6) is twice the period of Li;(f) and
Ly2(0), and under which hypoteses the condition L12(0) = Loy () is satsified.

Problem 3

An electro-mechanical system consists of a coil that can move along adirection
x. The relationship between the total flux A and the current ¢ of the coil is:

A=z(i + )

The coil has resistance R and is fed through a sinusoidal voltage with rms V'
and angular speed w. Determine the average electro-magnetic force developed
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by the system at @ = x( (constant) and in steady-state ac conditions. Assume
that the force is null if the current is null.

Note: It is convenient to determine the rms value of the current that flows in
the coil as a function of V, w, R and xy.

Problem 4

A magnetic circuit is composed of two coils with currents i; and iy, respectively.
The total fluxes depend on the currents ¢; and i3 and on the position x according
to the following expressions:

.. 2.9 .
A(i,do,2) = x4 xig

Ao(i1, 2, )

x2i2 + xiy
Determine:
a. The magnetic energy W (iy,i2,x) of the system.
b. The coenergy.
c. The force developed by the magnetic system.
d. The average force in the following cases:

(a) i1(t) = ia(t) = V21 coswt
(b) i1(t) = V2 coswt, ia(t) = /21 cos 2wt



Solution of Problem 1

a. Reluctance in the air gap for x = 3.5 mm:

T 0.0035

Rziz
YT S 4-7m-1077 -7 0.0152

= 3940268 A-turn/Wb (1)

Self-inductance for z = 3.5 mm:

N? 40002

L = —
TR T 3940268

=4.06 H (2)

Force on the mobile section for x = 3.5 mm:

_18.[/2_ 1,U/OSN2~2_
=gyt =y it =-05221 N (3)

b. Reluctance of the air gap for x = 5 mm:

T 0.005

Rziz
27 oS 471077 -7 -0.0152

= 5628955 A-turn/Wb  (4)

Self-inductance for £ = 5 mm:

N2 40002
Ly=—=——""-—=284 H 5
*T Ry 5628955 (5)
Magnetic energy for z = 3.5 mm:
1
W, = §i2L1 =0.5-0.030% - 4.06 = 0.001827 J (6)
Magnetic energy for z = 5 mm:
Ly 2
Win, = 3! Ly =0.5-0.030°-2.84 = 0.001279 J (7)
Variation of magnetic energy:
AW = Wy, — Wy, = —0.000548 J (8)

Solution of Problem 2

a. The general expression of the magnetic energy stored in a magnetic circuit
with two coils is:

1 . 1 . .
W = §L112§ + §L22Z§ + Ligi1io (9)

and, substitutingy the values of the currents and the inductances, one has:

1 1
Wy = 5(5+2cos9)12+ 5(3+cos20) (10)
+10(cos9)1 - 0.5
= 2.5+ cos260 + 0.375 4+ 0.125 cos 20 + 5 cos 6
= 2.875+1.125c0s260 + 5cos



b. The mechanical torque developed for constant current is:

oW,

T= 50 = —2.25sin 260 — 5sin 6 (11)

The maximum torque satisfies the condition d7'/df = 0:

% =0=—4.5cos20 — 5cosf (12)

which leads to the following expression:
9cos?f +5cosf —4.5=0 . (13)

Of the two solutions, only one is < 1, i.e., cosd = 0.4819. Two angles
satisfy such a condition, namely, 1.0679 rad and 5.2152 rad. The torque
is maximum for = 5.2152 rad, i.e., 7™ = 6.2813 Nm (see Figure 3).

The self and mutual inductances are periodical functions of the angle 6 due to
the salient magnetic poles of the stator and rotor. The self-inductances have
period 26 as the positions 6 and 6+ 7 lead to the same reluctance of the system.
On the other hand, the positions 6 and 6 + 7 have same magnitude but opposite
signs when computing the mutual-inductance. Finally, L5 = Lo; holds if the
leakage of magnetic flux between stator and rotor is assumed to be null.

Solution of Problem 3

We find first the expression of the current that flows in the coil. The electrical
equation of the system is:

dr dNdz  OXdi

t)=+v2 t = Ri(t — = Ri(t — — . 14
v(t) = V2V cosw Rz()—|—dt RZ()+8mdt+8idt (14)
Since x is constant, dx/dt = 0. Then, rewriting the equation above using
phasors: - -
V = (R+ jwxo)l . (15)
Hence: 7
I= ——. 16
R+ jwxg (16)
The rms of the current is:
v
= —— (17)
VR? + w?a?
and, in time domain:
i(t) = V21 cos(wt — @) (18)
where W
— atan (<20 19
6 = atan (5 (19)
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The coenergy W' is:
1
WW%@:/Km:/Q@+mmzim?+ﬂi (20)
The force can be obtained as:
ow' 1

= I?cos®(wt — @) 4 2x0V/2I cos(wt — ¢)
= %IQ(l — cos(2wt — 2¢)) + 22021 cos(wt — @)

and, finally, the average of the mechanical force is:

1 1 V2
== 22
/ 2 2 R? + w?a} (22)



Solution of Problem 4

a. The definition of magnetic energy W (i1, iz, z) is:

W = /ild)\l —‘y—/igd)\g

(23)

To be able to integrate (23), one has to substitute dA; and dXq for their
derivatives with respect to di; and dis

dX\q

dXo

In the expressions above, the

oM 19081

—-— —_— 24
i diy + i dio ( )
22241 diy + xdig

OAa OAs

- 2
i, dii + 9%, —dio ( 5)

2x%i9dis + xdiy

dependency of the fluxes on = has been

neglected since the integral (23) for x = 0 and, hence, dx = 0.

Let us compute (23) in two parts: (i) iz = 0, diz = 0 and variable 4;; and
(ii) constant i1, di; = 0 and variable i5. Then, we obtain:

w

3

3)\
15, 4t / (i
/ 22%i2diy + / (ziy + 22%i3)diy

Z22(33 4 i3) + wivio

oA oA
15t L 4,00

Oig )diz

(26)

We can obtain the same result through the definition of coenergy W':

W = Ay + Aaio — W

(27)

Refr to the next section for the determination of the expression of the

coenergy.

W/

The coenergy can be computed in two ways:

/Aldil +/)\2dz‘2 (28)

Aiy + Agip — W (29)

Using (28) and piece-wise integrating as we did for the magnetic energy

above, we obtain:

W/

[

3

itdiy + /(x%% + iy )dig (30)

—x2(33 +43) + wiyiy



Using (29), we have:

2
W' = @6 + i) + 2wivia — Za%(i} + i) — wiri (31)

1 5,3 . .
§x2(z‘;’ +i3) 4 wiyin
c. The force can be computed directly from the expression of the coenergy:

ow’ 2 5 .
= Sx(i3 +13) + iyio (32)

fl@,inia) = Ox liyi. 3

d. Determination of the mean value of the force:

(a) If i1(t) = ia(t) = v/2I coswt, one has:

8v/2
= fof?’ cos® wt + 2I%cos?wt

f(z,1)
= fm(z)=1%. (33)

Note that the mean value of cos®wt is zero and the mean value of
cos? wt is 0.5.

(b) If i1(t) = V2 coswt e iy(t) = v/2I cos 2wt, one has:

4+/2
flx,t) = T\[sr:fg(cos3 wt + cos® 2wt) + 21 coswt cos 2wt
= fm(x)=0. (34)



