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Magnetic Circuit Analysis

A knowledge of magnetism & electromagnetism is fundamental for studying electrical
machines & transformers.

It is fundamental to how we transform mechanical energy into electricity

Large variety of electrical machines — all exploit the effects discovered by Oersted &
Faraday.

Magnetic materials form an essential part of an electromagnetic machine.
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History of Magnetism

900 BC — Cretan shepherd Magnés. Found lodestones (lode means to lead or to

attract) which contain magnetite , a natural magnetic material Fe304.

1269 — Petrus Peregrinus , Italy, discovered that lodestones align needles with lines of

longitude pointing between two pole positions on the stone.

1600 — William Gilbert , court physician to Queen Elizabeth I, discovered that the earth
IS a giant magnet just like lodestones, explaining how compasses work. He wrote the

rst scienti ¢ book on magnetism.

1820 — Hans Christian Oersted discovered the magnetic effect of an electric

current . The rst primative electric motor was built the following year.

1831 — Faraday showed that changing currents in one circuit induce currents in a
neighboring circuit. Introduces the concept of electromagnetic induction . Thus

completing the foundation of electromagnetism.
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What is a Magnet?

Magnet — a body that possesses the property of magnetism. Applied to bodies that

can produce an appreciable external magnetic eld.
Magnetism - the phenomenon associated with regions containing magnetic ux.
Magnets — either temporary or permanent .

Some magnets are found naturally while others must be manufactured .
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Magnets — |
All atoms comprise protons, neutrons, and electrons.
The electrons, which orbit about the nucleus, are a fundamental source of magnetism.

Each electron has a magnetic moment , i.e., they each behave like a little magnet —

this magnetic moment can act in either of two opposing directions.
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Magnetic Moment

Magnetism is a result of electrons spinning

on their own axis around the nucleus.
Each electron has a magnetic moment.

The gure shows the magnetic eld lines
generated by the spin of an electron around

the nucleous.

Normally, these little electron orbits all point

In more or less random directions.

But in the presence of a strong enough ex-
ternal magnetic eld, the electron orbit will

tend to get aligned.
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Magnets — Il

As matter is made up of atoms containing one or more electrons we might expect all
matter to be magnetic but in most matter the the magnetic moment of adjacent
electrons cancel each other out . Resulting in there being no net magnetic effect; the

substance is diamagnetic and is actually very weakly repelled by a magnet.

If a magnetised bar of steel is cut in half , two magnets are created each with its own

N and S poles. No matter how nely divided, the N and S poles can not be isolated.

Poles are always paired .
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Ferromagnets — |
Most common: iron, nickel, & cobalt.
High susceptibility to magnetisation.

Exhibit hysteresis — a certain amount of magnetisation is retained when the

magnetising eld is removed.

Hard vs. Soft ferromagnets — ease of magnetisation & demagnetisation.
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Ferromagnets — Il

Every material responds to a magnetic eld in some way, but in the vast majority the

effect is small.

Large positive susceptibility — very large values of magnetization are produced by
relatively small magnetic elds, the magnetization (magne tic saturation) varies

non-linearly with eld strength ( H).
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Ferromagnets — Il

In Ferromagnets , the little magnets (1017 to 1070 molecules) align themselves in
same direction, [NS] [NS] [NS] [NS] etc., in tiny chunks (10 12 to 10 8 m3) of the
material known as a magnetic domains - these substances are strongly attracted to a

magnetic eld because each domain rotates to align itself wi th the magnetic eld.

In an unmagnetised sample, the domains are randomly orientated so that the

magnetization of the specimen as a whole is zero.

Ferromagnetic material can be magnetised by (i) placing it in a magnetic eld or (ii)
by repeatedly rubbing it in the same direction with the same pole of a permanent
magnet or (iii) by placing it in the centre of a coil (or solenoid ) carrying an electric

current to give an electromagnet .
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Types

HARD — low relative permeability, very high coercive force, and are dif cult to

magnetize and demagnetise - used to make permanent magnets

SOFT - high relative permeability, low coercive force, and are easily magnetised &
demagnetised. E.g., pure iron, does not retain magnetism when removed from
magnetic in uence. Useful in areas involving changing magn etic ux, e.g.

electromagnets, electric motors, generators, and transformers.
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Magnetic Parameters

Magnetic eld (symbol: H, unit: Ampere/meter (A/m)) — the space surrounding a

magnet or a current-carrying conductor and containing magnetic ux.

Magnetic ux (symbol: , unit: Weber (Wb)) — the ux through any area of the

medium surrounding a magnet or current-carrying conductor.

Magnetic ux density  (symbol: B, unit: Tesla (T, Wb/mz)) — density of magnetic ux,

or magnetic induction.
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Fundamental Magnetic Phenomena

A magnetic eld, H, is produced in the presence of a magnet or current-carrying

conductor
When a conductor moves in a magnetic eld, an e.m.f. is generated.

When a current-carrying conductor moves in a magnetic eld, a force is produced.
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Ampere's Law

Ampere circuital law states that the line integral of H around any closed path is equal

to the current enclosed by that path.
| X

Line integral of H around closed paths a

and b gives total current | .

Integral over path C only gives portion of

current that lies within C.

Practical use requires knowledge of sym-

metry of path.
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Flux Density and Magnetic Flux — |

The magnetic density is de ned as:
B= H= , H

where is called the magnetic permeability of the material, which is a scalar constant

for a particular physical medium, o =4 10 7 H/mis the permability of air and

r = o is the relative permeability.

The magnetic uxis de ned as:

B dA

If the ux is uniform over c.s.a.then = BA.
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Flux Density and Magnetic Flux — I
B = ux density (or magnetic induction) is measured in tesla (T )

Is measured in Weber (WD)

A cross-sectional area of the iron core (m2) and its direction is the normal to the area
itself.

Note: = O over any closed surface, i.e., magnetic ux lines have no beg inning or
end, every one is a closed loop.
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Ampere's Law
The magnitude of H produced is dependent on the current through our conductor.
It is independent of the material we use in the core.

The relationship between ux and magnetic eld strength is g iven by the material,

whose properties we de ne in terms of magnetic permeability .
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Magnetic Fields

Let's consider a coil of N turns wrapped around an iron core.

i
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where:
H is the magnitude of the magnetic eld
N is the total number of turns
| is the current through the coil

" is the path length of the magnetic ux
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Magnetomotive Force

We know from electric circuit theory that the electromotive force (€mf) or voltage
between two points A and B is de ned by
Z
Vap = E d-

a

Similarly for magnetic circuits, the quantity is known as magnetomotive force (mmf).
VA b
mmf = H d—
a

From Ampere's law above we see that mMf has units of Ampere-turns (At): 10 A

owing through a coil comprised of ve turns produces an mmf of 50 At across the
coil.
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Biot-Savart Law — |

Let's compute the magnetic eld in air about a long straight

wire of circular cross section.

Wire is carrying current | and the three components of the

magnetic eld are to be found
Apply Ampere's Law
I

A d~
L
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Biot-Savart Law — Il

Call the component that is tangent to the circular path H

Since at a constant radius ', H is constant, this becomes:

H2r =1

Hence:

|
H = —
r
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Biot-Savart Law — Il
Call the component that is parallel to the wire H,
If this component exists it must be constant as it is at a constant distance from the wire
Call the component that is perpendicular to the wire H,
Imagine a closed surface around the section of the wire, in the shape of a tin can

Surface is a closed surface composed of a cylindrical section and two circular plane

sections

Dublin, 2018 Magnetic Circuit Analysis — 21



Biot-Savart Law — IV

Wish to nd B dA over this surface

H, the axial component contributes nothing to the ux, as it is e qual at equal

distances from conductor

H does not intersect the surface so it also contributes nothing
We have that = O over any closed surface, i.e., B dA
Therefore, although H, intersects the surface, it must be zero

It is left to evaluate H,
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Biot-Savart Law — V

Consider a new path of integration in the shape of a rectangle, with the short sides

parallel to the wire and therefore also parallel to H,
We know H, = 0, H contributes nothing to this integral
Total integral around path is zero as the path doesn't link any current

Therefore contribution of H, must be zero, which is only possible if H, = O
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Biot-Savart Law — VI

In summary, we have thatH, =0, H, =
I A A y z z
Then
- ™ H=H = —
p i r
2 The magnetic induction is:

- - B=H = —2r
CTESS
This also illustrates the right hand rule

Dublin, 2018 Magnetic Circuit Analysis — 24



The Right Hand Rule

With the right hand, grasp the coil with ngers pointing in th e direction of the current;

the thumb then points in the direction of the magnetic eld.

Movement ol
conductor

Magnetic Hield

Malion
Current [ —
induced

in conductor

Field

Irvdueed current
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thumb: direction of field

N

/

current  fingers: direction of current
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Lenz's Law

An induced current has a direction such that the magnetic el d due to the current

opposes the change in the magnetic eld that induces the curr ent
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Sign

Negative sign sometimes used due to Lenz's law, because current produced by EMF

tends to oppose the change in ux
Inconsistent with de nition of inductance

Hence positive sign is used

d
F= N
em at

Dublin, 2018 Magnetic Circuit Analysis — 27



Inductance — |

The inductance (or more properly, self inductance) L of a coil is de ned by

v=L—
dt

where
V is the voltage across the ends of the coill

| is the current owing through the coil

We may calculate L in terms of the magnetic eld in the coil.
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Magnetic Circuit Analysis — 28



Inductance — ||

A coil with N turns carrying a currenti gives rise to a ux as shown. The associated

average ux density over the coil cross-sectional area A is

Each turn of the colil is in the presence of a ux : we say that each turn links a ux

The total ux linked by the coil (denoted ) is

= N
= NBA = N HA
Ni NZ2A .
=N —A= — |
) = Li
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Mutual Inductance
Consider two current-carrying coils close together as shown.

The ux linked by each coil depends not only on its current, bu t also on the current and

geometry of its neighbour.
That is:
1= L1l + Mq2ls
2= Lalo+ Mo1iy
The inductances M 15 and M 1 are known as the mutual inductances of the coils
w.r.t. each other.

This effect is especially prevalent in electric transformers, which often feature very

large coils very close together.
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Inductor

air-cored

o ! very small L

iron-cored

= /0 o ! 1000 o ! very large L
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Faraday's Law

Faraday's law states that if a conductor cuts a magnetic ux, , the induced potential,

V, is proportional to the rate of change (d =dt ) of ux, i.e., is related to the ux linked

by the coil.
Faraday's law states:
d d
emf=v=N—= —
d dt
Then:
= N =L
di
v=L—
dt
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Summary of Concepts seen so far

Ampere's law: |

H d = ienclosed

Mangetic ux density:

Magnetic ux: 7

Faraday's law:

d
emf—v—Na— .
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Magnetic Circuits
Analyse the operation of electromagnetic devices using magnetic equivalent circuits

Assumptions

That there is a mean path for the magnetic ux, which is con ne d within the

structure i.e. no leakage ux

The magnetic ux density is approx. constant over the c.s.a.
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Magnetic Fields

Let's consider a coil of N turns wrapped around an iron core.

i
—

+ o

— Magnetic———— > —

A

AR -~ -

— O

Winding,
N turns

Dublin, 2018

/
: flux lines
|
|
|
|
T
1

______

Mean core
length [,

— Cross-sectional
area A,

— Magnetic core
permeability

What is the magnitude of the magnetic

eld?

where:
H is the magnitude of the magnetic eld
N is the total number of turns
| is the current through the coil

" is the path length of the magnetic ux
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Magnetic Equivalent Circuit

It is possible to de ne an electrical equivalent of a magneti c circuit

R is the reluctance : opposi-

s ' |_._ ‘ tion to the production of ux in
= N i Air Gap ' N . .
7 - [T _ a material, analogous to resis-
""""""""""""""""" tance. Reluctances add in se-

\U/ \U/ ries similarly to resistances in
@ ey & .
- series.
Fehl
IR %3 S % Note that the reluctance can be
Q) —
%, de ned only if the relation be-
- —t tween B and H is linear, i.e.,
F d=
g=_ Ho+H - F )
: TR, is constant .
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Magnetomotive force:

Then:

Magnetic ux:

Which leads to:

Hence:

Dublin, 2018

Derivation of Reluctance

mmf = H"
Ni = 2

= BA

i- B
mmf = R )

Ni

R
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Electrical & Magnetic Equivalent Quantities

Electric eld E, V/m Magnetic eld intensity H, At/m
Voltage V, V mmf F, At
Current |, A Magnetic ux , Wb

Current dens.ityJ,A/m2 Magnetic ux density B, T

Resistance R, Reluctance R, At/Wb

Note that the Ohm's law has no equivalent in magnetic circuits, i.e., the reluctance

does not dissipate energy
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Air Gap — |

Consider an iron core, with a gap of length
X and an N -turn coil carrying current |
wound about it as shown, giving rise to a
magnetic eld H and ux in and around

the core.

Calculate the reluctance R. What effect
does the air gap have on the properties of

the core?
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Air Gap — I

LetX = ;=100
The reluctance in the air is:
R air
The reluctance in the iron is:
R iron
where:
- r 0

The total reluctance is:

Riotaa = Riron + Rair

Dublin, 2018

R
oA
_ i
A
1000 o [H=m]
X X
- 4+
10 (A oA
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Air Gap — I

The air gap increases the reluctance (1 mm of air is equivalent to 1 m of iron)

Air gaps are generally unintended and due to construction

Help to avoid saturation

\\—’ \_’Fringing Flax
Cm Core / \
A
' i , -'- *. o r :':“%_\_11
¥

Tv':riif"—ﬁvmﬂ“““‘ ﬂw'f!'rf*'..:r?

* '*' .I_\-':.'r_'::li-:r -_‘ roioF
Cone

,—\ Cure

Minimum Gap small Gap Large Gap
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If the air gap is short we can ig-

nore the fringing eld outside the air

gap. The ux passing through the

air gap is the same as that through

the core, i.e.,

IS constant
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Non-linear B-H curve for Iron

Ha
el
However, we must take into
saturation region account the non-linear B -
I H relationship for iron
|
--|—|-Ji H >

approximately linear
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Hysteresis — |

The hysteresis loop shows

B the history dependent na-
b . .
f ture of magnetisation of a
Saturation ferromagnetic material

c
Residual Magnetism oo
(positive)

Once the material has been

d a g s driven into saturation, the

e G e Force magnetising eld can then

. be dropped to zero and

Saturaton T\ Resicua Magnetism the material will retain most
J (negative)

e of its magnetisation (it re-

members its history)
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Hysteresis — Il

When an unmagnetised bar of iron is placed in a magnetic eld w hose strength H is
increased from zero up to a suf ciently large value, its magn etisation eventually

reaches a maximum value, the saturation induction, B.
Bs is a constant for a particular material and temperature.
For high permeability iron alloys, Bs 2 (1:6;2:2) T.

When H reduces, B decreases but not fast enough to retrace the magnetisation
curve. AtH =0, B = B (remanence)

H must bereversedforB ! 0.

Hysteresis : a delay in the change of an observed effect in response to a change in the

mechanism producing the effect. Best known example is the magnetic hysteresis.

Dublin, 2018 Magnetic Circuit Analysis — 44



Magnetic Saturation

If devices are operated in the linear region of B-H characteristic B & H can be taken

as proportional, the permeability can be taken as constant

If devices is driven into saturation region all the magnetic dipoles align with the H and

relative permeability  decreases due to saturation

At saturation:
H and hence the current in the coil, has to increase considerably to increase B !
not ef cient!
A small increase of B driven by a the voltage applied to the coil, lead to current

peaks ! dangerous!
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Magnetisation
Magnetisation NI is the number of magnetic dipole moments per unit volume

We can de ne the magnetic saturation as:

B= oH+M)
Then:
B M
= —— = 1+ —) =
Hence:
M
H
Another way of expressing B = | oH, with account taken for the alignment of the

magnetic dipoles within the material

r IS not constant but depends on the region of operation
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Power of a Magnetic Circuit

Let assume that we apply an alternate voltage to a coil:
P _
v(t)= 2V cos(t)

Neglecting losses in the wire and assuming N turns:

q Z P
v=N gt ) = v(t)dt= N max SiN('t )
Let max = Bmax A, then:
E = pz—szBmaXA 4. 448NB max A
The power is:
P=El =4:44NB oAl =4:44NB maX|_|l|—\ = 4:44fB ax H VoI
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Hysteresis Loss

When a material is taken through a hysteresis cycle, there is energy lost in the form of
heat

Energy lost is dependent on the area of the hysteresis loop

In fact, we have:

d dB H
V E_NAE’ |—W

Hence: 4 q
L B B
p-w-AHE—VoIHE

At every cycle we do not follow the same pattern on the hysteresis curve: the area of

the hysteresis region is a loss per unit volume.
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Eddy Currents

In the same way as a coil placed in a changing magnetic eld has a voltage induced in
it

A core within a changing magnetic eld will have an induced vo Itage within it, leading

to circulating currents within the core

Leading to an energy loss
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Example 1 — |
Toroidal Core
Coil carries 2 A of current
500Cu turns
Path length is 0:3 m
Cross Sectional Area (C.S.A.) = 0:003m?
Relative permeability is 750

Find Magnetic Field (H) , Magnetic Flux Density (B ), Magnetisation (M ), and
Magnetic ux ()
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Example 1 — Il

Magnetic eld:

N 500
H="i= 2"5_-1:061 A=m
<1~ 03

Magnetic ux density:
B=H = , H=750 4 10" 1;061=1T
This is a typical operating ux density of iron-silicon allo ys

Magnetisation:

M = H = 1,061 = 7947 KA=m

4 107

B 1
0

Magnetic ux:
=BA =1 3 10 *=3mWb
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Example 2 — |

Let's introduce an airgap of g = 1 mm

R. — _ 0:3 _ 0:419
T T WA T o 750 3 103
g 1 10 3 0:333
Rar = = 3 =
oA o 750 3 10 -
0:419+0:333 0:752
Rtotal — Riron + Rair — =
0 0
: 0:752
NI = Ryia =
0
N| 0 500 2 0
= = =1:671 mW
0:752 0:752 6 b
1:671 10 3
) B=—F7g37 =0577T
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Example 2 — Il

Comments:
H is the same in both cases (1, 061 A/m)
As stated before, introducing airgap helps avoid saturation

Therefore, ux density B and relative permeability are reduced
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Combining Reluctances

Using Amepre's law and the de nition of magnetic ux, it is si mple to show that:

The series of two reluctances R 1 and R 5 is given by:
Rseries = R1+ R»

The parallel of two reluctances R 1 and R » is given by:

RiR>
Rparallel = R, + R,
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A rectangular loop of cop-
per wire is located between
the poles of a magnet as

shown.

The ux density B is uni-
form between the poles and
normal to the plane of the

loop.

Example 3 — |

If the loop is removed from the poles at a steady velocity, u, what is the magnitude and

direction of the induced e.m.f? If the resistance of the loop is R, what is the power

dissipated in the wire?
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The emf is given by:

Example 3 — Il

d
emf = NE
emf = NBd—A

dt

. dy

= NB —=

dt

= NB'u
emf=Bu

The emf is the product of the length of wire normal to the velocity, the ux density B

and the speed of the wire U

The power dissipated in the wireis p = vi = B'ui = (B’u)?=R
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Worked Example — |
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Worked Example — I

The core c.s.a is 1:6a on the right hand side and a on all other sides
Calculate the mMf so as the ux density in the air gapis 0:8 T
The maximum mMmMf such that the iron doesn't saturate

The maximum mmf so all the iron saturates
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Worked Example — I

Ni = (R1+ R2+ R3+ Ry)
_ 1 + 2 ¥ 3 + g
1A 2A2 3A3 gAg
= ByAy =0:8(1:6a)=1:28a T
) 1, 27 3, g=?
—_ —_ B —
1= r1 0% & T oA
1:28a=a
Fromgraph 1 0= —5g + 038

600 o 300 o
) .1 =462:65
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Worked Example — IV

: 038
2 — r2z 0 — 0'8
600
) o =600
B B 1:28
3= r3 0~ 1, 028

800 o 400 o

0:03

0:9 0:37 0:5
NI =1:28a + + +
! 46265 oa 600 ol6a 6554 oa  ol6a
_ 128 00184
od

) Ni =22:249 At
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Worked Example — V
Iron saturates at 1:8 T, hence: B; =1:8 T,and 1 = BA =1:8aWb

Recalculate 41, »2,and 3:

1:8

2= 11 0~ TGg_ 09 =400 o
600 | 300 o
3 _ 1:8a=a — 500
2= 12 07~ 7009 4 0225 T 0
600 o 300 o
1:8
37 1307 —1 o8 =553:8 ¢

800 o ' 400 o
1:28a 09 0:37 0:5 N 0:03

Ni =
! a2 400" 600 1.6 @ 5538 @ 16
= 128 02029
0

) Ni =22;704 At
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Worked Example — VI
All saturates, i.e., all three regions are saturated.

Which one saturates last?

Bosat =1:8T >=1:8 1:.6a=2:88 Wb
Region 2 saturates last.
Let's neglect fringing ux and assuming constant ux over c. s.a.

We need = 2:88a Wb around core:

B, =B3=2:88T
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Worked Example — VII

Recalculate 41, »2,and 3:

3 B 2:88 _ 5.7
2= 11 0~ 7009 + 09 108 T < 0
600 o 300 o 0
N B 1:8 B
2= 12 07~ 7009 y 09 7 400 ¢
600 o 300
3 B 2:88 — 396
8= r3 07 —1T 1 088 " V<Y 0
800 o 400 0

2:88a 0:9 0:37 0:5 0:03
+ + +

N =
! a 27 400 16 33 16
= %88 heom
0

) Ni=1:155 1C° At
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